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PREFACE TO THE THIRD EDITION. 



r 60HE time after the publication of an OotaTO Edition of EueUd's 

; Elements with Geometrical EzerciBeSi &o.y designed for the use of 

c Academical Students ; at the request of some schoolmasters of emi- 

^ nence» a duodecimo Edition of the Six Books was put forth on the 

T same plan for the use of Schools. Soon after its appearance, Pro- 

® fessor Christie, the Secretary of the Boyal Society, in the Preface to 

his Treatise on Descriptive Geometry for the use of the Eoyal Military 

Academy, was pleased to notice these works in the following terms :— 

^' When the greater Portion of this Part of the Course was printed, 

; and had for some time been in use in the Academy, a new Edition of 

4 Euclid's Elements, by Mr. Eobert Potts, M.A., of Trinity CoUege, 

Cambridge, which is likely to supersede most others, to the extent, at 

least, of the Six Books, was published. From the manner of arrang- 

'ing the Demonstrations, this edition has the advantages of the 

symbolical form, and it is at the same time free from the manifold 

objections to which that form is open. The duodecimo edition of this 

» Work, comprising only the first Six Books of Euclid, with Deductions 

from them, having been introduced at this Institution as a text-book, 

now renders any other Treatise on Plane Geometry unnecessary in 

our course of Mathematics." 

For the very favourable reception which both Editions have met 
with, the Editor's grateful acknowledgements are due. It has been his 
desire in putting forth a revised Edition of the School Euclid, to render 
the work in some degree more worthy of the favour which the former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes : 
the questions on each book have been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted : 
and lastiy, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useM to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use and importance of the Mathematical 
Sciences. 

On the subject of Education in its mostextendve se&se, an ancient 
writer "directs the aspirant after excellence to commence withtbe 
Science of Moral Culture; to proceed next to Logic; next to Matlw- 
matics ; next to Physics ; and lastiy, to Theology." Another writer 
on Education would place Mathematics before Logic, which (he 
remarks) *' seems the preferable course : for by practising itself in the 
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former, the mind becomes stored with distinctions ; the faculties of 
constancy and firmness are established; and its rule is always to dis* 
tisguish between cayilling and inrestigation— between ehse reasoning 
and cros9 reasoning ; iox the contrary of all which habits, those are for 
the most part noted, who apply themselyes to Logic without studying 
in some department of Mathematics ; taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
of a doubt. This will explain the inscription placed by Plato oyer the 
door of his house : * Whoso knows not Geometry, let him not enter 
here.* On the precedence of Moral Culture, howeyer, to all the othex* 
Sciences, the acknowledgement is general, and the agreement entire.** 
The same writer recommends the study of the Mathematics, for the 
cure of "compound ignorance." " Of this," he proceeds to say, " the 
essence is opinion not agreeable to fact ; and it necessarily inyolyea 
another opinion, namely, that we are already possessed of knowledge. 
So that besides not knowing, we know not that we know not ; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body : of this, no cure can be effected by 
physicians of the mind : for with a pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of further knowledge is not 
to be looked for. The appyoiimate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.) ; for in such pursuits 
the true and the false are separated by the clearest interyal, and no 
room is left for the intrusions of fancy. From these the mind may 
discover the delight of certainty; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discoyer their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and yirtue be 
obtained." 

Lord Bacon, the founder of Inductiye Philosophy, was not insen- 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on " The Adyancement of 
Learning." 

" The Mathematics are either pure or mixed. To the pure Mathe- 
matics are those sciences belonging which handle quantity determinatei 
merely severed from any axioms of natural philosophy; and these are 
two, Geometry, and Arithmetic; the one handling quantity continued, 
and the other dissevered. Mixed hatH for subject some axioms or 
parts of natural philosophy, and considereth quantity determined, as it 
is auxiliary and incident unto them. For many parts of nature can 
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neither be invented with bofficient subtlety, nor demonstrated vitb 
sufficient perspicuity, nor accommodated unto use widi sufficient 
dexterity, without the aid and interrening of the Mathematics : of 
which sort are perspective, music, astronomy, cosmography, archi* 
tecture, enginery, and divers others. 

'* In the Mathematics I can report no deficience, except it be that 
men do not sufficiently understaad the excellent use of the pure 
Mathematics, in that they do remedy and cure many defects in the 
vrit and faculties intellectual. For, if the wit be dull, they sharpen it $ 
if too wandering, they fix it ; if too inherent in the sense, they abstract 
it. So that as tennis is a game of no use in itself, but of great use in 
respect that it maketh a quick eye, and a body ready to put itself into 
all postures ; so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
prediction, that there cannot fail to be more kinds of them, as nature 
grows further disclosed." 

How truly has this prediction been fulfilled in the subsequent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his ** Thoughts on the Study of Mathematics,* 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
reason : and that *^ the object of a liberal education is to develope the 
whole mental system of man; — ^to make his speculative inferences 
coincide with his practical convictions ; — to enable him to render a 
reason for the belief that is in him, and not to leave him in the con- 
dition of Solomon's sluggard, who is wiser in his own conceit than 
seven men that can render a reason." And in his more recent work 
entitled, " Of a Liberal Education, &c." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 55 he thus proceeds: — *'But 
besides the value of Mathematical Studies in Education, as a perfect 
example and complete exercise of demonstrative reasoning; Mathe* 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
and cultivated men, as examples of truth and of demonstration ; and 
have thus become standard points of reference, among cultivated men, 
whenever they speak of truth, knowledge, or proof. Thus Mathe- 
matics has not only a disciplinal but an historical interest. This is 
peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the 
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nature of reasoning, in the earliest speculations on this subject, the 
Dialogues of Plato ; we find geometrical proof one of the main sub- 
jects of discussion in some of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man's power of arriving 
at truth. Other branches of Mathematics have, in like manner, 
become recognized examples, among educated men, of man's powers 
of attaining truth." 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton's 
Discoveries, makes mention of the circumstance, " that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of Descartes 
and other Algebraical writers,' bdbre he had considered the Elements 
of Euclid with the attention they deserve." 

To these we may subjoin the opinion of Mr. John Stuart Mill, 
which he has recorded in his invaluable System of Logic, (Vol. ll. 
p. 180) in the following terms. " The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physiology, 
society, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the most 
perfect type of the Deductive Method in general ; and the applications 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
oomplex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is dyBwfiETpfiTo^f as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Begulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
a more important place in the Examinations both for Honors and 
lor the Ordinary Degree in this University. 

Teinity College, RP. 

March 1, 1850. 

This Edition (the fifth), has been augmented by upwards of forty 
pages of additional Notes, Questions and Geometrical Exercises. 
Trinity College, R. p. 

NoveiYiber 5, 1859. 
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BOOK L 

DEFmiTIONS. 



L 
A POINT is that which has no parts, or which has no magnitude. 

n. 

A linfi is length without breadth. 

Hie extremities of a line are points. 

IV. 
A straight line is that which lies evenly between its extreme points. 

V. 

A superficies is that which has only length and breadth. 

VL 
The extremiti^ of a superficies axe lines. 

vn. 

A plane superficies is that in which any two pomts being taken, tne 
^ fltraignt line between them lies wholly in that suparficies. 

vm. 

A plane angle is the inclination of two lines to each other in a 
plane, which meet together, but are not in the same straight line. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 
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N.B. If there be onl^ one angle at a pointy it may be expressed by 
a letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed b^ three letters, of which 
the letter &at is at the vertex of the angle, that is, at the jpoint in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines AB, CB, is named the angle 

ABC, or CBA ; that which is contained b^ AB, DB, is named the ansle 

ABD, or DBA ; and that which is oontamed by Z>B, CB, is called uie 
angle DBC^ or CBD. 



X. 

When a straight line standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is called 
a perpendicular to it. 



XL 



An obtuse angle is that which is greater than a right angle. 



xn. 

An acute angle is that which is less than a right angle. 




xm. 

A term or boundary is the extremity of any thing. 



XIV, 
A figure is that which is enclosed by one or more boundaries. 
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XV. 

A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circimiference, are eq^al to one another. 




XVI. 
And this point is called the center of the circle. 

xvn. 

A diameter of a circle is a straight line drawn through the center, 
and terminated both ways by the circxunference. 




xvm. 

A semicircle is the %ye contained by a diameter and the part of 
the circumference cut on by the diameter. 




XIX. 

The center of a semicircle is the same with that of the circle. 

XX. 

Kectilineal figures are those which are contained by straight lines. 

XXI. 

Trilateral figures, or triangles, by three straight lines. 

xxn. 

Quadrilateral, by four straight lines. 

xxm. 

Multilateral figures, or polygons, by more than four straight lines. 
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XXIV. 

Of three-fllded figures, an equilateral triangle ia that which has 
three equal ddea. 




XXV. 

An isosoeles triangle is that which has two sides equaL 




XXVL 
A scalene triangle is that which has three unequal sides. 




xxvn. 

A right-angled triangle is that which has a right angle. 




xxvni. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 

An acute-angled triangle is that which has three acute angles. 




XXX. 

Of quadrilateral or four-sided figures, a square has all its sides equal 
and aU its angles right angles. 
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An oblong is tlukt which has all its angles light angles^ but has not 
all its sides equal 



xxxn. 

A rhombus has all its sid^s equal, but its angles are not right angles. 



/ 



xxxm. 

A rhomboid has its oppobite sides equal to each other, bat all its 
sides are not equal, nor its angles right angles. 



\ 



XXXIV. 

All other four-sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced eyer so £bu: both ways, do not meet 



A. 

A parallelogram is a four-sided figure, of which the opposite sides 
are j)arallel : and the diameter, or me diagonal Ib the straight line 
joinmg two of its opposite angles. 



POSTTJIjATES. 

I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point. 

n. 

That a terminated straight line may be produced to any length in 
a straight Hne. 

m. 

And that a circle may be described from any center, at any distandk^^^ | 
from that center. ^. j 



6 Euclid's elements. 

AXIOMS. 

I. 
Things whicli are equal to the same thing are equal to one another. 

n. 

If equals be added to equals, the wholes are equal. 

m. , 

If equals be taken from equals, the remainders are equaL 

IV. 
If equals be added to unequals, the wholes are imequal. 

V. 

If equals be taken from unequals, the remainders are unequal. 

VI. 
Things which are double of the same, are equal to one another. 

VII. 
• Things which are halves of the same, are equal to one another. 

vm. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XL 

All right angles are equal to one another. 

xn. 

If a straight line meets two straight lines, so as to make the two 

ipon 
two right angies. 



interior angles on the same side of it taken together less than two 
right angles ; these straight Hues being continuafly produced, shall at 
length meet upon that side on which are the angles which are less than 



BOOK I. PROP. I, 11. 

PROPOSITION I. PBOBLEM. 

To describe an eguilateral triangle upon a given finite etraight line. 

Let AB be the given straiffht line. 
It is required to describe an equilateral triangle upon AB. 




From the center A^ at the distance AB, describe the circle BCD-, 

(post. 3.) 

from the center B, at the distance BA, describe the circle A CJS ; 

and from C, one of the points in which the circles cut one another, 

draw the straight lines CA, CB to the points A, B. (post 1.) 

Then ABCsh&ll be an equilateral triangle. 

Because the point A is the center of the circle BCD, 

therefore ^ C is equal to AB ; (def. 15.) 

and because the point B is the center or the circle ACS, 

therefore ^C is equal to AB ; 

but it has been proved that ^C is equal to AB; 

therefore AC, BC are each of them equal to AB j 

but things which are equal to the same thing are equal to one another ; 

therefore ^Cis equal to -B&; (ax. 1.) 
wherefore AB, BC, CA are equal to one another: 

and the triangle ABC ia therefore equilateral, 
and it is described upon the given straight line AB, 

Which was required to be done. 

PROPOSITION II. PROBLEM. 
From a given point, to draw a straight line equal to a given straight line. 

Let A be the given point, and BCUxe given straight line. 
It is required to draw from the point A, a straight line equal to J^C. 




From the point Ato B draw the straij^ht line AB; (post. 1.) 

upon AJS describe the equilateral tnangle ABD, (l. 1.) 

and produce the straight lines DA, DB to B and F; (post. 2.) 

from the center B, at the distance BC, describe the circle CCfH, 

(post. 3.) cutting DF in the point O : 
uid TOm the center D, at the distance DO, describe the circle GKZ, 
cutting ABba. the point L, 
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Then the straight line AL shall be equal to ^C 
Because the point B is the center of the circle COH, 
therefore BC is equal to BO ; (def. 15.) 
and because Z) is the center of the circle OkL, 

therefore DL is equal to DO, 

and DA, DB parts of them are equal ; (l. IJ 

therefore the remainder AL is equal to the remainder B0\ (ax. 8.) 

but it has been shewn that BC\a equal to BO, 

wherefore AL and BCare each of them equal to BO ; 

and thinffs that are equal to the same thing are equal to one another ; 

therefore the straight line AL is equal to ^C (ax. 1.) 

Wherefore from the ^ven point A, a straight Hue AL has been drawn 

equal to the given straight Ime BCi Which was to be done. 

PROPOSITION m. PROBLEM. 
From the greater of two given straight lines to cut off apart equal to the Use, 

Let AB and Cbe the two given straight lines, of which AB is the 
greater. 
It is required to cut off from ^^ the greater, a part equal to C, the lees. 

D 




From the point A draw the straight line AD equal to C; (l. 2.) 
and from the center A, at the distance AD, describe the curcle DjBF 
(post 3.) cuttmg AB in the point E. 

Then AJS shall be equal to C, 

Because A is the center of the circle DEF, 

therefore AJE is equal to AD ; (def. 15.) 

but the straight line C is equal to AJD ; (constr.) 

whence AB and C are each of them equal to AD ; 

wherefore the straight line AE is equal to C. (ax. 1.) 

And therefore from AB the greater of two straight lines, a part AE 

has been cut off equal to C, the less. Which was to be done. 

PROPOSITION IV. THEOREM. 

If two triangles have two tides of the one equal to two sides of the other, 
each to each, and have likewise the angles 'contained by those sides equal to 
each other; they shall likewise have their bases or third sides eqtuU, and 
the two triangles s/iall be equal, and their other angles shall be equal, each 
to each, viz, those to which the equal sides are opposite. 

Let ABC, DEF be two triangles, which have the two sides AB, 
A C equal to the two sides DE, DF, each to each, vk. AB to DE, and 
^ C to DF, and the included angle BA C equal to the included angle 
EDF. 



BOOK I. PROP. IV, V. 9 

Th^n shall the base ^Cbe equal to the base EF; and the triangle 
JiSCto the triangle DEF\ ana the other angles to which the equal 
sides are opposite shall be equal, each to each, viz. the angle ABu to 
the angle nEF, and the angle ^C^ to the angle DFE. 





For, if the triangle ABC he applied to the triangle DBF, 

so that the point A may be on D, and the straight line AB on DE', 

then the point B shall coincide with tne point E, 

because AB is equal to DE\ 

and AB coinciding with DE, 

the straight line A C shall fall on DF, 

because the an^e ^^Cis equal to the angle EI>F; 

therefore also the point C shall coincide with the point F, 

because AC Is equal to DF; 
but the point B was shewn to coincide with the point E; 
wherefore the base ^C shall coincide with the base EF; 
because the point B coinciding with E^ and C with F, 
if the base BC do not coincide with the base EF, the two straight lines 
^Cand^i^ would enclose a space, which is impossible, (ax. 10.) 
Therefore the base BC does coincide with EF, and is equal to it; 
and the whole triangle ABC coincides with the whole triangle 
JDEF, and is equal to it ; 
also the remaming angles of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 

viz. the angle ABC to the angle DEF, 
and the angle A CB to BFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 

PROPOSITION V. THEOREM. 

The angUa at the base of an isosceles tritmgh are equal to each other; 
and if the equal sides he produced, the angles on the otJ^er side of the base 
shaU be equal. 

Let -^^C be an isosceles triangle of which the side AB is equal to A Cr 

and let the equal sides A B, AC he produced to 2> and JS. 

Then the angle ABC shai}. be equal to the angle AGB, 

and the angle DBCto tne angle ECB, 

In BD take any point F; 

from AE the greater, cut oS AG equal to -ki^the less, (i. 3.) 

and join FC, GB. 

Because -41^ is^ equal to AG, (constr.) and AB iG AC*, (hyp.) 

the two sides FA, AC are equal to the two GA, AB, each to each j 

and they contain the angle FAG common to the two triangles 

AFC, AGB, 

b5 
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therefore the base FCh equal to the base OjB, (i. 4.) 

and the triangle AFC is equal to the triangle AGS, 

also the remaining angles of the one are equal to the remaining angles 

of the other, each to each, to which the equal sides are opposite ; 

viz. the angle A CF to the angle ABGL, 

and the angle AFC to the angle AQB, 

And because the whole ^J^is equal to the whole AG^ 

of which the parts AB, A C, are e<}ual ; 

therefore the remainder J5jPis equal to the remamder CG\ (ax. 3.) 

and FC has been proved to be equal to GB ; ' 

hence, because the two sides BF, FC are equal to the two CG, GB, 

each to each ; 
and the angle BFChsA been proved to be e(}ual to the angle CGBy 
also the base J?Cis common to the two tnangles BFC, CGB ; 
wherefore these triangles are equal, {i. 4.^ 
and their remaining angles, each to each, to which tne equal sides 
are opposite ; 

therefore the angle FBC\% equal to the angle GCB, 
and the angle BCF to the angle CBG. ^ 
And, since it has been demonstrated, 

that the whole angle ABG\& equal to the whole ACF, 

the parts of which, the angles CBG, BCF are also equal ; 

therefore the remaining angle ^^Cis equal to theremaining angle A CB, 

which are the angles at the base of the triangle ABC; 

and it has also been proved, 

that the aXigle FBC is equal to ike angle GCB, 

which are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

Ck)B. Hence an equilateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

If two angles of a triangle be equal to each other; the sides also which 
suhtendf or are opposite to, tTie equal angles, shall he equal to one another. 

Let ^jBCbe a triangle having the angle ABCofnjoX to the angle A CB. 
Then the side AB shall be equal to the side AC 
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For, if AB be not equal to ACt 

one of them is greater than the other. 

If possible, let AJB be greater than AC; 

and from 3 A cut off BD equal to CA the less, (l. 3.) and join DC 

Then, in the triangles DBC, ABC, 

because DB is equal to ^ C, and BCia common to both triangles, 

the two sides JDB, BCsxe equal to the two sides A C, CB, each to each ; 

and the angle DBCia equal to the angle A CB ; (hyp.) 

therefore uie base DC is equal to the base AB, (l. 4.) 

and the triangle DBCis equal to the triangle ABC, 

the less equal to the greater^ which is absurd, (ax. 9.) 

Therefore AB is not unequal to AC^ that is, AB is equal to AC. 

Wherefore, if two angles, &c. Q.E.D. 

Cob. Hence an equiangular triangle is also equilateral. 

PROPOSITION VII. THEOREM. 

Upon the same base, and on the same side of it, there cannot be ttoo 
triangles that have their sides tchich are terminated in one extremity of the 
ba^e, equal to one another, and liketoise those which are terminated in the 
other extremity. 

If it be possible, on the same base AB, and upon the same side of 
it, let there be two triangles A CB, ABB, which have their sides CA, 
DA, terminated in the extremity A of the base, equal to one another, 
and likewise their sides CB, DJB, that are terminated in B, 

c D 




A B 

Join CD. 
First When the vertex of each of the triangles is without the 
other triangle. 

Because AC is equal to AD in the triangle A CD, 
therefore the angle ADC is equal to the angle A CD; (i. 5.) 
but the angle A CD is greater than the angle BCD; (ax* 9.) 

therefore also the angle -4JDC is. greater than BCD ; 

much more therefore is the angle JBjDC greater than BCD. 

Again, because the side BCib equal to BD in me triangle BCD, (hyp.) 

therfefore the angle BDCis equal to the angle BCD; (i. 5.) 

but the angle Bl)Cwa» proved greater than the angle BCD, 

hence the angle BDCis both equal to, and greater than the angle BCD; 

which is impossible. 
Secondly. Let the vertex D of the triangle ADB fall within the 
triangle ACfB, 

'- £ 
C 
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Produce AC to JS, and AD to F, and join CD. 

Then because ^ C is equal to AD in the tnangle A CD, 

therefore the angles FCD, jPi>(7upon the other side of the base CD, 

are equal to one another ; (i. 5.) 

but the angle JSCD is greater than the angle BCD; (ax. 9^ 

therefore also the angle FDC is greater thui the angle BCJD ; 

much more then is the angle £2) C greater than the angle BCD* 

Again, because ^Cis equal to MD in the triangle BCD, 

therefore the angle BDCis equal to the angle BCD Ci. 5.) 

but the angle BDCYas been proved greater than BCD, 

wherefore the angle BDCls both equal to, and greater than the 

ansle BCD; which is impossible. 

Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. * ^ 

Therefore, upon the same base and on the same side of it, &c Q.E.D. 

PROPOSITION VIII. THEOREM. 

IftuH) triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which is con- 
tained by the two sides of the one shall be equal to the angle contained by the 
two sides equal to them, of the other. 

Let ABC, DEFhe two triangles, having the two sides AB, AC, 
equal to the two sides DF, DF, each to each, viz. AB to DF, and 
^ C to DF, and also the base ^C equal to the base FF, 

A D G 





E F 

Then the angle BA C shall be equal to the angle FDF, 
For, if the triangle ABC he applied to DFF, 
«o that the point B be on F, and the straight line BC on FF; 
then because BCi& equal to FF, (hyp.) 
therefore the point C shall coincide with the point F; 
wherefore ^C coinciding with FF, 
BA and -4 C shall coincide with FD, DF; 
for, if the base B C coincide with the base FF, but the sides BA, A C, 
do not coincide with the sides ED, DF, but have a different situation 
as FG, GF: 

then, upon the same base, and upon the same side of it, there can 

be two triangles which have their sides which are terminated in one 

extremity of the base, equal to one another, and likewise those sides 

which are terminated in the other extremity ; but this is impossible. (l. 7.) 

Therefore, if the base BC coinciae with the base FF, 

the sides BA, A C cannot but coincide with the sides FD, DF; 

wherefore likewise the angle BA C coincides with the angle FDF, and 

is equal to it. (ax. 8.) 

Therefore if two triangles have two sides, &c. Q.E.D. 
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PROPOSITION IX. PROBLEM. 

To bii0et a given rectilineal angle, that it, to divide it into two eguai 
angles. 

Let BAChe the given rectilineal angle. 
It is required to bisect it 




In AB take any point D ; 

from A C cut off AE equal to AD, (i. 3.) and join DE, 

on the side of DE remote from A, 

describe the equilateral triangle DEF{1. 1), and join AF, 

Then the straight line AF shall bisect the angle BA C. 

Because AD is equal to AE^ (constr.) 

and AFiA common to the two triangles DAF, EAF\ 

the two sides DA, AF, are equal to the two sides EA, AF, each to each; 

and the base D-F is equal to the base EFi (constr.) 

therefore the angle DAFis equal to llie angle EAF, (I. 8.) 

Wherefore the angle BA C is bisected by the straight line AF, Q.E.F. 

PROPOSITION X. PROBLEM. 

To bitect a given finite straight line, that is, to divide it into tteo equal 
parts. 

Let ^^ be the given straight line. 
It is reqtdred to divide AB into two equal parts. 
Upon AB describe the equilateral triangle ABC; (1. 1.) 




and bisect the angle A CB by the straight line CD meeting AS in the 
point D, (I. 9.) 

Then AB shall be cut into two equal parts in the point D. 

Because ^ C is equal to d, (constr.) 

and CD is common to the two triangles A CD, BCD ; 

the two sides AC, CD are equal to the two BC, CD, each to each ; 

and the angle A CD is equal to BCD ; (constr.) 

therefore the base ADia equal to the base BD. (I. 4.) 

Wherefore the straight line AB is divided into two equal parts in the 

point 2>. aE.F. 
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PROPOSITION XI. PROBLEM. 

To drato a straight line at rigJU angles to a given straight line, from a 
given point in the same. 

Let AB be the given straight line, and Ca given point in it. 
It is required to draw a straight line from the point C at right 
angles to A£. 




In AC take any point 2), and make CJE equal to CD ; (I. 3.) 
upon DJE describe the equilateral triangle BJEF (I. 1), and join CF, 
Then CF drawn from the point C shall be at right angles to AB, 
Because DC is equal to FC, and -FCis common to the two triangles 
DCF, FCF; 
the two sides DC, CF are equal to the two sides FC, CF, each to each ; 
and the base DF is equal to the base FF; (constr.) 
therefore the angle DCFis equal to the angle FCF: (I. 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, each of them is 
called a right angle : (def. 10.) 

therefore each of the angles DCF, FCF is a right angle. 
Wherefore from the given point C, in the given straight line AB, 
FC has been drawn at right angles to AB. Q.E.F. 

Cor. By help of this problem, it may be demonstrated that two 
straight lines cannot have a common segment. 

If it be possible, let the segment AB be common to the two straight 
Unes ABC, ABD, 

E 




From the point J9, draw BF at right angles to AB ; (i. 11.) 

then because ABC is a straight liilb, 

therefore the angle ABF is equal to the angle FBC- (def. 10.) 

Similarly, because ABD is a straight line, 

therefore the angle ABF is equal to the angle FBD ; 

but the angle ABF is equal to the angle FBC, 

wherefore the angle FBD is equal to the angle FBC, (ax. 1.) 

the less equal to the greater angle, which is impossible. 
Therefore two straight lines cannot have a common segment. 

PROPOSITION XII. PROBLEM. 

To drato a straight line perpendicular to a given straight line of t<n« 
limited length, from a given point without it. 
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Let AB be the given straight line, which may be produced any 
length both ways, and let Cbe a point without it 

It is required to draw a straight line perpendicular to AB from the 
point C 




Upon the other side of AB take any point D, 
and from tiiie center C, at the distance CDy describe the circle BQF 
meeting AB, produced if necessary, in i^and Q\ (post. 3.) 
bisect FQ in JBi (i. 10. ), and jom CJST. 
Then the straight line CH. drawn from the given point C, shall be 
perpendicular to the given straight line AB, 

Join FC, and CQ, 

Because JPJTis equal to H.Q, (constr.) 

and SC is common to the triangles FHC, OB[C; 

the two sides FS, HC, are equal to the two GK, HC, each to each ; 

and the base CjPis e<]^ual to the base CG\ (def. 15.) 

therefore the angle FHC is equal to the angle GHC\ (I. 8.) . 

and these are adjacent aneles. 
But when a straight line standing on anotner straight line, makes 
the adjacent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen- 
dicular to it. (def. 10.) 

Therefore from the ^iven point C, a perpendicular CS has been 
drawn to the given straight line AB. Q.E.F. 

PROPOSITION Xin. THEOREM. 

T?ie angles which one straight line makes with another upon one side of 
itf are either two right angles, or are together equal to two right angles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD. 

Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 

£ 

A A 




D B C D B 



For if the angle CBA be equal to the angle ABD, 

each of them is a right angle, (def. 10.) 

But if the angle CBA be not equal to the angle ABD, 

from the point B draw BF at right angles to CD, (I. 11.) 

Then the angles CBF, EBD are two righ^ angles, (def. 10.) 
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And because the angle CBE is equal to the angles CBA, ASJB^ 

add the angle £BD to each of these equals ; 

therefore the angles CBE, EBD are equal to the tnree angles CBAt 

ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angles DBE, EBA, 

add to each of these equals the angle AJSC; 
therefore the angles DBA, ABCaie equal to the three angles DBE, 
EBA, ABC, 
But the angles CBE, EBD have been proved equal to the same 
three angles ; 

and things which are equal to the same thing are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles DBA, ABC; 

but the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABCaie together equal to two right angles, 
(ax. 1.) 

Wherefore, when a straight line, &c. Q.E.D. 



PROPOSITION XIV. THEOREM. 

If at a point in a straight line, two otJ^er straight lines, upon the oppoeite 
sides of it, make the adjacent angles together equal to ttoo right angles ; then 
these ttoo straight lines shall be in one and the same straight line. 

At the point B in the straight line AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight Ime with BC. 




For, if BD be not in the same straight line with BC, 
If possible, let BE be in the same straight line with it. 
Then because AB meets the straight line CBE; 
therefore the adjacent angles CBA, ABE are equal to two right angles j 
(I. 13.) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, ABD : 
(ax. 1.) 
take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD; (ax. 3.) 
the less angle equal to the greater, which is impossible : 
therefore BE is not in the same straight line with BC. 
And in the same manner it may be demonstrated, that no other 
can be in the same straight line with it but BD, which therefore is in 
the same straight line with BC. 

"Wherefore, if at a point, &Cr Q. E. D. 
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PROPOSITION XV. THEOREM. 

If two itraight Unet cut one another, the vertical, or opposite anfftee 
ehaU heeqml, 

Jje/t the two straight lines AB, CD cut one another in the point E» 

Then the angle ABC shall be equal to the angle DEb, and the 
angle CEB to the angle AED. 

C 




Because the straight line AE makes with CD at the point E, the 
adjacent angles CEA, AED ; 

these angles are together ecjual to two right angles. Tl. 13.^ 
Aeain, because the straight line DE makes with AB at me pomt E, 
the adjacent angles AED, DEB ; 

these angles also are equal to two right angles ; 
but the angles CEA, AED have been shewn to be equal to two right 

angles; 
wherefore the angles CEA, AED are equal to the angles AED, DEB ; 

take away from each the common angle AED, 
and Ae remaining angle CEA is equal t» the remaining angle DEB. 
(ax. 3.) 

In me same manner it may be demonstrated, that the angle CEB 
18 equal to the angle AED. 

Therefore, if two straight lines cut one another, &c. Q.E.D. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which Ihey make at the point where they cut, are 
together equ^ to four right angles. 

CSOB. 2. And consequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to four right 
angles. 

PROPOSITION XVI. THEOREM. 

If one side of a triangle he produced, the exterior angle is greater than 
either of the interior opposite angles. 

Let ABC he a triangle, and let the side ^Cbe produced to D. 
Then the exterior angle A CD shall be greater than either of the 
interior opposite angles CBA or BA C. 




Bisect ACmE, (l. 10.) and join BE; 
produce BE to F, making EF equal to BE, (i. 3.) and join JPC 
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Because AE is equal to ECj and BE to EF\ (constr.) 
the two sides AE, EB are equal to the two CE, EF, each to each, in 
the triangles ABE, CFE-, 

and the angle AEB is equal to the angle CEF, 

because they axe opposite yertical angles ; (i. 15.) 

therefore the base AB is equal to the base CiPiJj' ^) 

and the triangle AEB to the triangle CEF,^ 

and the remaining angles of one triangle to the r emaining axigles of 

the other, each to each, to which me equal sides are opposite ; 

wherefore the angle BAE is equal to the angle EuF; 
but iJie angle ECD or A CD is greater than the angle ECF; 
therefore the angle ACD is greater than the angle BAE or BAC. 
In the same manner, if the side ^C be bisected, and ^Cbe pro- 
duced to 6r^ ; it may be demonstrated that the aziele BCO, that is, the 
angle A CD, (i. 15.) is sreater than the angle aSC. 

Therefore, if one side of a triangle, &c. Q. £. D« 



PROPOSITION XVn. THEOREM. 

Any tiffo cmglea of a triangle are together less than two right anglee* 

Let ABC he any triangle. 
Then any two of its angles together shall be less than two right angles. 

A 




Produce any side BC to D. 
Then because A CD is the exterior angle of the triangle ABC; 
therefore the angle A CD is greater than the interior and opposite angle 
ABC; (I. 16.) 

to each of these unequals add the angle A CB ; 
therefore the angles A CD, ACB are greater man the angles ABC, 
ACB; 

but the angles A CD, ACB are equal to two right angles ; (i. 13.) 

therefore the angles ABC, ACB are less than two right angles. 

In like manner it may be demonstrated, 

that the angles BAC, ACB are less than two right angles, 

as also the angles CAB, ABC, 

Therefore any two angles of a triangle, &c. Q.E.D. 



PROPOSITION XVni. THEOREM. 
The greater aide of every triangle is opposite to the greater angle. 

Let ABC he a triangle, of which the side ^C is greater than the 
side AB, 
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Then the angle AJBCshaH be greater than the angle ACJB. 

A 




Since the side ACia greater than the side AB, (hyp.) 

make AD equal to AB, (l. 3.^ and join BD. 

Then, because ^D is equal to AB, in the triangle ABD, 

therefore the angle ABD is equal to the angle ADB, (i. 6.) 

but because the side CD of the triangle BDCla produced to A, 

therefore the exterior angle ADB is greater than the interior and 

opposite angle DCB ; (l. 16.) 
but tne angle ADB has been proved equal to the angle ABD, 
therefore the an^le ABD is greater than the angle DCB ; 
wherefore much more is the angle ABCgte&teT than the angle ACB, 

Therefore the greater side, &c. Q.E.D. 

PROPOSITION XIX. THEOREM. 

The greater angle of every triangle is subtended by the greater side, or, 
has the greater side opposite to it. 

Let ABC be a triangle of which the angle ABC is greater than the 
andjs BCA, 

Then the side A C shall be greater than the side AB. 

A 




For, if ^ Che not ereater than AB, 

A C must either be equiu to, or less than AB *, 

if AC were equal to AB, 

then the angle ABC would be equal to the angle ACB ; (l. 5.) 

but it is not equal ; (hyp.) 

therefore the side ^Cis not equal to AB. 

Again, if ^ C were less than AB, 

then the angle ^^C would be less than the angle ACB; (i. 18.) 

but it is not less, (hyp.) 

therefore the side ^Cis not less than AB; 

and A C has been shewn to be not equal to AB ; 

therefore ^Cis greater than AB. 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 
Afiijf two sides of a triangle are together greater than the third aide. 

Let ABC he a triangle. 

Then any two sides of it together shall be greater than the third side, 

yiz. the sides BA, ^C greater than the side BC; 
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AJB, BC greater than AC; 
and JSC, CA greater than AB. 




Produce the side BA to the point D, 

make AD equal to AC, (i. 3.) and join DC 

Then because AD is equal to ^ C, (constr.) 

therefore the angle A CD is equal to the angle ADC; (l. 5.^ 

but the angle BCD is greater than the angle A CD ; (ax. 9.) 

therefore also the angle BCD is greater than the angle ADCL 

And because in the triangle DBC, 

the angle BCD is greater than uie angle BDC, 

and that the greater ansle is subtended by the ereater side ; (L 19.} 

therefore the side DB is greater than the side BC\ 

but DB is equal to BA and A C, 

therefore the sides BA and A C are greater than BQm 

In the same manner it may be demonstrated, 

that the sides AB, BCaxe greater than CA ; 

also that BC, CA are greater than AB. 

Therefore any two sides, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 

If from the ends of a side of a triangle, there be draum Uoo Uraiffhi 
lines to a point within the triangle ; these shall be less than the other two 
sides of the triangle, but shetll contain a greater angle. 

Let ABC he a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point 2> 
within the triangle. 

Then BD and 2X7 shall be less than BA and u^C the other two 

sides of the triangle, 
but shall contain an angle BDC greater than the angle BAC. 

A 




Produce BD to meet the side ACiaJE, 
Because two sides of a triangle are greater than the third side, (L 20.) 
therefore the two sides BA, AE of the triangle ABE are greater 
than^^; 

to each of these unequals add EC\ 
therefore the sides BA, AC axe greater than BE, EC, (ax. 4.) 
Again, because the two sides C^, ED of the triangle CED 9re 
greater than DC; (l 20.| 

add DB to eacn of these unequals i 
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tiierefore the ddes CE^ EB are greater than CD, JDS, (^ 4.) 
But it has been shewn that JBA, AC axe greater than BE, EC; 

much more then are BA, A C greater than BD, DC. 
Again, because the exterior angle of a triangle is greater than the 
i&terior and opposite angle ; (i. 16^ 

therefore me exterior angle BJDC of the triangle CDE is greater 
QiBn the interior and opposite an^le CED ; 

fbr the same reason, the extenor angle CED of the triangle ABE 
is greater than tiie interior and opposite angle BA C; 
and it has been demonstrated, 

that the angle BDCis greater than the angle CEB; 

masix more therefore is the angle BDC greater than the angle BAC 

Therefore, if from the ends of t£e side, &c. Q.E.D. 

PROPOSITION XXII. PROBLEM. 

To make a triangle of which the eidee shall be equal to three driven 
ttraight lines, httt any two whatever of these mtut be greater than the third. 

Let A, B, Che the three given straight lines, 

of which any two whatever are greater than Sie third, (L 20.) 

namely, A and B greater than C; 

A and C greater than B ; 

and B and C greater than A. 

It is required to make a triangle of which the sides shall be equal 

to A, B, C, each to each. 

K 



A- 

B. 




Take a straight line DE terminated at the point D, but unlimited 
towards E, 

make Di^ equal to A, FO equal to B, and 6?^ir equal to C; (i. 3.) 
from the center JP, at the distance FD, describe the circle DKL\ 
(post 3.) 

from the center O, at the distance GH, describe the circle HLK; 
from K where the circles cut each other draw KF, KO to the points 
F,G', 

Then the triangle KFO shaU have its sides equal to the three 
straight lines A, B, C. 

Because the point ^is the center of the circle DKL^ 

therefore JFLD is equal to FK-, (def. 15.) 

but FD is equal to the straight line A ; 

therefore FK is equal to A, 

Again, because G is the center of the circle HKLi 

^erefore GH is equal to GK, (def. 16.) 

but GH is equal to C; 

therefore also GK is equal to C; (ax. 1.) 

and J^(7 is equal to ^ $ 
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therefore the three straight lines KF, FQ, GK^ are respectiyely 

equal to the three, A, B, C: 
and therefore the triangle KFG has its three sides KF, FO, QK, 

equal to the three given straight lines A^ £, C. Q.E.F. 

PROPOSITION XXin. PROBLEM. 

At a given point in a given straight line, to tnake a recHlinetU angle 
equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point in it, 

ana DCE the given rectilineal angle. 
It is required, at the given point A in the given straight line AB, to 
make an angle that shall be equal to the given rectilineal angle DCE. 





In CD, CE, take any points D, E, and join DE\ 
on AB, make the triangle aPG, the sides of which shall be equal 
to the three straight lines CD, DE, EC, so that AF be equal to 
CD, AG to CE, and FG to DE. (l 22.) 

Then the angle FAG shall be eoual to the angle. DCJ?. 

Because FA, AG are e^ual to jDC, CE, each to each, 

and the base FG is equal to the base DE; 

therefore the angle FA G is equal to the angle DCE. (l 8.) 

Wherefore, at the given point A in the ^ven straight line AB, the 

angle FAG is made equal to the given rectilineal angle DCE. Q.E.F. 

PROPOSITION XXIV. THEOREM. 

If ttDO triangUe have two sides of the one equal to iuH) sides of the other , 
each to each, but the angle contained by the two sides of one of them greater 
than the angle contained by the two sides equal to them, of the other; the 
base of that which has the greater angle, shM be greater than the base 
of the other. 

Let ABC, DEFhe two triangles, which have the two sides AS, 
A C, equal to the two DE, DF, each to each, namely, AB equal to 
DE, and A Cto DF; but the angle BA C greater than the angle EDF. 
Then the base BC shall be greater than the base EF 
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Of the two sides DE, DF, let DE be not greater than DF, 

at the point D, in the line DE, and on the same side of it as DF, 

maJLe the angle EDO equal to the angle BA C; (i. 23^ 

make DG equal to D^P or AC, (l. 3.) and join EG, OF 

Then, because DE is equal to AB, and DQ tx) AC, 

the two sides DE, DQare equal to the two AB, AC, each to each, 

and the angle ED^ is equal to the angle BA C; 

therefore the base"J^6i' is equal to the base BC. (i. 4.) 

And because DGia equal to DFia the triaii^le DFG, 

therefore the angle DFG is equal to the ansle DGF; (l. 5. J 

but the angle DGF is greater than the angle EGF; (ax. 9^ 

therefore the angle DFG i& also greater ihm the angle EGF; 

much more therefore is the angle EFG greater than the angle EGF, 

And because in the triangle EFG, the angle EFG is greater than 

the an^le EGF, 

and that the greater angle is subtended by the greater side ; (l. 19.) 

therefore the side EG is greater than tne side EF; 

but EG was proved equal to BC; 

therefore BUia ^eater than EF. 

Wherefore, if two triangles, &c. Q.E.D. 

PROPOSITION XXV. THEOKEM. 

If two irianglet have two aides oj t?ie one equal to two aides of the other, 
each to each, btit the hose of one greater than the base of the other ; the 
angle contained by the sides of the one which has the greater base, shall be 
greater than the angle contmned bg the sides, equal to them, of the other, 

liOt ABC, DEFhe two triangles which have the two sides AB, A C, 
equal to the two sides DE, DF, each to each, namely, AB equal to 
DEf and AC to DF; but the base BC greater than the base EF. 
Then the angle BA C shall be greater than the angle EDF. 





For, if the angle BAChe not greater than the angle EDF, 

it must either be equal to it, or less than it. 

If the angle B AC were equal to the angle EDF, 

then the base BC would be equal to the base EF; (l. 4.) 

but it is not equal, (hyp.) 

therefore the angle BA C is not equal to the angle EDF. 

Again, if the angle BA C were less than the angle EDF, 

then the base ^C would be less than the base JEF; (i. 24.) 

but it is not less, (hvp.) 

therefore the anfle BACia not less wan the angle EDF; 

andithas been shewn, mat theangle^^Cisnoteaiial to theanglej&2>JP; 

therefore the angle BA C is ^eater than uie angle EDF. 

"Wherefore, if two triangles, &c. Q. E. D. 
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PROPOSITION XXVI. THEOREM. 

If two triangles have two angles of the one equal to two anglee of the 
other, each to each, and one iide eq[ual to one eide, viz, either the sides euga^ 
cent to the equal angles in each, or the sides opposite to them ; then shall the 
other sides be equal, each to eaehf and also the third angle of the one equal 
to the third angle of the other » 

Let ABC, DEF be two trian^es which have the angles AJBQ 
BCA, equal to the angles DEF, mFB, each to each, namely, ABC 
to DE^, and BCA to EFD; also one side ecfoal to one side. 

First, let those sides be equal which are adjacent to the angles that 
are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, AB to 
DE^andACto DF, and the third angle ^^Cto the third angle EDF. 
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For, if AB be not equal to DE, 
one of them must be greater than the other. 

If possible, let AB be greater than DE, 

make BG equal to ED, Ti. 3.) and join OC. 

Then in the two triangles OBC, DEF, 

because OB is equal to DE, and ^Cto EF, (hyp.) 

the two sides GB, BCaxe equal to the two DE, EF, each to each ; 

and the an^le GBU is equal to the angle DEF; 

therefore the base G'C is equal to the base B^A^' ^O 

and the triangle GBC to the triangle DEF, 

and the other angles to the other angles, each to each, to which 

the equal sides are opposite ; 

therefore the ansle &CB ia equal to the angle DFE; 

but the angle ACB is, by the hypothesis, equal to the angle DFE; 

wherefore also the angle GCB is equid to tne angle ACB; (ax. 1.) 

the less angle equal to the greater, which is impossible ; 

therefore AB is not unequal to DE, 

that is, AB is equal to DE. 
Hence, in the triangles ABC, DEF; 



•) 



because jiJf is equal to UMi, ana JfUio Mif, (nyp.; 

and the angle ABC is equal to the ande DEF; (hyp. 

therefore me base ^ C is equal to the base DF, (i. 4!) 

and the third angle B AC to the third angle EDF, 

Secondly, let the sides which are opposite to one of the equal angles 

in each triangle be equal to one another, namely, AB equal to DJS, 

Then in this case Bkewise the other sides shall be equal, AC to DF 
and BC to SF, and also the third angle ^^ C to the third angle EDF 
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For if -BC be not equal to EF, 
one of them must be greater than the other. 

If possible, let ^C be greater than EF\ 
make ^^ equal to EF^ fl. 3.) and join AH, 

Then in the two trian^es ABH, DEF, 

because AB is equal to 1)E, and BH to EF, 

and the angle ABH to the angle DEF; (hvp.) 

therefore the base ^^is equal to the base DF,(i» 4«) 

and the triangle A BH to the triangle DEF*, 

and the other angles to the other angles, each to each, to which the 

eoual sides are opposite ; 

tnerefore the angle BHA is equal to the angle EFD ; 

but the angle EFD is equal to the angle BuA ; (hm) 

therefore the angle BHA is equal to the anp^le BCAjhajL, 1.) 

that is, the exterior angle BHA of the triangle AHCt is 

equal to its interior and opposite angle BCA \ 

which is impossible ; (l. 16.) 

wherefore ^C is not unequal to EF, 

that is, ^Cis equal to EF, 

Hence, in the triangles ABC^ DEF; 

because AB is equal to BE, and BC to EF, (hm) 

and the included angle ABCis equal to the includedangle DeF\ (hyp.) 

therefore the base ^Cis equal to the base ISf^ (i. 4.) 

and the third an^le BA C to the third angle JEDF, 

Wherefore, if two triangles, &c. Q. £. D. 

PROPOSITION XXVII. THEOREM. 

If a itraight Kne falling on two other siraiffht Unes, make the tUtemate 
anglea equal to each other; these two straight lines shall be paraUel, 

Let the straight line EF, which falls upon the two straight lines 
^B, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD^ 




For, if AB be not parallel to CD, 
then AB and CD being produced wul meet, either towardr^^ and C, 
or towards B and D, 
Let AB, CD be produced and meet, if possible, towards B and 2), 
in the point G, 

then G^j^JPis a triangle. 

c 
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And because a side GE of the triangle QEF\& produced to A, 
therefore its exterior angle AEF is greater thsiii the interior and 
opposite angle EFQ ; (l. 16.) 

but the anffle AEF is equal to the angle EFQ ; (hyp.) 
therefore the an^e AEF is greater than, and equal to, the angle 
EFQ ; which is impossible. 
Therefore AB, CD being produced, do not meet towards B, D, 
In like manner, it may be demonstrated, that they do not meet 
when produced towards A, C, 

But those straight lines in the same plane, which meet neith» way, 
though produced ever so far, are parallel to one another ; (def. 35.) 

therefore ^^ is parallel to CD. 
Wherefore, if a straignt line, &c. Q.E.D. 

PROPOSITION XXVin. THEOREM. 

If a straight line falling upon two other straight lines, make the exterior 
angle equal to the interior and opposite upon tJie same side of the line ; or 
make the interior angles upon the same side together equal to tufo right 
aisles ; the two straight lines shall be parallel to one another. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the exterior angle EOB equal to the interior and 
opposite angle QHD, upon the same side of the line EF\ or make 
the two interior angles BGH, GHD on the same side together 
equal to two right angles. 

Then AB shall be parallel to CD. 




Because the angle EGB is equal to the angle QHD, (hyp.) 
and the angle EGB is equal to the angle A GH, (l. 16.) 
therefore the angle AGHia equal to the angle GHD\ (ax. 1.) 
and they are alternate angles, 

therefore AB is parallel to CD, (i. 27.) 
Again, because the angles BGS, GHD axe together equal to two j 
right angles, (hyp.) 

and that the angles AGH, BGH axe also together equal to two 

right angles ; (l. 13 J 
therefore the angles AQH, BGH are equal to the angles BOH 
GHD ; (ax. 1.) 

take away from these equals, the common angle BGH; 
therefore the remaining angle AGH is equal to the remaining angle 
GHD J (ax. 3.) 

and they are alternate angles ; 
therefore AB is parallel to CD, (i. 27.) 
Wherefore, if a straight line, &c. Q.E.D. 
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PROPOSITION XXIX. THEOREM. 

If a straight line fall itp^ two parallel straight lines, it makes the alter' 
note angles equal to one another; and the exterior angle eqttal to the interior 
and opposite upon the same side; and likewise the ttoo interior angles upon 
the same side together equal to tv>o right angles. 

Let the straight line j^J^fall upon the parallel straight lines ABj CD, 
Then the alternate an^es A GH, GHD shall be equal to one another ; 

the exterior angle EGB shall be equal to the interior and opposite 
angle GHl) upon the same side of the line EF\ 
and the two interior angles BGH, GHD upon the same side ofEF 

shall be together equal to two right angles. 

I 




First. For, if the angle AGH be not equal to the alternate angle 
GHD, one of them must be greater than the other ; 
if possible, let A GH be greater than GHD, 
then because the angle A GH is greater than the angle GHDy 
add to each of these unequals the angle BGH\ 
therefore the angles A Gil, BGH are greater than the angles BGH, 
GHD, (ax. 4.) 
but the angles AGH, BGH due equal to two right angles ; (l. 13.) 
therefore the angles BGH, GHD are less than two right uigles ; 
but those straight lines, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right angles, will meet together u continually produced? (ax. 12.) 
therefore the straight unes AB, CD, if produced fax enough, will 
meet towards B, D; 

but they never meet, since they are parallel by the hypothesis ; 

therefore the angle -^(riZ'is not imequal to me angle GHD, 

that is, the angle AGH is equal to the alternate angle GHD. 

Secondly, because the angle AGH ia equal to the &ngle EGB, (i. 15.) 

and the angle AGHia equal to the an^le GHD, 

therefore the exterior angle EGB is equal to the interior and opposite 

angle GHD, on the same side of the line. 

Thirdly. Because the angle EGB is equal to the angle GHD, 

add to each of them the angle BGH; 

therefore the angles EGB, BGHaie equal to the angles BGH, GHD ; 

(ax. 2.) 

but EGB, BGH axe equal to two right anj^lesj (l. 13.) 
therefore also the two interior angles BGH, GHD on the same side 
of the line are equal to two right angles, (ax. 1.) 
Wherefore, if a straight line, &c. Q. E. D. 

c2 
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PROPOSITION XXX. THEOREM. 

Shraight lines which are parttUel to the tame ttraight line are parallel te 
each other. 

Let the straight lines AB, CD, be each of them parallel to EF. 
Then shall AB be also parallel to CD. 




Let the straight line QHK cut AB, EF, CD. 

Then because OHK cuts the parallel straight lines AB, EF, in 
G,H', 
therefore the angle A GH is equal to the alternate angle GHF. {i. 29.) 

Again, because GHK cuts the parallel straight lines EF, CD, in 

therefore the exterior angle 6?J5rF is equal to the interior angle HKD ; 

and it was shewn that 5ie angle AGH\& equal to the angle GHF; 

therefore the angle AGHis equal to the angle GKD; 

and these are alternate angles ; 

therefore AB is parallel to CD. (l. 27.) 

Wherefore, straight lines which are parallel, &c. Q.E.D. 



PROPOSITION XXXI. PROBLEM. 

To draw a straight line through a given point parallel to a given etraigh 
line. 

Let A be the given point, and BC the given straight line. 
It is re(][uired to draw, through the point A, a straight line parallel 
to the straight line BC. 

E A F 
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In the line BC take anv point D, and join AD, 
at the point A in the straight line AD, 
make the angle DAE equal to the angle ADC, (i. 23.) on the oppo- 
site side of AD ; 

and produce the straight line EA to F. 
Then EF shall be parallel to ^C. 
Because the straight line AD meets the two straight lines EF, BC, 
and makes the alternate angles EAD, ADC, equal to one another, 

therefore EF'is parallel to BC. (i. 27.) 
Wherefore, through the given point A, has been orawn a straight 
line X^ 2^ parallel to the given straight line BC. as.F. 
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PROPOSITION XXXII. THEOREM. 

If a tide of any triangle be produced, the exterior angle ie equal to the 
two interior and opposite angles ; and the three interior angles of every 
triangle are together equal to two right angles. 

Let AB C be a triangle, and let one of its sides JB Che produced to D. 

Then the exterior angle A CD shall be equal to the two interior 
and opposite angles CAJS, ABC: 

and the three interior angles ABC, BCA, CAB shall be equal to 
two right angles. 




Through the point C draw CE parallel to the side BA» (I. 81.) 
Then because CE is parallel to BA, and A C meets them, 
therefore the angle A CE is eoual to the alternate angle BA C, (i. 29.) 
Again, because CE is parallel to AB, and BD falls upon them, 
therefore the exterior ansle ECD is equal to the interior and op- 
posite angle ABC; (l. 29.) 
but the angle A CE was shewn to be equal to the angle BAC; 
therefore the whole exterior angle A CD is equal to the two interior 
and opposite angles CAB, ABC: (ax. 2.) 
Again, because the angle A CD is equal to the two angles ABC, BA C, 
to each of these equals add the angle A CB, 
therefore the angles A CD and A CB are equal to the three angles 

ABC, BAC, and ACB; (ax. 2.) 
but the angles A CD, ACB are equal to two right angles, (l. 13.) 
therefore also the angles ABC, BAC, ACB are equal to two right 

angles, (ax. 1.) 
Wherefore, if a side of any triangle be produced, &c. Q. E D. 
Cor. 1. All the interior angles of any rectilineal figure together 
with four right angles, are equal to twice as many right angles as the 
figure has sides. 




For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a point 
1^ within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 

t^o right angles, and there are as many triangles as the figure has sides* 

therefore all the angles of these triangles are equal to twice as many 

right angles as the figure has sides ; 
but the same angles of these triangles are equal to the interior angle6 
of the figure together with the angles at the point jP: 
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and the angles at the point F, which is the common vertex of all 

the triangles, are equal to four right angles, (i. 15. Cor. 2.) 
therefore the same angles of these triangles are equal to the angles 

of the figure togemer with four right angles ; 
but it has been proved that the angles of the triangles are equal to 

twice as many right angles as tne figure has sides ; 
therefore all the angles of me figure together with four right angles, 

are equal to twice as many right angles as the figure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same directioni are together 
equal to four right angles. 




Since every interior angle ^J^Cwith its adjacent exterior angle 
ABDf is equal to two right angles, (i. 13.) 

therefore aU the interior angles, together with all the exterior angles, 
are equal to twice as many right angles as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the in- 
terior angles together with four right angles are equal to twice as many 
right angles as the figure has sides ; 

therefore all the interior angles together with all the exterior angles, 
are equal to all the interior angles and four right angles, (ax. 1.) 
take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four right 
angles, (ax. 3.) 

PROPOSITION XXXni. THEOREM. 

The straight lines which Join the extremities of two equal and paraUel 
straight lines totoards the same parts, are also themselves equal and parallel. 

Let AB, CD be equal and parallel straight lines, 

and joined towards the same pai'ts by the straight lines AC, BD, 

Then ACt BD shall be equal and paralleL 




D 

Join BC. 

Then because AB is paraUel to CD, and J5C meets them, 

therefore the angle ABCi& equal to the alternate angle BCD ; (1. 29.) 

and because AB is equal to CD, and^Ccommon to the two triangles 

-45C,2)CB; the two sides ^-B,^C are equal to the two 2X7, C^,each 

to each, and the angle ^.BCwas proved to oe equal to the angle BCD : 

therefore the base ^ C7 is equal to the base BD, (i. 4.) 

and the triangle ABC to the triangle BCD, 
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and the other angles to the other angles^ each to each, to vhich th« 
equal sides are opposite ; 

tnerefore the angle ACB is equal to the angle CSD. 

And because the straight line 5 C meets the two straight lines -4(7, 

BDy and makes the alternate angles A CB, CBD equal to one another ; 

therefore ACi% parallel to BB ; (i. 27.) 

and ACvfM shewn to be equal to BD. 

Therefore, straight lines which, &c. Q.E.D. 



PROPOSITION XXXIV. THEOREM. 

The opposite sides and angles of a parallelogram are equal to one another ^ 
and the diameter bisects tY, t?iat m, divides it into two egtud parts. 

Let ACDB.he a parallelogram, of which 5C is a diameter. 
Then the opposite sides and angles of the figure shall be equal to 
one another j and the diameter J5C shall bisect it. 




Because AB is parallel to CD, and 5 C meets them, 
therefore the angle .4-5 C is equal to the alternate angle BCD. (l 29). 

And because ACh parallel to BD, and -BC meets them, 
therefore the angle A CB is equal to the alternate angle CBD. (l. 29.) 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 

angles BCD, CBD in tJie other, each to each; 
and one side BC, which is^ adjacent to their equal angles, common to 

the two triangles ; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, Ci. 26.) 
namely, the side AB to the side CD, and AUto BD, and the angle 
^^C to the angle BDC. 

And because the angle ABC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 
therefore the whole angle ABD is equal to the whole angle A CD i 
(ax. 2.) 

and the angle BA C has been shewn to be equal to BDC; 
therefore the opposite sides and angles of a parallelogram are equal to 
one another. 
Also the diameter ^Cbisects it. 

For since AB is equal to CD, and BC common, the two sides AB, 
BC, are equal to the two DC, CB, each to each, 
and the angle ^ J?C has been proved to be equal to the angle BCD ; 
therefore the triangle ABC is equal to the triangle BCD; (i. 4.) and 
the diameter .SCdiyides the parallelogram A CDB into two equal parts. 

Q.E.D. 



32 . xucud's blbhents. 

PROPOSITION XXXV. THEOREM. 

ParaUelograma y^pon the tame bate, and bettoeen the tame paraUelt^ an 
equal to one agiother. 

Let the parallelograms ABCD, EBCF be upon the same base BC^ 
and between the same parallels AF, BC. 

Then the parallelogram ABCD shall be equal to the paiallelogiam 
EBCF. 

A DE F ▲ E D V 
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If the sides AJD, JDPof the parallelograms ABCD, DBCF, opposite 
to the base BC, be terminatea in the same point D\ 
then it is plain that each of the parallelograms is double of the triangle 

BDC', (I. 34.) 
and therefore the parallelogram ABCD is equal to the parallelogram 
DBCF. (ax. 6.) 

But if the sides AD, EF, opposite to the base BC, be not termi- 
nated in the same point ; 

Then, because ABCD is a parallelogram, 

therefore AD is equal to BC; (l. 34.) 
and for a similar reason, EF is equal to BC; 
wherefore AD is equal to EF; (ax. 1.) 
and DE is common ; 
therefore the whole, or the remainder AE, is equal to the whole, or 
the remainder DF ; (ax. 2 or 3.) 

and AB is ejiual to DC; (l. 24^ 
hence in the triangles EAB, FDU, 
because FD is equal to EA, and DC to AB, 
and the exterior angle FDC is equal to the interior and opposite angle 
EAB ; (I. 29.) 

therefore the base FC is equal to the base EByJli. 4.) 
and the triangle i^DCis equal to the triangle JSAB. 
From the trapezium ABCF take the trian^e FDC, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal, (ax. 3.) 
therefore the parallelogram ^J? CD isequalto the parallelogranLE^ CF. 
Therefore, parallelograms upon the same, &c. Q.E.D. 



PROPOSITION XXXVI. THEOREM. 

ParaUelogramt upon equal baset and between the tame poraUelt, are 
equal to one another. 

Let ABCD, EFGHhe parallelograms upon equal bases BC, FG, 
and between the same parallels AH, BG. 

Then the parallelogram ABCD shall be equal to the parallel<^ram 
EFGH. 
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Join JBJE, CH. 
Then because BC]a equal to FQ, (hypj and FO to EH, (l. 34.) 
therefore J9Cis e^ual to JEH*, (ax. 1.) 
and these lines are parallels, and joined towards the same parts by the 
straight lines BE, CH\ 
but straight lines which join the extremities of equal and paraUel 
straight lines towards the same parts, are themselves equal and parallel ; 
(I. 33.) 

therefore BE, CHvre both equal and parallel; 
wherefore EBCH\& a parallelogram, (def. A.) 
And because the parallelograms ABCD, E^CH, are upon the 

same base BC, and between the same parallels BC, AH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EBCH. (l.35.y 

For the same reason, the parallelogram EFQH is equal to the 
parallelogram EBCH; 

therefore the parallelogram ABCD is equal to the parallelogram 
EFOH. (ax. 1.) 
Therefore, parallelograms upon equal, &c. Q.E.D. 

PROPOSITION XXXVn. THEOREM. 

Triangle* upon the tame beue and between the eame pairaUehf are equal to 
one another. 

Let the triangles ABC, DBChe upon the same base BC, 
and between the same parallels AD, BC. 
Then the triangle ABC shall be equal to the triangle DBC. 

BAD F 




Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, (l. 31.) 
and through C draw CjF* parallel to BD, 
Then each of the figures EBCA, DBCF is a parallelogram ; 
and EBCA is equal to DBCF, (i. 35.) because they are upon the 
same base BC, and between the same parallels BC, EF, 
And because the diameter AB bisects tne parallelogram EBCA, 
therefore the triangle ABCia half of the parallelogram EBCA ; (i. 34.} 
also because the diameter i)(7 bisects the parallelogram DBVF, 
therefore the triangle DBC is half of the parallelogram DBCF, 
but the halves of equal things are eaual ; (ax. 7.) 
therefore tbe triangle ABC is equal to tne triangle DBC 
Wherefore, triangles, &c. Q.E.D. 

C5 
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PROPOSITION XXXVin. THEOREM. 

Triangles upon equal bases and between the same parallels, are equal 
to one another. 

Let the triangles ABQ DEF be upon equal bases BC, EF, and 
between the same parallels BF, AD, 

Then the triangle ABC shall be equal to the triangle DEF. 
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Produce AD both ways to the points O, JT; 

through B draw BO parallel to CA^ (l. 31.) 

and through JPdraw jPJT parallel to ED. 

Then each of the figures GBCA, DEFMis a paraUelogzam ; 

and they are equal to one another, (I. 36.) 

because they are upon equal bases BC, EPf 

and between the same parallels BF, OH. 

And because the diameter AB bisects the parallelogram GBCA, 

therefore the triangle ^^Cis the half of the parallelogram OBCA ; 

(I. 34.) 

also, because the diameter 2) JF* bisects the parallelogram DEFH, 

therefore the triangle DJ^jPis tiie half of the parallelogram DEFH\ 

but the halves of equal things are equal ; (ax. 7.) 

therefore the triangle ABC is equal to t£e triangle DEF. 

Wherefore, triangles upon equal bases, &c. Q.B.D. 

PROPOSITION XXXIX. THEOREM. 

Equal triangles upon the same bfue and tfpon the same side of it, are 
between the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC 
and upon the same side of it 
Then the triangles ABC, DBCsheXi be between the same parallels, 

A D 




Join AD ; then AD shall be parallel toBC. 
For if AD be not parallel to BC, 
if possible, through the point A, draw AS parallel to ^C, (l. 31.) 
meeting BD, or BD produced, in E, and join -&C. 

Then the triangle ABCm equal to the triangle EBC, (i. 37.) ' 

because they are upon the same base BC, 

and between th^ same parallols BC, AE: 

but the triangle ABC la equal to the triangle DJ9C; (hyp.) 

therefore the triangle DBC is equal to the triangle JEBu, 
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the greater triangle equal to the less, which is impossihle : 
thereiore AJS is not parallel to BC, 
In the same manner it can be demonstrated, 
« that no other line drawn from A but AD is parallel to BC; 

AD is therefore parallel to £u. 
Wherefore, equal triangles upon, &o. Q.E.D. 

PROPOSITION XL. THEOREM. 

Equal trUstxglet upon equal hates in the tame ttraigJU line^ and Unoarda 
the same parts f are between the same parallels. 

Let the equal triangles ABC, DBF he upon equal bases BC, BF, 
in the same straight Ime BF, and towards the same parts* 
Then they shiul be between the same parallels. 
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Join AD ; then AD shall be parallel to BF. 

For if AD be not parallel to BF, 

if possible, through A draw AO parallel to BF, fi. 3L) 

meeting BD, or BD produced in G, and join uF, 

Then the triangle ^^Cis equal to the triangle GBF, (i. 38.) 

because they are upon equal bases BC, BF, 

and between the same parallels BF, A O ; 

but the triangle ^J^Cis equal to the triaojgle D^JP; (hyp.) 

therefore the triangle DBF is equal to the triangle OBF, fax. 1.) 

the greater triangle equal to the less, which is impossible : 

thereiore AG is not parallel to BF. 

And in the same manner it can be demonstrated, 

that there is no other line drawn from A parallel to it but AD ; 

AD is therefore narallel to BF. 
Wherefore, equal triangles upon, &c. Q.E.I). 

PROPOSITION XLI. THEOREM. 

If a parallelogram and a triangle he upon the same htue, and between 
the same parallels ; the parallelogram shall be double of the triangle. 

Let the parallelogram ABCD, and the triangle BBC be upon the 
same base iC, and between the same parallels BC, AB. 

Then the parallelogram .<1^C2> shall be double of the triangle J5!BC 

D £ 




Join A C. 
Then the triangle ABC Is equal to the triangle BBC, (l. 37.) 
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because they are upon the same base BC, and between the same 

parallels BC, AJE. 
But the parallelogram ABCD is double of the triangle ABCf 
because the diameter ^C bisects it; (l 34.) # 

wherefore ABCD is also double of the triangle BBC. 
Therefore, if a parallelogram and a triangle, &c. Q.E.D. 

PROPOSITION XLII. PROBLEM. 

To describe a parallelogram that shall be equal to a given triangle^ and 
have one of its angles equal to a given rectilineal angle. 

Let ABC he the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to i>« 

A P . o 
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Bisect BCm JS, (l 10.) and join AB; 
at the point B in the stought line BC, 
make the angle CBFequdl to the angle 2>; (I. 23.) 
through C draw CO parallel to BF, and through A draw AFO 
parallel to BC, (i. 31.) meetmg^BFux F, and CO in O. 

Then the figure CBFO is a parallelogram, (def. A.) 
And because the triaaglea ABB, ABC aie on the equal bases BE, 
BC, and between the same parallels BC,AO; 

they are therefore ecjusl to one another ; (i. 38.) 
and the triangle ABC is double of the triangle ABC; 
but the parallelogram FECO is double of tiie triangle ABC, (l. 41.) 
because they are upon the same base EC, and between the same 
parallels EC,AO', 
therefore the parallelo^am FECO is equal to the triangle ABC, (ax. 6.) 
and it has one of its angles CEF equal to the given angle i>. 
Wherefore, a parallelogram FECO has been described equal to the 
given triangle AjBC, and having one of its angles CEF equal to the 
given angle 2). Q.E.F. 

PROPOSITION XLin. THEOREM. 

The complements of the parallelograms, which are about the diameter 
of any parallelogram, are equal to one another, 

tiCt ABCD be a parallelogram, of which the diameter ia AO: and 
EH,OFthe parallelograms sboutA C, that is, through which A C passes: 
also BK, KD the other paralleloinrams which make up the whole 
figure ABCD, which are therefore called the complements. 
Then the complement BK shall be equal to the complement KD. 
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Because ABCD is a parallelogram, and AC\\& diameter, 
tlierefore the triangle ^J^Cis equal to the trianele ADC, (i. 34.) 
Again, because EKHA is a parallelogram, ana ^f its diameter, 
therefore the triangle AEK is equal to the triangle AHK\ (l. 34.) 
and for the same reason, the triangle KGCis equal to tiie triangle lEFC, 
Wherefore the two triangles AEK^ KGC are equal to the two 
triangles AHK, KFC, (ax. 2.) 

but ue whole triangle ABC is equal to the whole triangle ADC\ 
therefore the remaining complement BK is equal to the remaining 
complement KD, (ax. 3.) 

Wherefore the complements, &c. aE.D. 

PROPOSITION XLIV. PROBLEM. 

To a given ttraigkt line to apply a paraUelogram, which shall he equal 
to a given triangle, and have one of ite angles equal to a given rectilineal 
angle. 

Let AB be the fiiyen straight line, and C the given triangle, and D 
the given rectilinefu angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and haying an angle equal to the angle S, 

F £ K 
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Make the parallelogram BJEFO equal to the triangle C, 

and having the angle EBG equal to the angle 2>, (i. 42.) 

so that BE be in the same strai^t line with AB ; 

produce FO to Jl, 
throi^h A draw ^-ET peiallel to BO or EF, (l. 81.) and join HB. 
Then because the straight line HF falls upon tne parallels AH, EF, 
therefore the angles AHF, HFE are together equal to two right 

angles ; (i. 29.) 
wherefore the angles BHF, HFE axe less than two right angles : 
but straight lines which with another straight line, make the two 
interior aneles upon the same side less than two right angles, do meet 
if produced far enough: (ax. 12.) 

therefore MB, FE shall meet if produced ; 

let them be produced and meet in K, 

through K draw KL pandlel to EA or FH, 

and produce HA, OB to meet KL in the points L, M. 

Then Hi/KFia a parallelogram, of which the diameter is HK^ 
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and AO9 ME, are the parallelograms about JEfJT; 

also LB, BFaie the complements ; 

therefore the complement LB is equal to the complement BF; (l. 43.) 

but the complement BFis equal to the triangle C*, (constr.) 

wnerefore LB is equal to the triangle C. 

And because the angle OBJE is equal to the angle ABM, (L 15.) 

and likewise to the an^e D ; (constr.) 

' therefore the an^ie ABM is eyiil to the angle 2). (ax. 1.) 
Therefore to the giyen straight Ime AB, the parallelogram JuB has 
een applied, equal to the triangle C, and having the angle ABM 
ml to the given angle 2>. Q. £. F. 

PROPOSITION XLV. PROBLBBi. 

To tUteribe /s paraUehgram eqwd to a given recUUmai figmtt and 
having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and JB the given recti- 
lineal angle. 

It is required to describe a parallelogram that shall be equal to the 

figure ABCD, and having an angle equal to the given angle E. 

D F G L 
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B 




Join DB. 
Describe the parallelogram Fff equal to the triangle ADB, and 
having the angle ^JTJT equal to l^e angle E\ (l. 42^ 
to the straight line OM, apply the pandlelogram GM equal to the 
triangle DBC, having the angle OHMgclvoI to the angle E. 
(L 44.) 
Then the figure FKML shall be the parallelogram required. 
Because each of the angles FKH, GHm, is equal to the angle E, 
therefore the angle FKHi& eoual to the angle QHM\ 
add to each of these equals the angle KHG ; 
therefore the angles FKH, KHG are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right an^es j (l. 29.) 
therefore also KHG, GHM axe equal to two right angles ; 
and because at the point H, in the straight line GH, the two 
straight lines KH, HM, upon the opposite sides of it, make the ad- 
jacent angles KHG, G^^ibT equal to two right angles, 

therefore HKis in the same straight line with HM. (l. 14.) 

And because the line HG meets t^e parallels KM, FG, 

therefore the angle MHG is equal to the alternate u^le HGF; (I. 29.) 

add to each of these equals the angle MGL ; 

therefore the angles MHG, HGL are equal to 3ie angles HGF, HGL\ 

but the angles MHG, HGL are equal to two right angles ; (l. 29.) 

therefore ako the angles HGF, HGL are e^ual to two right angles, 

and therefore FG is in the same straight hne with GL» (i. 14.) 



J 
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And because JEjPisparailel to HQ^ and HO to ML^ 

therefore KJTir parallel to ML ; (i. 30.) 

and FL has been proved parallel to KM^ 

wherefore the figure FKML is a parallelogram; 

and since the parallelogram HF is equal to the triangle ABD, 

and the parallelogram OM^JO the triangle BDC; 

therefore the whole parculelogram KFLM is equal to the whole 

rectilineal figure ABCD, 
Therefore the parallelogram KFLM has been described equal to 
the given rectilineal figure ABCD, having the angle FKM equal to 
the given angle E. Q.E.F. 

Gob. From this it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an an^le equal to a given rectilineal 
angle, and shall be eoual to a given rectilineal figure ; viz. by applying 
to the given straight line a parallelogram equal to the first triangle 
ABDf (l. 44.) and having an angle equal to the given angle. 

PROPOSITION XLVI, PROBLEM. 
To dueribe a square upon a gioen atraight line. 
Let AB be the given straight line* 
c 




It is required to describe a square upon AB» 

From the point A draw ^O at right angles to AB \ (L 11.) 

make AD equal to AB ; (i. 3.) 

through the point D draw DE parallel to AB ; (i. 31.) 

and through B, draw BE parallel toADy meeting JDE in E; 

therefore ABED is a parallelogram ; 

whence AB is equal to DE, and AD to BEi (l. 34.) 

but AD is equal to AB, 

therefore the four lines AB, BE, ED, DA are e(]ual to one another 

and the parallelogram ABED is equilateral. 

It has likewise all its angles right ansles ; 

since AD meets the parallels AB, JjE, 

therefore the angles BAD, ADEaxe equal to two right angles ; (l. 29.) 

but BAD is a r^ht angle ; (constri) 

therefore also ADE is a right angle. 

But the opposite angles of paraUelc^rams are e^ual ; (I. 34.) 

therefore each of the opposite angles ABE, BED is a right angle ; 

wherefore the figure ABED is rectangular, 

and it has been proved to be equilateral ; 

therefore the figure ABED is a square, (def. 30.) 

and it is described upon the given straight line AB. Q.E.F. 
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Cob. Hence, eyery parallelogram that has one of itB angles a right 
angle, has all its angles right angles. 

PROPOSITION XLVIL THEOREM. 

In any right-angled triangle, the square which is described upon the aide 
whtendivg the right angle, ie eqttal to the squares described upon the sides 
which contain the right angle. 

Let ABC he a ri^ht-angled triangle, having the right angle BA C. 
Then the square described upon me side £Ct shall be equal to the 
squares described upon JBA, AC. 




On j?(7 describe the square BDEC, (l. 46.) 

and on BA, A C the squares OB, UC; 

through A draw AL parallel to BD or CE\ (l. 31.) 

and join AD, FC. 
Then because the angle BACis a right angle, (hyp.) 
and that the angle BA Gib a, right an^le, (def. 30.) 
the two straight lines AC, AG upon the opposite sides of AB, make 
with it at the point A, the adjacent angles equal to two right angles ; 
therefore CA is in the same straight line with AG, ^L 14.) 
For the same reason, BA and AH are in the same strai^t Ime. 
And because the angle DBCib equal to the angle FBA, 
each of mem being a right angle, 
add to each of these equals the angle ABC, 
therefore the whole angle ABD is equal to the whole angle FBC, (ax.2.) 
And because the two sides AB, BD, are equal to the two sides J^^, 
BC, each to each, and the included angle ABD is equal to the included 
angle FBC, 

therefore the base AD is equal to the base FC, (i. 4.) 
and the triangle ABD to the triangle FBC, 
Now the parallelogram BZ is double of the triangle ABD, (l. 41.) 
because they are upon the same base BD, and between the same 
parallels BD, AL ; 

also the square OB is double of the triangle FBC, 
because these also are upon the same base FB, and between the 

same parallels FB, GC. 
But the doubles of equals are equal to one another ; (ax. 6.) 
therefore the parallelogram BL is equal to the square GB, 
Similarly, by joimng AF, BK, it can be proved, 
that the pajradlelogram CL is equal to the square HC, 
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Therefore the whole square BDEC is equal to the two squares OB^ 
HC\ (ax. 2.) 

and the square BDEC is described upon the straight line BC^ 

and the squares QB, HC, upon AB, A &: 
therefore the square upon the side ^C, is equal to tiie squares upon 
the sides AB, AC, 

Therefore, in any right-angled triangle, &c Q.B.D. 

PROPOSITION XLVm. THEOREM. 

If the tguare deteribed tqMm one of the sidee of a triangle, he equal to 
the equares deteribed tQxm the other two eidea of it; the angle eonteusied by 
tkeee two eidee ie a right angle. 

Let the square described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other two sides, AB, AC. 
Then the angle BA C shall be a right angle. 

D 




From the point A draw AD at right angles to ^C, (1. 11.) 

make AD equal to AJ3, and join DC. 

Then, because AD is equal to AB, 

the square on ^D is equal to tne square on AB; 

to each of these equals add the square on A C; 

therefore the squares on AD, A Care equal to the squares on AB, A C: 

but the squares on AD, A Care equal to the square on DC, (I. 47.) 

because the angle DA C is a right angle ; 

and the square on B C, by hypothesis, ia equal to the squares on BA, A C; 

therefore the square on DC is equal to the square on BC; 

and therefore the side DC is equal to the side BC. 

And because the side AD is equal to the side AB, 

and A Or common to the two triangles DA C, BA C; 

the two sides DA, AC, are equal to the two BA, AC, each to each ; 

and the base DC has been proved to be equal to the base BC; 

therefore the angle DACva equal to the angle BAC\ (I. 8.) 

but DA C is a right anffle ; 

therefore also BA C is a right angle. 

Therefore, if the square described upon, &c. Q.E.D. 
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ON THE BEFmrnONS. 

Geomstby 18 one of the most perfect of the deductlye Sciences, and 
seems to rest on the simplest inductions from experience and observation. 

The first principles of Geometry- are therefore in this view consistent 
hypotheses rounded on facts cognizable by^ the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselves. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree witii the concep- 
tions which the things themselves suggest to the mind through the 
medium of the senses. The essential definitions of Geometry therefore 
being inductions from observation and experience, rest ultimately on the 
evidence of the senses. 

It is by experience we become acquainted with the existence of indi- 
vidual forms of magnitudes ; but by the mental process of abstraction, 
which begins with a particular instance, and proceeds to the general 
idea of all objects of tne same kind, we attain to the general ocmc^tion 
of those forms which come imder the same general idea. 

The essential definitions of Geometry express generalized conceptions 
of real existences in their most perfect ideal forms : the laws and appear- 
ances of nature, and the operations of the human int^lect being sup- 
posed uniform and consistent. 

But in cases where the subject falls under the class of simple ideas, 
the terms of the definitions so called, are no more than merely eq^valent 
expressions. The simple idea described by a proper term or terms, does 
not in fact admit of definition properly so called. The definitions in 
Euclid's Elements may be divided into two classes, those which merely 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things 
described in the definitions. 

Definitions in Geometry cannot be of such a form as to explain the 
nature and properties of the figures defined : it is sufficient that they giye 
marks whereb^^ the thing defined may be distinguished from ev&cy othex 
of the same ^d. It will at once be obvious, that the definitions of 
Geometry, one of the pure sciences, being abstractions of space, are not 
like the definitions in any one of the physical sciences. Tke discoyery 
of any new physical facts may render necessary some alteration or modi- 
fication in the definitions of the latter* 

Def. I. Simson has adopted Theon's definition of a point. Euclid's 
definition is, atjfitiov icmv oi fiipo^ ovdiv, ** A point is that, of which there 
is no part," or which cannot be parted or divided, as it is explained by 
Proclus. The Greek term cnifitiovy literally means, a visible sign or mant 
on a surface, in other words, a physical point. The English term poinif 
means the sharp end of any tl^g, or a mark made by it. The word 
point comes from the Latin punctum, through the French word point, 
Neither of these terms, in its literal sense, appears to give a v^y exact 
notion of what is to be understood by a point in Geometry. Euclid's 
definition of a point merely expresses a negative property, which exdudea 
^e proper and literal meaning of the Gbreek term, as applied to denote a 
physical point, or a mark which is yisible to the senses. 

Pythagoras defined a point to be fiovdv Biaiv ix"*^^^* ** & monad haying 
position. By uniting the positive idea of position, with the negative 
idea of defect of magmtude, the conception ox a point in Geometry may 
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be rendered perhaps more iatelligible. A point is defined to be that 
which has no magnitude, but position only. 

Def. n. Every visible linehas both length and breadth, and it is im- 
possible to draw any line whatever which shall have no breadth. The 
definition requires the conception of the length only of the line to be 
considered, abstracted firom, and independently of, all idea of its breadth. 

Def. III. This definition renders more intelligible the exact meaning 
of the definition of a point : and we may add, that, in the Elements, 
Buclid supposes that the intersection of two lines is a point, and that two 
lines can mtersect each other in one point only. 

Def. IV. The straight line or right line is a term so clear and intel- 
ligible as to be incapable of becoming more so by formal definition. 
Euclid's definition is Eudtia ypa/ifin i<mv, ^Tt« «£ taov toXs i<f>* cavriic 
ati/ulot9 KtiTai, wherein he states it to lie evenlj^, or equaUjf, or upon an 
eqwiUty (t £ tvov) between its extremities, and which Proclus explains as 
being stretched between its extremities, n «V aKp»v TtTafUvn* 

If the line be conceived to be drawn on a plane surface, the words 
c^ hrov may mean, that no part of the line whi<m is called a straight Hne 
deviates either from one side or the other of the direction which is fixed 
by the extremities of the line ; and thus it may be distinguished from a 
curved line, which does not lie, in this sense, evenly between its extreme 
points. If the line be conceived to be drawn in space, the words <( l<rov, 
must be imderstood to apply to every direction on every side of the line 
between its extremities* 

Every straight line situated in a plane, is considered to have two sides ; 
and when the direction of a line is known, tiie line is said to be ^ven in 
position ; also, when the length is known or can be found, it is said to be 
given in magnitude. 

From the definition of a straight line, it follows, that two points fix a 
straight line in position, which is the foundation of the first and second 
postulates. Hence straight lines which are proved tocoincideintwoor more • 
points, are called, ** one and the same straight line," Prop. 14, Book i, 
or, which is the same thing, that "two straight lines cannot have a 
common segment," as Simson shews in his Corollary to Prop. 11, Book i. 

The following definition of straight lines has also been proposed. 
'' Straight lines are those which, if they coincide in any two points, coin- 
cide as far as they are produced.' ' But this is rather a criterion of straight 
lines, and analogous to the eleventh axiom, which states that, ** all right 
angles are equal to one another," and suggests that all straight lines may 
be made to coincide wholly, if the lines be equal ; or partially, if the lines 
be of unequal lengths. A definition should properly be restricted to the 
description of the thing defined, as it exists, independently of anj com- 
parison of its properties or of tacitly •assuming the existence of axioms. ^ 

Def. vn. Euclid's definition of a plane surface is *BxtTf ios eVi<^a- 
¥tid imp ^Ti« f ^ t<rov rals i<f>* iaurij^ eu6ilai9 Kclrai, " A plane surface is 
that which lies evenly or equally with the straight lines in it ;" instead 
of which Simson has given the definition which was originally proposed 
by Hero the Elder. A plane superficies may be supposed to be situated 
in any position, and to be continued in every direction to any extent. 

Def. vm. Simson remarks that this definition seems to include the 
angles formed by two curved lines, or a curve and a straight line, as well 
a»that formed by two straight lines. 

Angles made by straight lines only, are treated of in Elementary 
Oeometry« 
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Def. iz. It is of the highest importanet to attain a clear conceptioii 
of an angle, and of the sum and difference of two angles, llie literal 
meaning of the term angtdua suggests the Geometrical conception of an 
angle, which may be regarded as formed by the divergence of two straight 
lines from a point. In the definition of an angle, the magnitude of the 
anele is independent of the lengths of the two lines by which it is 
included ; their mutual divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in the 
succeeding definitions. The point at which the two lines meet is called 
the angular point or the vertex of the anj^Of cmd must not be confounded 
with the magnitude of the angle itself. The right angle is fixed in mag- 
nitude, and, on this accoimt, it is made the standard with which SSL 
other angles are compared. 

Two straight lines which actually intersect one another, or which 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the two lines is determined by the angle which 
they make with one another. 

l)ef. X. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is 
also perpendicular to the former ; and always calls a rigfU angles 6p9n 
ym/ia ; but a straight line, eudcia ypafifiri, 

Def. XIX. This has been restored from Procltis, as it seems to have a 
meaning in the construction of Prop. 14, Book ii ; the first case of Prop. 
33, Book III, and Prop. 13, Book vi. The definition of the segment of a 
circle is not once alluded to in Book i, and is not required before the dis- 
cussion of the properties of the circle in Book iii. Proclus remarks on 
this definition : ** Hence you may collect that the center has three places : 
for it is either within the figure, as in the circle ; or in its perimeter, as 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. xxiv-xxix. Triangles are divided into three classes, by referenoe 
to the relations of their sides ; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

Li Simson's definition of the isosceles triangle, the word only must be 
omitted, as in the Cor. Prop. 5, Book i, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered isosceles m Prop. 15, 
Book IV. Objection has been made to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that aU the 
three angles of a triangle are acute, which is supposed in Def. 29. It 
mav be replied, that the definitions of the three kinds of angles point out 
ana seem to supply a foundation for a similar distinction of triangles. 

Def. xxx-xxxiv. The definitions of quadrilateral figures are liable to 
objection. All of them, except the trapezium, fall under the general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
lUEter he had defined four- sided figures, no other arrangement could be 
adopted than the one he has followed ; and for which uiere appeared to 
him, without doubt, some probable reasons. Sir Henry Savile, in his 
Seventh Lecture, remarks on some of the definitions of Euclid, ** Nee 
dissimulandum aliquot harum in manibus exiguum esse usum in Geo 
metrid.." A few verbal emendations have been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle : because it is proved in Prop. 46, Book i, that if a 
parallelogram have one angle a right angle, all its angles are right 
angles. 
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An oblong, in the same manner, may be defined as a plane figure of 
four sides, having only its opposite sides equal, and one of its angles a 
right angle. 

A rhomboid is a four-sided plane figure hayine only its opposite sides 
equal to one another and its angles not right angles. 

Sometimes an irregular four-sided figure which has two sides parallel, 
is called a trapezoid. 

Def. xxxY. It is possible for two right lines never to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram literally implies a fiigure formed by 
parallel straight lines, and may consist of four, six, eight, or any even 
number of sides, where every two of the opposite sides are parallel *to one 
another. In the Elements, however, the term is restricted to four- sided 
figures, and includes the four species of figures named in the Definitions 

XXX — XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in laying down the definitions. He 
commences with the simplest abstractions, defining a point, a line, an 
angle, a superficies, and their different varieties. This mode of proceed- 
ing involves the difficulty, almost insurmountable, of defining satlBfac- 
torilythe elementary abstractions of Geometry. It has been observed,' 
that it is necessary to consider a soli I, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defini- 
tions of a point, a line, and a superficies. A solid or volume considered 
apart from its physical properties, suggests the idea of the surfaces by 
which it is bounded : a surface, the idea of the line or lines which form 
its boundaries : and a finite line, the points which form its extremities. 
A solid is therefore bounded by surfaces ; a surface is bounded by lines ; 
and a line is terminated by two points. A point marks position only : a 
line has one dimension, length only, and defines distance : a superficies 
has two dimensions, length and breadth, and defines extension : and a 
solid has three dimensions, length, breadth, and thickness, and defines 
some portion of space. 

It may also be remarked- that two points are sufficient to determine 
the position of a straight line, and three points not in the same straight 
line, are necessary to fix the position of a plane. 



ON THE POSTULATES. 

Thb definitions assume the possible existence of straight lines and 
circles, and the postulates predicate the possibility of drawing and of 
producing straight lines, and of describing circles. The postulates form 
the principles of construction assumed in the Elements ; and are, in fact, 
problems, the possibility of which is admitted to be self-evident, and to 
require no proof. 

It must, however, be carefully remarked, that the third postulate only 
admits that when any line is given in position and magnitude, a cirdie 
may be described from either extremity of the line as a center, and with 
a radius equal to the length of the Ime, as in Euc. i, 1. It does not 
admit the description of a circle with any other point as a center than 
one of the extremities of the given line. 

Euc. I. 2, shews how, from any given point, to draw a straight Une 
equal to another straight line which is given in magnitude and position. 
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ox THE AXIOMS. 

Axioms are usually defined to be self-evident troths, which eannot be 
rendered more evident by demonstration ; in other words, the «^-rifttfiQ of 
Geometry are theorems, the truth of which is admitted without proof. 
It is by experience we first become acquainted with the different forms 
of geometrical magnitudes, and the axioms, or the fundamental ideas of 
their equality or inequality appear to rest on the same basis. The con- 
ception of the truth of the axioms does not Appear to be more removed 
from experience than the conception of the definitions. 

These axioms, or first principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theorem ought to be 
admitted as a first principle of reasoning which is capable of being de- 
monstrated. An axiom, and (when it is convertible) its converse, should 
both be of such a nature as that neither of them should require a formal 
demonstration. 

The first and most simple idea, derived from experience is, that every 
magnitude fills a certain space, and that several magnitudes may siicces- 
sively fill the same space. 

All the knowledge we have of magnitude is purely relative, and the 
most simple relations are those of eqiudity and inequaiity. In the com- 
parison cdf magnitudes, some are considered as given or Known, and the 
unknown are compared with the known, and conclusions are syntheti- 
cally deduced with respect to the equality or inequality of the magnitudes 
under consideration. In this manner we form our idea of equality, 
which is thus formally stated in the eighth axiom : « Magnitudes whi^ 
coincide with one another, that is, which exactly fill the same space, are 
equal to one another." 

Every specific definition is referred to this universal principle. With 
regard to a few more general definitions which do not furnish an equality, 
it will be found that some hypothesis is always made reducing tiiem to 
that principle, before anv theory is built upon them. As for example, 
the definition of a straight line is to be referred to the tenth axiom ; the 
definition of a ri^ht angle to the eleventh axiom ; and the definition of 
parallel straight Imes to the twelfth axiom. 

The eighm axiom is called the principle of superposition, or, the 
mental process by which ohe Geometrical magnitude may be conceived 
to be placed on another, so as exactly to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two lines 
which include one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal : the lengths of the Imes 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figures are equal. It may also be remarked, that the converse of 
this proposition is not universally true, namely, that when two magni- 
tudes are equal, they coincide with one another : «ince two magnitudes 
may be equal in area, as two parallelograms or two triangles, Euc. i. 35, 
37 ; but their boundaries may not be equal : and, consequently, by 
superposition, the figures could not exactly coincide : all such figures, 
however, having equal areas, by a different arrangement of their parts, 
may be made to coincide exactly. 
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This axiom Is l&e criterion of Geometrieal eqnaHty, and is essentially 
different from the criterion of Arithmetical equality. Two gecMnetrical 
magnitudes are equal, when they coincide or may be made to coincide : 
two abstract numbers are equal, when they contain the same aggregate 
of units ; and two concrete numbers are equal, when they contain the 
same number of imits of the same kind of magnitude. It is at once ob- 
vious, that Arithmetical representations of Geometrical magnitudes are 
not admissible in Euclid's criterion of Geometrical Equality, as he has not 
fixed the imit of magnitude of either the straight line, the angle, or the 
superficies. Perhaps Euclid intended that the first seven axioms should 
be applicable to numbers as well as to Geometrical magnitudes, and this 
is in accordance with the words of Froclus, who calls the axioms, common 
notions, not peculiar to the subject of Geometry. 

Several of the axioms may be generally exemplified thus : 

Axiom 1. If the straight line AB be equal a B 

to the straight line CD ; and if the straight C D 

line BF be luso equal to the straight line CD \ E P 

then the straight line AB is equal to the 
straight line EF. 

Alxiomii. Ifthe line JLBbeequal to the line ^ ? 

CD ; and if the line EF be also equal to the 

line Gff : then the sum of thelines AB and EF ? ? 

is equal to the sum of the lines CD and GH. 

Axi<»n III. If the line AB be equal to the ^ g 

line CD ; and if the line £Fbe also equal to the 

line GH; then the difference of AB and EF, ? ;_F 

is equal to the difference of CD and GH, 

Axiom IV. jtdmits of being exemplified under the two following forms : 

1. If the line AB be equal to the line CD ; a b 

and if the line EF be greater than the line G H ; 

then the sum of the Imes AB and BF is greater B F 

than the sum of the lines CD and GH. 

2. If the line AB be equal to the line CD ; a B 

and if the line EF he lees than the line GH ; 

then the sum of the lines AB and EF is less £ f 

than the sum of the lines CD and GH, 

Axiom V. also admits of two forms of exempUfloation. 

1. If the MneAB be equal to the line CD ; a B 
and if the line EF be greater than the line GH ; 

then the difference of the lines AB and EF is E F 

greater than the difference of CD and GH, 

2. If the line AB be equal to the line CD ; A ? 

and if the line EF be less than the line GH ; 

then the difference of the Unes AB and EF is ? ? 

less Man the difference of the lines CD and GH, 

The axiom, ** If unequals be taken from equals, the remainders are 
imequal/' may be exemplified in the same manner. 

Axiom VI. If the line AB be double of the -^ B 

line CD\ and if the line EF be also double of ? p 

the line CD; E F 

then the line AB is equal to the line EF, 

Axiom vn. If the line AB be the half of A B 

the line. CD ; and if the line EF be also the C D 

half of the line CD ; E F 

then the line AB is equal to the line EF, 



c 


D 


o 


H 


c 


D 


G 


H 


C 


forms: 


G 


H 


C 


D 


G 


H 


C 


D 


G 


H 


C 


D 


G 


H 



48 Euclid's elements. 

It may be observed that when e<}tt&l magadtudes are takea from im- 
oqxul magnitudes, the greater remainder exceeds the less remainder by 
as much as the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, ihe remainders are not always 
unequal ; they may be equal : also if unequals be added to unequals the 
wholes are not always unequal, they may also be equal. 

Axiom IX. The whole is greater than its part, and conversely, the 
part is less than the whole. This axiom appears to assert the contrary 
of the eighth axiom, namely, that two magnitudes, of which one is 
greater than the other, cannot be made to coincide with one another. 

Axiom X. The property of straight lines expressed by the tenth 
axiom, namely, *' that two straight lines cannot enclose a space," is ob- 
viously implied in the definition of straight lines ; for if they enclosed a 
space, they could not coincide between their extreme points, when the 
two lines are equal. 

Axiom XI. This axiom has been asserted to be a demonstrable theo- 
rem. As an angle is a species of magnitude, this axiom is only a parti- 
cular application of the eighth axiom to right angles. 

Axiom xii» See the notes on Prop. xxix. Book i. 

ON THE PROPOSITIONS. 

Whbnbvsb a judgment is formally expressed, there must be some- 
thing respecting which the judgment is expressed, and something else 
whi^' constitutes the judgement. The former is called the sttlifect of the 
proposition, and the latter, the prediaUe, which may be anything which 
can be affirmed or denied respecting the subject. 

The propositions in Euclid's Elements of Geometry may be divided 
into two classes, problems and theoreme. A proposition, as the term 
imports, is something proposed ; it is a problem, wnen some Geometrical 
oofutruction is required to be effected : and it is a theorem when some Geo- 
metrical property is to be demonstrated. Every proposition is natu- 
rally divided into two parts ; a problem consists of the data, or Mng» 
given; and the qu€mta, or things required: a theorem, consists of the 
sutiject or hypothesis, and the conclusion, or predicate. Hence the distinction 
between a problem and a theorem is this, that a problem consists of the 
data and the qusesita, and requires solution : and a theorem consists of 
the hypothesis and the predicate, and requires demonstration. 

Au propositions are affirmative or negative; that is, they either assert 
some property, as Euc. i. 4, or denv the existence of some property, as 
Euc. I. 7 ; and every proposition wnich is affirmatively stated has a con- 
tradictory corresponding proposition. If the affirmative be proved to be 
true, the contraeuctory is false. 

All propositions may be viewed as (1) ttniversaUg affirmative, or tmi- 
versaHy negative ; (2) as particularly affirmative, or particularly negative. 

The connected course of- reasoning by whidi any Geometrical truth is 
established is called a demonstration. It is called a direct demonstratioii 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that '* Geometry is almost the only 
subject as to which we find truths wherein all men agree ; and one cause 
of this is, that Geometers alone regard the true laws of demonstratioii.*' 
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Tliese are enumerated by him as eight in number. **l. To define nothing 
which cannot be expressed in clearer terms than those in which it is 
already expressed. 2. To leave no obscure or equivocal terms undefined. 
8. To employ in the definition no terms not already known. 4. To 
omit nothing in the principles from which we argue, unless we are sure 
it is granted. 5. To lay down no axiom which is not perfectly evident. 

6. To demonstrate nothing which is as clear already as we can make it. 

7. To prove every thing in the least doubtful by means of self-evident 
aadoms, or of propositions already demonstrated. 8. To substitute 
mentally the definition instead of the thing defined." Of these rules, he 
■ays, ** the first, fourth and sixth are not absolutely necessary to avoid 
error, but the other five are indispensable ; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them.'* 

The course pursued in the demonstrations of the propositions in 
Btidid's Elements of Geometry, is always to refer direcUy to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to make every step of the demonstrations the object of the under- 
standing. 

It has been maintained by some philosophers, that a genuine defini- 
tion contains some property or properties which can form a basis for 
demonstration, and that the science of Geometry is deduced from the 
dbfinitions, and that on them alone the demonstrations depend. Others 
have maintained that a definition explains only the meaning of a term, 
and does not embrace the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions ; in this view, de- 
mohstrations may be sal'ct'to be legitimately founded on defijiitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, by such marks as may prevent a 
misconception of the thing defined ; it will be at once obvious tiiat some 
constructive and theoretic principles must be assumed, besides the defini- 
tions to form the ground of legitimate demonstration. These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions which may be admitted as possible by direct appeal to our 
experience; and the axioms assert seneral theoretic truths so simple 
and self-evident as to require no proof, but to be admitted as the assumed 
first principles of demonstration. Tinder this view all Geometrical 
. reasonings proceed upon the admission of the hypotheses assumed in 
the definitions, and the unquestioned possibility of the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of an enthymeme, 
tft an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader : and it may be observed, that although this is the 
ordmarymode of speaking and writing, it is not in the strictly svllogistic 
form ; as either the nuffor or the minor premiss only is formally stated 
before the conclusion : Thus in £uc. i. 1. 

Because the point J is the center of the circle BCD ; 
therefore the straight line JB is equal to the straight line JC, 

The premiss here omitted, is : all straight Unes drawn from the center 
of a cirde to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every en^y-p 
meme. The conclusion of two enthymemes may form the major and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
is reduced to the strictly syUogistic form* And in this way it is shewn 
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t^at the general liieorems of Geometry are demonstrated by means of 
sjUogisms foimded on the axioms and definitions. 

Every syllogism consists of three propositions, of which, two are called 
the premisses, and the third, the conclusion. These propositions contain 
three terms, the subject and predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called t?ie minor, and the predicate of the con- 
clusion is called the moQor term, of the syllogism. The major term appears 
in one premiss, and the minor term in the other, with the middle term, 
which IS in both premisses. That premiss which contains the middle 
term and the major term, is called the major premUs; and that which 
contains the middle term and the minor term, is called the minor premiag 
of the syllogism. As an example, we may take the syllogism in the demon-' 
stration of rrop. 1, Book 1, wherein it will be seen that the middle term is 
the subject of the major premiss and the predicate of the minor. 
Major premiss. Because llie straight line i#£ is equal to the straight line AC\ 
Minor premiss, and, because the straight line ^C is equal to the straight 
line AB ; 
Conclusion, therefore the straight line BC is equal to the straight line AC. 

Here, BC is the subject, and AC the predicate of the conclusion. 

BC is the subject, and AB the predicate of the minor premiss. 
AB is the subject, and AC the predicate of the major premiss. 

Also, ^C is the major term, BC the minor term, and ^B the middle term 
of the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
line is assumed, and the definition of the Geometrical equality of two 
straight lines ; also that a general theoretic triifh, or axiom, forms the 
ground of the conclusion. And further, though i^;^e impossible to make 
any point, mark or sign {(xr\ixiiov) which has not both length and breadth, 
and any line which has not both length and breadth ; the demonstrations 
in Geometry do not on this account become invalid. For they are pursued 
on the hypothesis that the point has no parts, but position only : and the 
line has length only, but no breadth or thickness : also that the surface 
has length and breadth only, but no thickness : and all the conclusions 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. If the premisses, or only one of them be not true, the 
conclusion is false. The conclusion is said tofoUowfrom the premisses ; 
whereas, in truth, it is contained in the premisses. The expression must 
be understood of the mind apprehending in succession, the truth of 
the premisses, and subsequent to that, Uie truth of the conclusion ; 
so that the conclusion follows from the premisses in order of time 
as far as reference is made to the mind's apprehension of the whole 
argument. 

Every proposition, when complete, may be divided into six parts, as 
Proclus has pointed out in his commentary. 

1 . The proposition, or general enunciation, which states in general terms 
the conditions of the problem or theorem. 

2. The exposition, qx particular enunciation, which exhibits the suiyeet 
of the proposition in particular terms as a fact, and refers it to some 
digram described. 

3. The determination contains the predicate in particular terms, as it 
is pointed out in the diagram, and directs attention to the demonstration, 
by pronouncing the thmg sought. 
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4. The construction applies the postulates to prepare the diagram fof 
the demonstration. 

5. The demonstration is the connexion of syllogisms, which prove the 
truth or falsehood of the theorem, the possibility or impossibihty of the 
problem, in that particular case exhibited in the diagram. 

6. The conclusion is merely the repetition of the general enunciationt 
wherein the predicate is asserted as a demonstrated truth. 

Prop. I, In the first two Books, the circle is employed as a me- 
chanical instrument, in the same manner as the straight line, and the use 
made of it rests entirely on the third postulate. No properties of the 
circle are discussed in these books beyond the definition and the third 
» postulate. When two circles are described, one of which has its center in 
the circumference of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must intersect 
each other in two points ; and it is obvious from the two circles cutting 
each other, in two points, one on each side of the given line, that two 
equilateral triangles may be formed on the given line. 

Prop. Ti. When the given point is neither in the line, nor in theline 
produced, this problem admits of eight different lines being drawn from 
the given point in different directions, every one of which is a solution 
of the problem. For, 1. The given line has two extremities, to each of 
which a line may be drawn from the given point. 2. The equilat eral 
triangle may be described on either side of this Une. 3. And the side 
BD of the equilateral triangle ABD may be produced either way. 

But when the given point lies either in the line or in the line pro- 
duced, the distinction which arises from joining the two ends of the lino 
with the given point, no longer exists, and there are only four cases of 
the problem. 

The construction of this problem assumes a neater form, by first de- 
scribing the circle CGHwith center B and radius BC, and producing DB 
the side of the equilateral triangle DBA to meet the circumference in G : 
next, with center D and radius DG, describing the circle GKL, and then 
producing DA to meet the circumference in L, 

By a similar construction the less of two given straight lines may be 
produced, so that the less together with the part produced may be equal 
to the greater. 

Prop. III. This problem admits of two solutions, and it is left unde- 
termined from which end of the greater line the part is to be cut off. 

By means of this problem, a straight line may be found equal to the 
sum or the difference of two given lines. 

Prop. IV. This forms the first case of equal triangles, two other cases 
are proved in Prop. viii. and Prop. xxvi. 

The term base is obviously taken from the idea of a building, and the 
same may be said of the term altitude. In Geometry, however, these 
terms are not restricted to one particular position of a figure, as in the 
case of a building, but may be in any position whatever. 

Prop. V. Proclus has given, in his commentary, a proof for the 
equality of the angles at the base, without producing the equal sides. 
'J'he construction follows the same order, taking in AB one side of 
the isosceles triangle ABC^ a point D and cutting off from AC o. part 
A E equal to AD^ and then joining CD and BE, 

A corollary is a theorem which results from the demonstration of 
a proposition. 

Prop. VI. is the converse of one part of Prop, v. One proposition 

d2 
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)t defined to be the e(mver$9 of another when the hypothesis of the 
Ibnner becomes the predicate of the latter ; and vice yersa. 

There is besides this, another kind of conversion, when a theorem 
Vas several hypotheses and one predicate ; by assuming the predicate 
^d one, or more than one of the hypotheses, some one of the hypotheses 
saay be inferred as the predicate of the converse. In this manner. 
Prop. vin. is the converse of Prop. iv. It may here be obsenred* 
that converse theorems are not universally true : as for instance, the 
following direct proposition is universally true ; '* If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal." But the converse is not universally true ; namely, 
*'If two triangles have the three angles in each respectively equal* 
the three sides are respectively equal." Converse theorems require, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem. Converse and contraiy 

Sropositions are by no means to be confounded ; the contmty proposition 
ernes what is asserted, or asserts what is denied, in the direct pro- 
position, but the subject and predicate in each are the same. A cotUrmy 
proposition is a completely contradictory proposition, and the distinction 
consists in this — that two contrary propositions may both be false, but 
of two contradictory propositions, one of them must be true, and the 
other false. It may here be remarked, that one of the most common 
intellectual mistakes of learners, is to ima^;ine that the denial of a 
proposition is a legitimate ground for affirming the contrary as true : 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only affords a ground for the denial of the contrary 
as raise. 

Prop. Yi. is the first instance of indirect demonstrations, and they 
are more suited for the proof of converse propositions. All those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
demonstrations, according to the Greek notion of analysis, which first 
supposed the thing required, to be done, or to be true, and then shewed 
the consistency or inconsistency of this construction or hypothesis 
with truths admitted or already demonstrated. 

In indirect demonstrations, where hypotheses are made which are 
not true and contrary to the truth stated in the proposition, it seems 
desirable that a form of expression should be emploved different from 
that in which the hypotheses are true. In all cases therefore, whether 
noted by EucUd or not, the words if possible have been introduced, 
or some such qualifying expression, as in Euc. i. 6, so as not to leave 
upon the mind of the learner, the impression that the hypothesis 
wnich contradicts the proposition, is really true. 

Prop. VIII. When the three sides of one triangle are shewn to 
coincide with the three sides of any other, the equality of the triangles 
is at once obvious. This, however, is not stated at the conclusion of 
Prop. VIII. or of Prop. xxvi. For the equality of the areas of two 
coincident triangles, reference is always made by Euclid to Prop. rv. 

A direct demonstration may be given of this proposition, and Prop, 
vii. may be dispensed with altogether. 

Let the triangles ABC, DBF be so placed that the base BC may 
coincide with the base EP, and the vertices A, D may be on o]|ppoBite 
sides of EF, Jcnn AD. Then because EAD is an isosceles triangle, 
the angle EAD is equal to the angle EDA; and because CDA is an 
isosceles triangle, the angle CAD is equal to the angle CDA. Hence 
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the angle EAF is equal to the angle EDF^ (ax. 2 or 8) : or the anglv 
BDC\& equal to the angle EDF, 

Prop. IX. If BA^ AC be in the same straisht line. This problem 
then becomes the same as Prob. xi, which may be regarded as drawing 
a line which bisects an angle equal to two right angles. 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
is the defect of the angle BAG from four right angles. 

By means of this problem, any angle may be divided into four, 
^g^t, sixteen, &c. equal angles. 

Prop. X. A finite straight line may, by this problem, be divided 
into four, eight, sixteen, &c. equal parts. 

Prop. XI. When the point is at the extremity of the line; by 
the second postulate the line may be produced, and then the construction 
applies. See note on Euc. iii. 31. 

The distance between two points is the straight line which joins 
the points; but the distance between a point and a straight line, is 
the shortest line which can be drawn from the point to the line. 

From this Prop, it follows that only one perpendicular can be drawn 
from a given point to a given line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
given point to the given line : and of the rest, the line which is nearer 
to the perpendicular is less than one more remote from it : also only 
two equal straight lines can be drawn from the same point to the line, 
one on each side of the perpendicular or the least. This property 
is analogous to Euc. in. 7, 8. 

The corollary to this proposition is not in the Greek text, but 
was added by Simson, who states that it ''is necessary to Prop. 1, 
Book XI., and otherwise." 

Prop. XII. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center C, and 
radius CD. 

Prop. XIV. is the converse of Prop. xiii. '* TTpon the opposite sides 
of it." If these words were omitted, it is po9sible for two lines to mak« 
with a third, two ansles, which together are equal to two right angles, in 
such a manner that the two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclias figure, 
or below the line J?D, and the demonstration is the same in form. 

Prop. XV. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same incli- 
nation to one another as the original lines, but in a difierent position. 

The converse of this Proposition is not proved by Euclid, namely : — 
If the vertical angles made by four straight lines at the same point 
be respectively equal to each other, each pair of opposite lines shall 
be in tiie same straight line. 

Prop. XVII. appears to be only a corollary to the preceding pro* 
position, and it seems to be introduced to explain Axiom xii, of which 
It is the converse. The exact truth respecting the angles of a triangle 
is proved in Prop, xxxii. 

Prop, xviii. It may here be remarked, for the purpose of guarding 
the student against a very common mistake, that in this proposition 
and in the converse of it, the hypothesis is stated before the predicate. 

Prop. XIX. is the converse of Prop, xviii. It may be remarked, 
that Prop. XIX. bears the same relation to Prop, xviii., as Prop, vi 
does to Prop. v. 
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Prop. XX. The following corollary arises from this proposition: — 

A straight line is the shortest distance between two points. Fot 
the straight line BC is always less than BA and AC, however near 
the point A may be to the line BC, 

It may be easily shewn from this proposition, that the difference 
of any two sides of a triangle is less than the third side. 

Prop. XXII. When the sum of two of the lines is equal to, and 
when it is less than, the third line; let the diagrams be described, 
and they will exhibit the impossibility implied by the restriction laid 
down in the Proposition. ^ 

The same remark may be made here, as was made under the first 
Proposition, namely : — if one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. 

Prop. XXIII. CD might be taken equal to CEt and the constructicm 
effected by means of an isosceles triangle. It would, however, be less 
general than Euclid's, but is more convenient in practice. 

Prop. XXIV. Simson makes the angle EDG at D in the line ED, 
the side which is not the greater of the two ED, DF ; otherwise, three 
different cases would arise, as may be seen by forming the different 
figures. The point G might fall below or upon the base EF produced 
as well as above it. Prop. xxiv. and Prop. xxv. bear to each othex 
the same relation as Prop. iv. and Prop. viii. 

Prop. XXVI. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever the 
three magnitudes given in the hypothesis are independent of one another. 
Prop. IV. contains the first case, when the hypothesis consists of two 
sides and the included angle of each triangle. Prop. viii. contains 
the second, when the hypothesis consists of the three sides of each 
triangle* Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is only true 
tmder a certain restrictioil, thus : 

If two triangles have two sides of one of theni equal to two sides of the 
other, each to each, and have also the angles opposite to one of the equal sideB 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides be both acute, or both obtuse angles ; then shaU the third sides 
be equal in each triangle, €ts also the remaining angles of the one to the 
remaining angles of the other. 

Let ABC, DBF be two triangles which have the sides AB, AC equal 

to the two sides DE, DF, each to each, and the angle ABC equal to the 

angle DEFi then, if the angles ACB, DEF, be both acute, or both obhtse 

tingles, the third side BC shall be equal to the third side £F, and also 

,the angle BCA to the angle EFD, and the angle BAC to the an^le EDF„ 

First. Let the angles ACB, DFE opposite to the equal sides AB, 
DE, be both acute angles, 

XtBC be not equsi to EF, let BC be the greater, and from BC, cut off 
BG equal to EF, and join AG, 
^ Then in the triangles ABG, DEF, Euc. i. 4. AG is equal to DF, 
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and the angle AG B to DFE, But since ACin equal to DF, AG is equal 
to AC : and therefore the angle JCG is equal to the angle AGC, which 
is also an acute angle. But because AGC, AGB are together equal 
to two right angles, and that AGC is an acute angle, AGE mxiAt be 
an obtuse angle; which is absurd. Wherefore, BC is not unequal 
to EF, that is, £t7 is equal to EF, and also the remaining angles of 
one triangle to the remaining angles of the other. 

Secondly. Let the angles ACB, DFE, be both 6btu$e angles. By 
pr#eeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF, 

If ACB, DFE be both right angles : the case falls under Eue. i. 26. 

Prop. xxTii. Alternate angles are defined to be the two anglto 
which two straight lines make with another at its extremities, but upon 
opposite sides of it. 

} When a straight line intersects two other straight lines, two pairs of 
alternate angles are formed by the lines at their intersections, as in the 
figure, BEF, EFC are alternate angles as well as the angles AEF, EFD, 

Prop. xxYin. One angle is called ** the exterior angle," and another 
*' the interior and opposite angle," when they are formed on th% same 
side of a straight line which tails upon or intersects two other straight 
lines. It is also obvious that on each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EGB 
has the angle GHD for its corresponding interior and opposite angle : 
also the exterior angle FED has the angle HGB for its interior and 
opposite angle. 

Prop. XXIX is the converse of Prop, xxvii and Prop, xxvni. 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that they never meet ; it is 
necessary that some positive property of paralld lines should be assimied 
as an axiom, on which reasonings on such lines may be founded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, as not being self-evident. A stronger objection 
appears to be, that the converse of it forms Euc. i. 17 ; for both the 
assumed axiom and its converse, should be so obvious as not to require 
formal demonstration. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines ; but, by considering Euclid's 
twelfth axiom to be a theorem, and for its proof, assuming two definitions 
and one axiom, and then demonstrating five subsidiary Propositions. 

Instead of Euclid's twelfth axiom, the following has been proposed 
■as a more simple property for the foundation of reasonings on parallel 
lines ; namely, " If a straight line fall on two parallel straight lines, 
the alternate angles are equal to one another." In whatever this may 
exceed Euclid's definition in simplicity, it is liable to a similar objecticm, 
being the converse of Euc. i. 27. 

Professor Playfair has adopted in his Elements of Geometry, tha^ 
** Two straight lines which intersect one another cannot be both parallel 
to the same straight line." This apparently more simple axiom follows; 
as a direct inference from Euc. i. 30. 

But one of the least objectionable of all the definitions which have 
been proposed on this subject, appears to be that which simply expresseo 
the conception of equidistance. Jt may be formally stated thust 
^Parallel lines are such as lie in the same plane, and which neithe?^ 
recede from, nor approach to, each other." This includes the cod^ 
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ception stated by Euclid, that parallel lines never meet. Br. Wallis 
obserres on tbis subject, ** Parallelismus et sequidistantia yel idem sunt, 
vel certe se mutuo comitantur.'* 

As an additional reason for tbis definition being preferred, it may 
be remarked that the meaning of the terms ypufifial irapaWttKoif suggests 
the exact idea of such lines. 

An account of thirty methods which have been proposed at different 
times for avoiding the difficulty in the twelfth axiom, will be 
found in the appendix to Colond Thompson's '* Geometry wi|koat 
Axioms." ^ 

Prop. XXX. In the diagram, the two lines AB and CD are placed 
one on each side of the line EF : the proposition may also be proved, 
when both AB and CD are on the same side of EF, 

Prop. XXXII. From this proposition, it is obvious that if one angle 
of a triangle be equal to the sum of the other two angles, that angle 
is a right angle, as is shewn in Euc. in. 31, and that each of the angles 
of an equilateral triangle, is equal to two thirds of a right an^le, as 
it is shewn in Euc. iv. 15. Also, if one angle of an isosceles triangle 
be a right angle, then each of the equal angles is half a right angle, as 
in Euc. II. 9. 

The three angles of a triangle may be shewn to be equal to two 
right angles without producing a side of the triangle, by drawing through, 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of the other two ; but is known if the sum of any 
two is known. Cor. 1 may be also proved by drawing lines from any 
one of the angles of the ngure to the other angles. If any of the 
sides of the figure bend inwards and form what are called re-entering 
angles, the enunciation of these two corollaries will require some 
modification. As Euclid gives no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proo& 
of the properties of figures which contain such angles. 
.; Prop. XXXIII. The words *' towards the same parts" are a necessary 
restriction: for if they were omitted, it would be doubtful whether 
. the extremities A, C, and B^ D were to be joined by the lines AC and 
. BD ; or the extremities A, D, and B, C, by ue l|nes AD and BC» 

Prop. XXXIV. If the other diameter be drawn, it may be shewn 
that the diameters of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal ; if the parallelogram be a square or a rhombus, 
the diagonals bisect each other at right ang[les. The converse of this 
Prop., namely, '* If the opposite sides or opposite angles of a quadrilateral 
figure be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram," is not proved by Euclid. 

Prop. XXXV. The latter part of the demonstration is not expressed 
very intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums oi* the same form and magnitude, and from 
one of them, to take the triangle ABE ; and from the other, the tri- 
angle DCF; and then the remainders are equal by the third axiom: 
that is, the parallelogram ABCD is equal to the parallelogram EBCF, 
OtherMrise, the triangle, whose base is DE, (fig. 2.) is taken twice from 
the trapezium, which would apj^ear to be impossible, if the sense in 
which EucUd applies the third axiom, is to be retained here. 
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It may be observed, that the two parallelograitts exhibited in fig. 2 
partially lie on one another, and that the triangle whose base is BC is a 
common part of them, but that the triangle whose base is DB is entirely 
without both the parallelograms. After having proved the triangle JBE 
equal to the triangle DCF, if we take from these equals (fig. 2.) the 
triangle whose base is DE, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram ABCD is equal lo 
the parallelogram EBCF. In fig. 3, the equality of the parallelograms 
jIJW), EBCF, is shewn by adding the figure EBCD to each of the 
trOKgles ABE, DCF. 

In this proposition, the word equal assumes a new meaning, and i8*no 
longer restricted to mean coincidence in all the parts of two figures. 

J?rop. XXXVIII. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight Une. If in the 
^agram the point B coincide with C, and D with A, then the angle 
of one triangle is supplemental to the other. Hence the following 
property : — If two triangles have two sides of the one respectively equid 
to two sides of the other, and the contained angles supplementali the 
two triangles are equal. 

A distinction ought to be made between equal triangles and equivalent 
triangles, the former including those whose sides and angles mutually 
coincide, the latter those whose areas only are equivalent. 

Prop. XXXIX. If the vertices of aU the equal triangles which can be 
described upon the same base, or upon the equal bases as in Prop. 40, 
be joined, the line thus formed will be a straight line, and is called the 
locus of the vertices of equal triangles upon the same base, or upon 
equal bases. 

A locus in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
exception of the straight line and the circle, the two most simple loci ; 
all other loci, perhaps including also the Conic Sections, may be more 
readily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

Prop. XLi. The converse of this proposition is not proved by Euclid ; 
viz. If a parallelogram is double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts, 
they shall be between the same parallels. Also, it may easily be shewn 
that if two equal triangles are between the same parallels ; they are either 
upon the same base, or upon equed bases. 

Prop. xLiv. A parallelogram described on a straight line is said to 
be applied to that Ime. 

Prop. XLv. The problem is solved only for a rectilineal figure of four 
•ides. If the given rectilineal S^gfre have more than four sides, it may 
be divided into triangles by drawing straight lines from any angle of the 
figure to the opposite angles, and then a parallelogram equal to the third 
triangle can be applied to LM^ and having an angle equal to E: and 
so on for all the triangles of which the rectilineal figure is composed. 

Prop. XLVi. The square b^ng considered as an eqidlateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given, as is shewn in the note on Prop, i.y 
Book IT. 

The student will not fail to remark the analogy which exists between 
the area of a square and the product of two equal numbers ; and between 
Ike tide of a tquare and the square root of a number* There is, howeverg 
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this distinction to be observed ; it is always possible to find the product 
of two equal numbers, (or to find the square of a numbeTf as it is usuaUv 
called,) and to describe a square on a given Hne ; but conversely, though 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given niunber is a square number. For 
example, if the area of a square contain 9 square imits, then the square 
root of 9 or 3, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the| 
of the square is greater than 3, but less than 4 lineal units, and the 
no iiumber which will exactly express the side of that square : an app 
mation to the true length, however, may be obtained to any assignc 
degree of accuracy. 

Prop. xLvii. itt a right-angled triangle, the side opposite to the rights 
angle is called the hypotenuse, and the other two sides, the base and» 
perpendicular, according to their position. 

In the diagram the three squares are described on the outer sides of 
the triangle ABC, The Proposition may also be demonstrated (1) when 
the three squares are described upon the inner sides of the triangle : (2) 
when one square is described on the outer side and the other two squares 
on the inner sides of the triangle : (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BE on the hypote- 
nuse be described on the ianer side of BC and the squares BG, EC on 
the outer sides of ABy AC ; the point D falls on the side FG (Euclid's 
fig.) of the square BG, and KH produced meets CE in E, Let LA meet 
BC in M, Join DA ; then the square GB and the oblong LB are each 
double of the triangle DAB, (Euc. i. 41.); and similarly by joining EA, 
the square HC and oblong LC are each double of the triangle EAC. 
Whence it follows that the squares on the sides AB, AC are together 
equal to the square on the hypotenuse BC» 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square : or equal to th& 
difference of two given squares. 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4, and 5 imits respectively. If through the points of 
division of two contiguous sides of each of the squares upon the sides, lines 
be drawn parallel to the sides (see the notes on Book li.), it will be ob- 
vious, that the squares will be divided into 9, 16 and 26 small squares, 
each of the same magnitude ; and that the number of the small squares 
into which the squares on the perpendieolar and base are divided is equal 
to the number into which the square of the hypotenuse is divided. 

Prop. XLvni is the converse of Prop, xlvii. In this Prop, is assumed 
the Corollary that ** the squares described upon two equal lines are 
equal," and the converse, which properly ought to have been app^xded 
to Prop. XLVi. 

The First Book of Euclid's Elements, it has been seen, is conversant 
with the construction and properties of rectilineal figures. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the instruments by which 
the constructions in Plane Geometry are effected ; and thirdly, the twelve 
axioms, which express the principles by which a comparison is made 
between the ideas of the things defined. 
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This Book may be divided into three parts. The first part treats of 
tlie origin and properties of triangles, both wi^ respect to their sides and 
angles ; and the comparison of these mutually, both with regard to equality 
una inequality. The second part treats of the properties of parall^ lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
on the base and perpendicular of a right-angled triangle to the square 
on^e hypotenuse. 

len the propositions of the First Book have been read with the 
i, the student is recommended to use different letters in the diagrams, 
where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know- 
ledge of the demonstrations. And further, when he has become suffici- 
ently familiar with the method of geometrical reasoning, he may dis- 
pense with the aid of letters altogether, and acquire the power of express- 
ing in general terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply tiie principles of the First Book to the so- 
lution of Problems and the demonstration of Theorems. 

QUESTIONS ON BOOK I. 

1. What is the name of the Science of which Euclid gives the Ele- 
ments? What is meant by Solid Geometry? Is there any distinction 
between Plane Geometry, and the Geometrjf of Planeaf 

2. Define the term magnitude, and specify the different kinds of 
magnitude considered in Geometry. What dimensions of space belong 
to figures treated of in the first six Books of Euclid ? 

3. Give Euclid's definition of a ''straight line." What does he 
really use as his test of rectilinearity, and where does he first employ it ? 
What objections have been made to it, and what substitute has been 
proposed as an available definition ? How many points are necessaiy to 
fix the position of a straight line in a plane? When is one straight 
line said to cut, and when to meet another ? 

4. What positive property has a Geometrical point? From the 
definition of a straight line, shew that the intersection of two lines is a 
point. 

6. Give Euclid's definition of a plane rectilineal angle. What are 
the limits of the angles considered in Geometry ? Does Euclid consider 
angles greater than two right angles ? 

6. When is a straight line said to be drawn at right angles, and when 
perpendicular, to a given straight line ? 

7. Define a triangle ; shew how many kinds of triangles there are ac 
cordingto the variation both of the angles, and of the eidee, 

8. What is Euclid's definition of a circle ? Point out the assumption 
involved in your definition. Is any axiom implied in it? Shew that 
in this as in all other definitions, some geometrical fact is assumed as 
somehow previously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefly the use and foundation of definitions* axioms, 
and postulates : give illustrations by an instance of each. 

11. What objection may be made to the method and order in which 
Ettdid has laid aown the elementary abstractions of the Science of Geo- 

. metry ? What other method has been suggested ? 
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12. Wliat ditCiiietioiis may be made between definitions in the 
Science of Geometry and in the PbTsical Sciences ^ 

13. What ia necessary to oonstitate an exact definition } Are defini- 
tions propositions } Are tiiey arbitrary ? Are they convertible ? Does 
a Mathematical definition admit of proof on the principles of die Science 
to which it relates ? , 

14. Enmnerate the principles of construction assumed by Euclid. 

15. Of what instruments may the use be considered to meet approxi- 
mately the demands of Euclid's postulates ? Why only ap pn xima i^f 

16. "A circle may be described from any center, with any stnipht 
line as radius." How does this postulate differ from Euclid's, and 
which of his problems is assumed in it ? 

17. What principles in the Physical Sciences conespond to axloma 
in Geometry } 

18. Enumerate Euclid's twelve axioms and point out those which 
hare special reference to Geometry. State the conyerse of those whidi 
admit of being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the 
assumption of the |>rinciple of superposition (ax. 8.), essential to all 
Geometrical reasonmg? Is it correct to say, that it is *'an appeal, 
though of the most familiar sort, to external obserration" } 

20. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what adyantages or disadyantages ? 

21. Define the terms, Problem, Postulate, Axiom and Theorem. 
Are any of Euclid's axioms improperly so called? 

22. Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distingmsh them in Euc. i. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate ? Giye an examjde. 

24. When is one proposition said to be the conyerse or reciprocal of 
another? Giye examples. Are conyerse propositions imiyersaily true? 
If not, under what circumstances are they necessarily true? Why is it 
necessary to demonstrate converse propositions ? How are they proved ? 

25. Explain the meaning of the wordprc^poti^MMi. Distinguisn between 
^orwerte and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings depend 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How is the 
enthymeme made to assume the form of the syllogism ? Give examples. 

28. What constitutes a demonstration ? State the laws of demonstration. 

29. What are the principle parts, in the entire iax>ces8 of establishing 
a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What is meant by the term synthesis, and what, by the term, 
analysis? Which of these modes of reasoning does Euclid adopt in his 
Elements of Geometry ? 

32. In what sense is it true that the conclusions of Geometry are 
necessary truths ? 

83. Enunciate those Geometrical definitions which are used in the 
proof of the propositions of the First Book. 

34. If in Euclid i. I, an equal triangle be described on the other side 
of the given line, what figure will the two triangles form ? 

35. In the diagram, Euclid i. 2, if DB a side of tiie equilateral tri- 
angle DAM be produced both ways and cut the circle whose center is JB 
and radius BC in two points and ff; shew that either of the dis- 
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tances DG, DH may be taken as the radiua of the eecond circle ; and 
give the proof in each case. 

36. Explain how the propositions £uc. i. 2. 8, are rendered necessary 
by the restriction imposed by the third postulate. Is it necessary for 
the proof, that the triangle described in Euc. i. 2, should be equilateral? 
Could we, at this stage of the subject, describe an isosceles triangle on a 
given base ? 

37. State how Euc. i. 2, may be extended to the following problem: 
•( Fr|n(i a given point to draw a straight line in a given direction equal to 
a i^mmi. straight line." 

^, How would you cut off from a straight line unlimited in both 
directions, a length equal to a given straight hne ? 

39. In the proof of Euclid i. 4, how much depends upon Definition, 
how much upon Axiom ? 

40. Draw the figure for the third case of Euc. i. 7» and state why it 
needs no demonstration, 

41. In the construction Euclid i. 9, is it indifferent in all cases on 
which side of the joining line the equilateral triangle is described } 

42. Shew how a given straight line may be bisected by Euc. z. 1. 

43. In what cases do the mies which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite sides of the triangles? 

44. ** Two straight lines cannot have a common segment." Has this 
corollary been tacitly assumed in any preceding proposition } 

45. In Euc. I. 12, must the gi^en line necessarily be *'of imlimited 
length" } 

46. Shew that (fig. Euc. i. 11) every point without the perpendi- 
cular drawn from the middle point of every straight Une DE, is at unequal 
distances from the extremities Z), E of that line. 

47. From what proposition may it be inferred that a straight line is 
the shortest distance between two points ? 

48. Enunciate the propositions you employ in the proof of Euc. i. 1 6. 

49. Is it essential to the truth of Euc. i. 21, that the two straight 
lines be drawn from the extremities of the base? 

50. In the diagram, Euc. i. 21, by how much does the greater angle 
BDC exceed the less BAC ? 

51. To form a triangle with three straight lines, any two of them 
must be greater than the third : is a similar limitation necessary with 
respect to the three angles ? 

52. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 3 units : or one with tiiree lines whose lengths are 1, V2, v8, ? 

53. Is it possible to construct a triangle whose angles shall be as the 
numbers 1, 2, 3 ? Prove or dispiove your answer. 

54. What is the reason of the limitation in the construction of Euc. 
1. 24. viz. ** that DE is that sid6 which is not greater than ^e other ?" 

55. Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered. 

56. Is the foUowine proposition imiversally true ? " If two plane 
triangles have three elements of the one respectively equal to tl^ee 
elements of the other, the triangles are equal in every respect." Enu- 
merate all the cases in which this equality is proved in the First Book. 
What case is omitted ? 

57. What parts of a triangle must be giytn in order that the triangle 
may be described t 
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58. State the conrerse of the second case of Euc. i. 26 ? TTiider 
what limitations is it true ? Prove the proposition so limited ? 

59. Shew that the angle contained between the perpendiculars drawn 
to two given straight lines which meet each other, i6 equal to the angle 
contained by the Hnes themselves. 

60. Are two triangles necessarily equal in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other 
each to each p 

61. Blustrate fully the difference between anal3rtical and synt]M|ical 
proofs. What propositions in Euclid are demonstrated analytical!^ 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, which makes the property 
first predicated of them a necessary conclusion from it ? 

63. Enunciate Euclid's definition and axiom relating to parallel 
straight lines ; and state in what Props, of Book i. they are used. 

64. What proposition is the converse to the twelfth axiom of the 
First Book ? What other two propositions are complementary to these? 

65. If lines beinf ]>roduced ever so far do not meet; can they be 
otherwise than parallel ? If so, under what circumstances ? 

66. Define adjacent imghs^ opposite angles, vertical angles, and aUemate 
angles; and give examples from the Pirst Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelipth axiom upon which the proof of Euc. i. 29, depends ? 

68. What objections have been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid ? Where does 
the difficulty originate ? What other assumptions have been suggested 
and for what reasons ? 

69. Assimiing as an axiom that two straight lines which cut one 
another cannot both be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a corollary of Euc. i. 29. 

70. From Euc. i. 27, shew that the distance between two parallel 
straight lines is constant ? 

71. If two straight lines be not parallel, shew that all straight lines 
falling on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally inclined to the same straight line towards the same parts ; prove 
that ** beiiig produced ever so far both ways they do not meet?" Prove 
also Euclid s axiom 12, by means of the same definition. 

73. What is meant by exterior and interior angles ? Point out examples. 

74. Can the three angles of a triangle be proved equal to two right 
angles without producing a side of the triangle ? 

75. Shew how the comers of a triangular piece of paper may be 
turned down, so as to exhibit to the eye that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of tike term corollary. Enunciate the two 
corollaries appended to Euc. i. 32, and give another proof of the first. 
What other corollaries may be deduced m)m this proposition ? 

77. Shew that -the two lines which bisect the exterior and interior 
angles of a triangle, as well as those which bisect any two interior 
angles of a parallelogram, contain a right angle. 

78. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure, is a paral- 
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lelogram, wlien its diagonala bisect each other : and when its diagonals 
divide it into four triangles, which are equal, two and two, viz. those 
which, have the same vertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lines, but not towards the same parts, when are the joining lines equied^ 
and when are they unequal ? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a parallelogram } Prove your answer. 

81^ Shew how to divide one of the parallelograms in £uc. i. 35, 
by sMight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between equal triangles and equivalent triangles, and 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances CFf 
loci from the first Book of Euclid. 

84. How is it shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether Ihey are situated on the same 
or opposite sides of the same straight line ? 

85. In Euc. I. 37, 38, if the triangles are not towards the same parts, 
shew that the straight line joining the vertices of the triangles is 
bisected by the Une containing the bases. 

86. If the complements (fig. Euc. i. 43) be squares, determine their 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line ? 

88. Is the proof of Euc. i. 45, perfectly general ? 

89. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
Is the converse true ? If not, why ? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines not necessarily in the same plane, what condition respecting the 
angles is necessary to complete the definition ? 

92. In Euclid i. 47, why is it necessary to prove that one side of 
each square described upon each of the sides containing the right angle, 
should be in the same straight line with the other side of the triangle ? 

93. On what assumption is an analogy shewn to exist between the 
product of two equal numbers and the surface of a square? 

94. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 

95. Can the side and diagonal of a square be represented simul-, 
taneously by any finite numbers ? 

96. By means of Euc. i. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. i. 47, be 
described on the other side of it: shew &om the diagi'am how the 
squares on the two sides of the triangle may be made to cover exactly 
the square on the hypotenuse. 

98. If Euclid n. 2, be assumed, enunciate the form in which Euc. i. 47 
nay be expressed. 

99. Classify all the properties of trianglea and parallelograms^ proved 
in the First Book of Euclid. 

100. Mention any propositions in Book I. which are included in more 
general ones which follow. 
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64 Euclid's elements. 

ON THE ANCIENT GEOMETRICAL ANALYSIS. 

Synthesis, or the method of composition, is a mode of reasonii^ which 
begins with something given, and ends with something required, either 
to be done or to be proved. This may be termed a direct process, as it 
leads from principles to consequences. 

Analysis, or the method of resolution, is the reverse of synthesis, 
and thus it may be considered an indirect process, a method of reason* 
ing from conseq|uences to principles. 

The synthetic method is pursued by Euclid in his Elemeirai of 
Geometry. He commences with certain assumed principles, and pro* 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
(Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of theorems. In the analysis of a^^rofr- 
letrif the qusesita, or what is required to be done, is supposed to have 
been effected, and the consequences are traced by a series of geometrr- 
csal constructions and reasonmgs, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of ti prdblenif however, the last consequence of the 
analysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the ^usesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra- 
dicts any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : and 
further, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of tnese relations will become a necessary part of the solution of the 
problem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths poved in the 
Elements, the predicate is consistent with the hypothesis. This point 
is ascertained by assuming the predicate to be true, and by deducing* 
the successive consequences of tnis assumption combined with proved 
geometrical truths, till they terminate in tne hypothesis of the theorem 
or some demonstrated truth. The theorem will be proved synthetically 
by retracing, in order, the steps of the investigation pursued in the 
analysis, tiJl they terminate m the predicate, which was assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with anv demonstrated 
truth, the false conclusion thus arrived at, indicates the falsehood of 
the predicate ; and by reversing the process of the analysis, it may 
be demonstrated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is more 
extensively usefril in discovering the solution of problems than for in- 
vestigating the demonstration of theorems. 
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!Prom the nature of the subject, it must be at once obvious, that xk> 
general rules can be prescribed, which will be found applicable in all 
eases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which ifollow from these constructions and the 
assigned solution, will shew the possibility or impossibility of airiviAg 
at some known property consistent with the data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly !»» 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
fiaom a given point making equal angles with a line given in position; 
and to avoid ambiguity, it must be stated on which side of the line 
iJie angle is to be formed. 

A problem is said to be determinate when, with the prescribed con^ 
ditions, it admits of one definite solution ; the same construction which 
may be made on the other side of any given line, not bein^ considered 
a different solution : and a problem is said to be indetermtnate wheait 
admits of more than one definite solution. This latter circumstance 
arises from the data not absolutely fixing^ but merely reetrieting the 
qusBsita, leaving certain points or lines not fixed in one position only. 
The number of given conditions may be insufficient for a single deter- 
minate solution ; or relations may subsist among some of the given 
conditions from which one or more of the remauung given conditions 
may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares of the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
' the right angle, the base, and me difference of the squares of the 
hypotenuse and perpendicular, it is obvious that these tluree apparent 
conditions are in fact reducible to two : for since in a right-angled tri- 
angle, the sum of the squares on^ the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares of the hypotenuse and perpendicular, is equal to 
title square of the base of the triangle, and merefore the base is known 
firom the difference of the squares of the hypotenuse and perpendicular 
being known. The conditions therefore are insufficient to determine 
a right-angled triangle; an indefinite number of triangles may be 
found with the prescribed conditions, whose vertices will he in the line 
which is perpendicular to the base. 

K a problem relate to the determination of a single point, and the 
data be sufficient to determine the position of that point, the problem 
is determinate : but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of moiss 
than one point, each of which satisfies the conditions of the problem; 
in that case, the problem is indeterminate : and in general, such points 
are found to be situated in some line, and hence such line is called the 
locus of the point which satisfies the conditions of the problem. 

If any two given points A and B (fig. £uc. iv. 5.) be joined by 
a straight line AB, and this line be bisected in D, then if a porpen- 
dieolar be drawn from the point of bisection, it is manifest that a our d^ 
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described with any point in the perpendicular as a center, and a radius 
equal to its distance from one of the given points, will pass through 
the other point, and the pernendicular will be the locus of all the 
circles which can be describea passing through the two given points. 

Again, if a third point C be taken, but not in the same straight line 
with the other two, and this point be joined with the first point A ; 
then the perpendicular drawn from the bisection J3 of this line will be 
the locus of the centers of all circles which pass through the first and 
third points A and C But the perpendicular at the bisection of the 
first and second points A and B is tne locus of the centers of circles 
which pass through these two points. Hence the intersection JP of 
these two perpendiculars, will be the center of a circle which passes 
through the three points and is called the intersection of the two locL 
Sometimes this method of solving geometrical problems may be pu3^ 
sued with advantage, hj constructmg the locus of every two points 
separately, which are given in the conditions of the problem, ia. the 
Geometrical Exercises which follow, only those local probl^ns are 
given where the locus is either a straight Ime or a circle. 

Whenever the qusesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind. When the qiuesitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) ^e problem may admit of an accidentally in- 
determinate case ; but will not invariably or even very frequently do so. • 
This wiU be the case, when the line or circle shall be so far arbitrary 
in its position, as depends upon the deficiency of a single condition to 
fix it perfectly ; — ^that is, (for instance) one point in the line, or two 
points in the ci^de, may U determined from the given conditions, but 
the remaining one is indeterminate from the accid W relations amoos 
the data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three difierent ways ; first, from the coincidence of two points ; 
secondly, from that of two straight lines; and thirdly, from that 
of two circles. These, further, are the only three ways in which tlus 
accidental coincidence of data can produce this indeterminateness i that 
is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid's Elements, the corollaries to the 
propositions are called porisms (vopicrfiwra) • but this scarcely explains 
the nature of poriemSf as it is manifest that they are difierent from 
simple deductions frt>m the demonstrations of propositions. Some 
analogy, however, we, may suppose them to have to the porisms or 
corollaries in the Elements. Pappus (Coll. Math. Lib. vil. pref.) in- 
forms us that EucHd wrote three books on Porisms. He defines ** a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated.*' Dr. Simson, to whom 
is due the merit of having restored the porisms of Euclid, gives the f<^- 
lowing definition of that class of propositions : " Porisma est propositio 
In qua proponitur demonstrare rem aliquam, vel plures datas esse, cui, 
yel quibus, ut et cuilibet ex rebus ionumeiis, non quidem, datis, sed 
quie ad ea qoiB data sunt eandem habent relationem, convenire ostein 
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dendum est affectionem yiandam commiinem in propositione descrip- 
tam.** That is, " A Ponsm is a proposition in which it is proposed to 
demonstrate that some one thing, or more things than one, are given, to 
which» as also to each of innumerable other uiings, not given indeed, 
but which have the same relation to those which are eiven, it is to be 
shewn that there belongs some common aiSection described in the 
proposition.'' Professor Dugald Stewart defines a porism to be *' A 
proposition affirming the possibility of finding one or more of the con- 
ditions of an indeterminate theorem." Professor Playfair in a paper, 
(from which the following account is taken^ on Porisms, printed in the 
Txansactions of the Koyal Society of Edmburgh, for tne year 1792, 
defines a porism to be " A proposition affirming the possibihty of find- 
ing such conditions as will render a certain problem indeterminate or 
capable of innumerable solutions." 

It may without much difficulty be perceived that this definition 
represents a porism as almost the same as an indeterminate problem. 
There is a lar^e class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conditions. Every indeterminate 
problem containing a locus may be made to assume the form of a 
porism, but not the converse. Porisms are of a more general nature 
than indetenninate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
Tkey never considered a problem as solved till they had distinguished 
all its varieties, and evolved separately eveiy different case that could 
occur, care^Uy distinguishing whatever change might arise in tiie 
construction from any change that was supposed to ts^e place among 
the magnitudes which were given. This cautious method of proceef 
ine soon led tJiem to see that there were circumstances in wnich the 
souition of a problem would cease to be nossible ; and this always 
happened when one of the conditions of the data was inconsistent with 
thereat. Such instances would occur in the simplest problems; but 
in the analysis of more complex problems, they must have remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the Question 
unresolved. The confusion thus arising would soon be clearea up, by 
observing, that a problem before determined by the intersection of two 
lines, would now become capable of an indefinite number of solutions. 
Tin» was soon perceived to arise £rom one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was not left a sufficient number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions. It was not difficult afterwards to perceive, that these 
cases of problems formed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that they ad- 
mitted of beinff enunciated separately. It was to such propositions 
so enunciated wat the ancient geometers gave the name of Porisms, 

BesidaB, it will be found, tSaX some problems are possible within 
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certain limits, and tliat certain magnitudes increase while others de- 
crease within those limits ; and after having reached a certain value, 
the former he^ to decrease, while the latter increase. This circum- ! 
stance gives rise to questions of maxima and minima, or the greatest 
and least values which certain magnitudes may admit of in indeter- 
minate prohlems. 

In the following collection of prohlems and theorems, most will he 
found to be of so simple a character, (being almost obvious deductions 
from propositions in the Elements) as scarcely to admit of the prin- 
ciple of tne Geometrical Analysis being applied, in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinctness or defectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion. The learner is therefore recommended to understand 
the principles of the Science, and their connexion, fully, before he 
attempt any applications of them. The following directions may 
assist him in his proceedings. 

ANALYSIS OF THEOREMS. 

1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from this 
admission, by the aid of other truths respecting the diagram, which 
have been already proved. 

3. Examine whether any of these consequences are already known j 
to be true, or to he false, 

4. If any one of them be false, we have arrived at a reductio ad ah^ 
8urdum, which proves that the theorem itself is false, as in Euc. I. 26. 

5. If none of the consequences so deduced be known to. be either 
true or false, proceed to deduce other consequences from all or any of 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4) ; and if 
still without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still further, until such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend on 
several problems and theorems, and these ultimately on some problem 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &g. in 
the diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4. If such cannot be found, draw other lines parallel or perpen- 
dicular as the case may require, ioin given points, or points assumed 
in the solution, and describe circles if need be : and then proceed to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

5. Let not the first unsuccessfrd attempts at the solution of a 
Problem be considered as of no value ; such attempts have been found 
to lead to the discovery of other theorems and proolems* 
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PROPOSITION I. PROBLEM. 
To trisect a given straight line. 

Analysis. Let AB be the giyen straight line, and suppose i^ 
diyided into three equal parts in me points D, E. 

c 




On DE describe an equilateral triangle DEF, 

then DF is equal to -4D, and J'J^ to EB, 

On AB describe an equilateral triangle ABC, 

and join AF, FB, 

Then because -42) is equal to DF, 

therefore the angle AFD is equal to the angle DAF, 

and the two angles DAF, DFA are double of one of them DAF, 

But the angle FDE is equal to the angles DAF^ DFA, 

and the angle FDE is equal to DAC, each being an angle of an 

equilateral triangle ; 

therefore the angle DA C is double the angle DAF; 

wherefore the angle DA C is bisected by AF, 

Also because the angle FA C is equal to the angle FAD, 

and the angle FAD to DFA ; 

therefore the angle Cu^F is equal to the alternate angle AFD : 

and consequently FD is parallel to ^ C 

Synthesis. Upon AB describe an equilateral triangle ABC, 

bisect the angles at A and B by the straight lines AF, BF, meeting in F$ 

through F draw FD parallel to ^ C, and FE parallel to BC. 

Then AB is trisected in the points D, E. 

For since AC is parallel to FD and FA meets them, 

therefore the alternate angles FAC, AFD are equal ; 

i but the angle FAD is equal to the angle FA C, 

hence the an^le DAF is e^ual to the angle AFD, 

and therefore DF is equal to DA, 
But the angle FDE is equal to the angle CAB, 
j and FED to CBA ; (l. 29.) 

I therefore the remaining angle DFE is equal to the remaining angle 

ACB, 
Hence the three sides of the triangle DFE are equal to one another, 
and Z^i^has been shewn to be equal to DA, 
therefore AD, DE, EB are equal to one another. 
Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
\w6 lines wmch meet at a point within the triangle ; the two lines 
Irawn firom this point parallel to the sides of the triangle, divide the 
>a8e into three equal parts. 
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Note. There 13 another method whereby a line may be divided 
into three equal parts : — ^by drawing from one extremity of the given 
line, another making an acute angle with It, and taking three equal 
distances from the extremity, then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line ; the 
three triangles thus formed are equal in all respects. This may be 
extended for any number of parts, and is a particular case of Euc. Tl. 10. 

PROPOSITION n. THEOREM. 

If two opposite sides 0/ a parallelogram be bisected^ and two lines be drawn 
from the points of bisection to the opposite angles, these two lines trisect 
the diagonal. 

Let ABCD be a parallelogram of which the diagonal is A (7. 

Let AB be bisected in E, and DC in Fj 

also let DE, FB be joined cutting the diagonal in O, H» 

Then AC is trisected in the points G, H. 




Through E draw EK parallel to AC and meeting FB in JT. 
Then because EB is the half of ^^, and DJ^the half of DC; 

therefore EB is equal to-Di^; 
and these equal and parallel straight lines are joined towards the 
same parts by DE and FB ; 

therefore DE and FB are equal and parallel. (l. 33.) 

And because AEB meets the parallels EK, A C, 

therefore the exterior angle BEK is equal to the interior angle EA&. 

For a similar reason, the angle EBk is equal to the angle AEG, 

Hence in the triangles AEG, EBK, there are the two angles GAE, 

AEG in the one, equal to the two angles KEB, EBK in the other, 

and one side adjacent to the equal angles in each triangle, namely AJS 

equal to EB ; 

therefore AGi& equal to EK, (l. 26.) 

but EK is equal to GH, (i. 34^ therefore AGi% equal to GH. 

By a similar process, it may be shewn that 6i'Jjris equal to HC 

Hence A G, GH, HC are equal to one another, 

and therefore AC is trisected in the points G, S, 

It may also be proved that j^^is trisected in JS'and K* 

PROPOSITION III. PROBLEM. 

"Draw through a given point, between two straight Unst not pa/raXUl^ a 
straigJU line which shall be bisected in that point. 

Analysis. Let BC, BD be the two lines meeting in B, and let A. 
be the given point between them. 
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Suppose the line EAF drawn through A^ so that EA is equal to AI^ 

D 




through A draw AG parallel to J9C, and 6rJ5rp»arallel to BF. 

Then A GHE is a parallelogram, wherefore AE is equal to GH, 

hut EA is equal to AFhy hypothesis ; therefore GH\& equal Xjq AF, 

Hence in the triangles BHG, GAF, 
(the angles HBG, AGFare equal, as also BGH, GFA, (l. 29.) 

also the side GH is equal to AF; 
whence the other parts of the triangles are equal, (i. 26.) 
therefore BGis equal to GF, 
Synthesis. Through the given point A, draw AG parallel to BC, 

on GD, take GF equal to 6?^ ; 

then Fia SL second point in the required line : 

join the points F, A, and produce FA to meet BCin E; 

then the line FE is bisected in the point A ; 

draw 6? JT parallel to AE, 

Then in the triangles BGH, GFA, the side BGia equal to GF, 

and the angles GBIT, BGH due respectively equal to FGA, GFA ; 

wherefore GH is equal to AF, (I. 26.) 

but GHk equal to AE, (i. 34.) 

therefore AE is equal to AF, or EF is bisected in A» 

PROPOSITION IV. PROBLEM. 

From two given points on the same side of a straight line given in posi- 
tion, draw txDO siraiglU lines tohich shall meet in that line, and make eqital 
angles toith it; also prove, thai the sum of these ttoo lines is less than the 
sum of any other two lines drawn to any other point in the line, 

I Analysis. Let A, B be the two given points, and CD the given line. 
Suppose G the required point in the line, such that AG and BG 
joined, the angle AGCia equal to the angle BGD, 

B 



Ning 




Draw ^-F perpendicular to CD and meeting ^G^ produced in E 
Then, oecause the angle BGD is equal to A€rF, (hyp.) 

and also to the vertical angle FGE, (l. 15.) 
therefore the angle AGFib equal to the angle EGF\ 
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also the right angla AFG is equal to the right angle EFG^ 
and the side FG is common to the two triangles AFG, FFG, 

therefore AG is equal to FG, and AFto FF. 
Hence the point F being known, the point G is determined by the 
intersection of CD and B^. 

Synthesis. From A draw. ^JF* perpendicular to CD, and produce 
it to F, making FF equal to AF, and join BF cutting CD in G, 

Join also A. G, 
Then AG and BG make equal angles with CD, 
For since AF is equal to FF, and FG is common to the two 
triangles A GF, FGF, and the included angles AFG, FFG are equal; 
therefore the base AG is equal to the base FG, 
and the angle A GF to the angle FGF, 
but the angle FGFis equal to the vertical angle BGD, 
therefore the angle AGF is equal to the angle BGD ; 
that is, the straight Hues AG and BG make equal angles with 
the straight line CD, 

Also me sum of the lines AG, GB is a minimum. 

For take any other point ^in CD, and join EH, HB, AH. 

Then since any two sides of a triangle are greater than the third side, 

therefore JEH, HB are greater than FB in the triangle FHB, 

But FG is equal to AG, and FH to AH; 

therefore AH, HB are greater than AG, GB. 

That is, AG, GB are less than any other two lines which can be 

drawn from A, B, to any other point H in the line CD. 

By means of this Proposition may be found the shortest path from 
one given point to another, subject to the condition, that it shall 
meet two given lines. 

PROPOSITION V. PROBLEM. 

Given one angle, a side opposite to it, and the swn of the other two sides, 
constntct the triayigle. 

Analysis. Suppose BAC\h& triangle required, having BC equal 
to the given side, ^.^(7 equal to the given angle opposite to J?C, also 
BD equal to the sum of the other two sides. 






B 

Join DC. 

Then since the two sides BA, AC are equal to BD, by taking BA 
from these equals, the remainder ^ C is equal to the remainder AD. 

Hence the trianj^le A CD is isosceles, and therefore the angle ADC 
is equal to the angle A CD. 

But the exterior angle ^-4 C of the triangle ADC is equal to tht 
two interior and opposite angles ACD and ADC: 

Wherefore the angle -B^Cis double the angle BDC, and BDC is 
the half of the angle BA C. 

Hence the synthesis. 
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At the point D in BD^ make the angle BDC equal to half the 
given angle, 

and from B the other extremity of BD, draw BC equal to the 

given side, and meeting DCm C, 
at C in CD make the angle DC A equal to the angle CDA^ so 

that CA may meet BD in the point -4. 
Then the triangle ABC shall have the required conditions. 

PROPOSITION VI. PROBLEM. 
To bisect a triangle by a line dravmfirom a given point in one of the eidee. 

Analysis. Let ABC he the given triangle, and D the given point 
in the side AB. 

A 




Suppose i)JPthe line drawn from D which bisects the triangle ; 
therefore the triangle DBF Is half of the triangle ABC. 
Bisect BClnB, and join AB, DB, AF, 
then the triangle ABE is half of the triangle ABC: 
hence the triangle ABB is equal to the triangle DBF; 
take away from these equals the triangle DBEt 
therefore the remainder ADE is equal to the remainder DBF. 
But ADE, DEF are equal triangles upon the same base DEt and 
on the same side of it, 

they are therefore between the same parallels, (L 39.) 

that is, AF is parallel to DE^ 

therefore the point -Fis determined. 

Synthesis. Bisect the base BCmE, join DE, 

from A, draw -4-F parallel to DE, and join DF 

Then because DE is parallel to AF, 

therefore the triangle ADE is equal to the triangle DBF; 

to each of these equals, add the triangle BDEf 
therefore the whole triangle ABE is equal to the whole DBF, 
but ABE is half of the whole tnangle ABC; 
therefore DBF is also half of the triangle ABC. 

PROPOSITION VIL THEOREM. 

Ifjrom a point witlumt a parallelogram Unee be draum to the extremities 
of two adjacent sides, and of the diagonal which they include; of the tri' 
angles thus formed, that, whose base is the diagonal, is equal to the sum of 
the other two. 

Let ABCD be a parallelogram of which -4 C is one of the diagonals, 
and let P be any point wi^out it: and let AP, PC, BP, PD be 
joined. 

Then the triangles APD, APB are together eqmvalent to the tri- 
angle APC. 

E 
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Draw PGE parallel to AB or BC, and meeting AB in O, and DC 
in E\ andjoin DO, GC. 

Then the triangles CBP, CBG are equal: (l. 37.) 

and taking the common part CBHirom. each, 

the remainders PHBy CHG are equaL 

Again, the triangles DAP, DAG are equal; (l. 37.) 

also the triangles DAG, AGC'&re equal, being on the same base 

AG, and between the same parallels AG, DC: 

therefore the triangle DAP is equd to the triangle AGCi 
but the triangle PHB is equsd to the triangle CHG, 
wherefore the triangles PHB, DAP are equal to ^G^C, CHO, or 
A CH, add to these equals the triangle APH, 
therefore the triangles APH, PHB, DAP are equal to APH, ACH, 
that is, the triangles APB, DAP are together equal to the triangle 

PA a 

If the point P be within the parallelogram, then the difference of 
the triangles APB, DAP may be proved to be equal to the triangle 
PA a 



8. Describe an isosceles triangle upon a ^ven base and having 
each of the sides double of the base, without using any proposition m 
the Elements subsequent to the first three. If the base and sides be 
given, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in order that an isosceles triangle naay be 
constructed ? 

9. In the fig. Euc. I. 5. If FC and BG meet in H, then prove 
that AH bisects the angle BA C. 

10. In the fig. Euc. I. 5. If the angle FBG be eq^ual to the angle 
ABC, and BG, CF, intersect in O; ihe angle BOF is equal to twice 
the angle BA C. 

11. From the extremities of the base of anisosceles triangle straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are each equal to half the vertical angle. 

12. A line drawn bisecting the angle contained by the two equal 
sides of an isosceles triangle, bisects the third side at nght angles* 

13. If a straight line drawn bisecting the vertical angle of a tri- 
angle also bisect ue base, the triangle is isosceles. 
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14. Given two points one on each side of a given straight line ; 
find a point in the line such that the anffle contained by two lines 
drawn to the given points may be bisected by the given line. 

15. In the fig. Euc. I. 5, let F and O be the points in the sides 
^S and A C produced, and let lines FIT and GK be drawn perpen- 
dicular and equal to FC and OJB respectively : also if BIT, CKy or 
these lines produced meet in O \ prove that BK is equal to CK^ and 
JSO to CO. 

16. From every point of a given straight line, the straight lines 
drawn to each of two given points on opposite sides of the line are 
equal : prove that the Ime joining the given points will cut the given 
line at right angles. 

17. K J[ be the vertex of an isosceles triangle ^^C, and BA be 
produced so that AD is equal to BA, and DC be drawn; shew that 
3 CD is a right angle. 

18. The straight line EDF, drawn at right angles to BCihe base 
of an isosceles triangle ABC, cuts the side AB m D, and CA pro- 
duced in E ; shew that AED is an isosceles triangle. 

19. In the fig. Euc. 1. 1, if AB be produced both ways to meet 
'flie circles in D and E, and from C, CD and CE be drawn ; the figure 
CDE is an isosceles triangle bavins each of the angles at the base, 
equal to one fourth of the angle at the vertex of the triangle. 

20. From a ^ven poin^ draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight une to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line from which the 
straight lines drawn to two other given pomts shall be equal, pro- 
vided the line joining the two given points is not perpendicular to the 
given line. 

24. In a given straight line to find a point equally distant from 
two given straight lines. In what case is this impossible ? 

25. If a line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary) be 
equal to a side of the triangle, the angle formed by this line ana the 
base produced, is equal to uiree times either of the equal angles of the 
triangle. ^ ^ ^ 

26. In the base ^C of an isosceles triangle ABC, take a point D, 
and in CA take CE equal to CD, let ED produced meet -4 J9 produced 
in F', then Z,AEF== 2 right angles + AFE, or = 4 right angles + AFE. 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with the base, viz. 
one from its extremity, the other two from any other point in it, these 
two shall be together q(\usX to the first. 

28. A straight line is drawn, terminated by one of the sides of an 
isosceles triangle, and by the other side proauced, and bisected by 
the base ; prove that the straight lines, thus intercepted between the 

e2 
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vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. In a triangle, if the lines bisecting the angles at the base be 
equal, the triangle is isoscel&s, and the angle contained by the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if lines be equal when drawn from the extremi- 
ties of the base, (1) perpendicular to the sides, (2) bisecting the sides, 
(3) making equal angles with the sides; the triangle is isosceles: | 
and then mese lines which respectively join the intersectionfl of the 
sides, are parallel to the base. 

n. 

31. ABCIb a triangle right-angled at Bf and having the angle A 
double the angle C; shew that the side ^C is less than double the 
side AB, 

32. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point from. 
the opposite angle. 

33. If from the right an^le of a right-angled triangle, two straight 
lines be drawn, one perpendicular to me base, and the other bisectmg 
it, they will contain an angle equal to the difference of the two acute 
angles of the triangle. 

34. If the vertical anffle CAB of a triangle ABC hd bisected by 
ADf to which the perpendiculars CJE, BF are drawn from the remain- 
ing angles : bisect the base ^Cin (7, join GB, GF, and prove these 
lines equal to each other. j 

35. The difference of the angles at the base of any triangle, is 
double the an^le contained by a Une drawn from the vertex perpen- 
dicular to the base, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
.tngle is ^eater or less than a rieht angle. 

37. u two exterior angles of a triangle be bisected, and from the 
^oint of intersection of the bisecting lines, a line be drawn to the op- i 
posite angle of the triangle, it will bisect that angle. 

38. Prom the vertex of a scalene triangle draw a right line to i 
the base, which shall exceed the less side as much as it is exceeded ' 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-angled triangle is three 
times as great as the other ; trisect the smaller of these. 

41. Prove that the sum of the distances of any point vrithin 
a triangle from the three angles is greater than half the perimeter 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of any 
other equal triangle upon the same base. 

43. If from the angles of a triangle ABC, straight lines ADE, 
BDF, CDG be drawn through a point D to the opposite sides, 
prove that the sides of the triangle are together greater man the three | 
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lines drawn to the point D, and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sides. 

44. In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than half of 
that side. 

45. If the straight line AD bisect the angle A of the triangle 
ABCj and BDE be drawn perpendicular to AD and meeting AC or 
A C produced in E, shew that JBD « DE. 

46. The side BC of a triangle ABC is produced to a point D. 
The angle ACB is bisected by a line CE which meets AB in E. 
A line is drawn through E parallel to BC and meeting ^C in i^, 
and the line bisecting the exterior angle A CD, in Q. Shew that 
^JPiseoualto JF'G'. 

47. The sides AB, AC, of a triangle are bisected in D and E 
respectively, and BE, CD, are produced until EF^ EB, and OD= DC; 
shew that the line G^^ passes through A. 

48. In a triangle ABC, AD beine drawn perpendicular to the 
straight line BD ^vmich bisects the angle B, shew that a line drawn 
from D parallel to ^CwiU bisect AC. 

49. If the sides of a triangle be trisected and Hnes be drawn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight Hne, and 
parallel to another. 

51. K£rom the vertical angle of a triangle three straight lines be 
drawn, one bisecting the ansle, another bisecting the base, and the 
third j>erpendicular to the base, tiie first is always intermediate in 
magnitude and position to the other two. 

52. In the oase of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are equal. 

53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendi^ar, (2) parallel, to the two sides of the 
triangle, their sum shall be equal to a given line. 

m. 

54. In the figure of Euc. I. 1, the given line is produced to meet 
either of the circles in P ; shew that JP and the points of intersection 
of the circles, are the angular points of an e<|uilateral triangle. 

55. If each of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced ; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Euc. 1. 1, if the sides CA, CB of the equilateral 
triangle ABC be produced to meet the circles in F, O, respectively, 
and u C be the pomt in which the circles cut one another on tht 
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• 
other side of AB : prove the points F, C, G to be*in the same straight 
line ; and the figure CFG to oe an equilateral triangle. 

57. ABC is a triangle and the exterior angles at B and C 
are bisected by lines BD, CD respectively, meeting in Di shew 
that the angle BBC and half the angle BAC make up a right 
angle. 

58. If the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on, the 
triangles so formed wiU tend to become eventually equilateral. 

59. K in the three sides AB, BC, CA of an equilateral triangle 
ABC, distances AB, BF, CG be taken, each equal to a third of I 
one of the sides, and the points F, F, G be respectively joined 
(I) with each other, (2) with the opposite angles ; shew that the two 
triangles so formed, are equilateral triangles. 

IV. 

60. Describe a right-angled triangle upon a given base, having 
given also the perpendicular from the right angle upon the hy- 
potenuse. , 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the other two sides, to con- ' 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given 
(1) the sum of the hypotenuse and one side ; (2) their difference. 

63. Describe a right-angled triangle of which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. 

^6, Make an isosceles triangle of given altitude whose sides shall 

Eass through two given points and have its base on a given straight 
ne. 

66. Construct an equilateral triangle, having given the leng^ of 
the perpendicular drawn from one of me angles on the opposite side. 

67. Having given the straight lines which bisect the angles at the 
base of an equilateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. Having given the base of a triangle, the difference of the sides, 
and the difference of the angles at the base ; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum and 
half the difference of the aneles at the base j to construct the triangle. 

72. Having given two hues, which are not parallel, and a point 
between them; describe a triangle having two of its angles in the 
respective lines, and the third at the ^ven point ; and such that the 
sides shall be equally inclined to the lines wnich they meet. 

73. Construct a triangle, having given the three lines drawn firom 
the angles to bisect the siaes opposite. 
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74. Giyen one of the angles at tbe base of a triangle, the hem 
Hselfy and the sum of the two remaining sides, to construct the tn- 
an^e. 

75. Given the base, an angle adjacent to the base, and the ^^ 
ference of the sides of a triangle, to construct it. 

76. Given one angle, a side opposite to it, and the difference of 
the other two sides ; to construct the triangle. 

77. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the yertical 
angle shall be parallel to a given line. 

V. 

78. From a given point without a given straight line, to draw a line 
making an angle with the given line equal to a given rectUineal an^le. 

79. Through a given point A, draw a straight line ABC meeting 
two ^Tcn parallel straight lines in B and C, such that BC may be 
equal to a given straight line. 

80. If the line joming two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the paralkl 
lines axe also bisected in that point. 

81. Three given straight Imes issue from a point: draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

82. AB, ACaxe two straight lines, B and C given points in the 
same ; BB is drawn peroendicular to AC, and DJE perpendicular to 
AB i in like manner CJ^is drawn perpendicular to AB, and FG to 
A C. Shew that £0 is parallel to j^C. 

83. ABC is a right-angled triangle, and the sides AC, AB eie 
produced to D and F; bisect FBC a.nd BCDhyihe lines BF, CF, 
and from F let fall the perpendiculars FF, FD, Prove (without 
assuming any properties of parallels) that ADFFis a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines as diagonal describe a par allelogram 
which shall have an an£;le equal to a given angle. Within what 
limits must the given angle lie f 

86. Having sAven one of the diagonals of a parallelogram, the 
'• Bom of the two a^acent sides and the angle between them, construct 
I the TOurallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo> 
gram, so that the other diagonal may be parallel to a given fine. 

88. ABCD, ABCiy are two parallelograms whose corres- 
ponding sides are equal, but the angle A is greater than the angl!B 
Al, prove that the oiameter AC\& less than AC, but BB greater 
than FB. 

89. K in the diagonal of a parallelogram any two points equi- 
distant from its extremities be joined with the opposite angles, a 
figure will be formed which is also a parallelogram. 

90. From each angle of a parallelogram a line is drawn makii^ 
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the same angle towards the same parts with an adjacent ^ide, taken 
always in the same order ; shew that these lines form another parallelo- 
gram similar to the original one. 

91. Along the sides of a parallelogram taken in order, measure 
AA'=BB'=CC=>I)iy: the figure A'B'CD will be a parallelogram. 

92. On the sides AB^ BCj CD, DA, of a parallelogram, set off 
AE, BF, CG, DH, equal to each other, and join AF, BG, CH, DEx 
these lines form a parallelogram, and the difference of the angles 
AFB, BGC, equals the difference of any two proximate angles of the 
two parallelograms. 

93. OB, OCaxe two straight lines at right angles to each other,' 
through any point P any two straight lines are orawn intersecting 
OB, OC, in B, B, C, C, respective^. If D and D' be the middle 
points of BB and CO, shew that the angle B>FDf is equal to the 
angle DODf, 

94. ABCD is a parallelogram of which the angle Cis opposite to 
the angle A, K through A any straight line be drawn, then the dis- 
tance of C is equal to the sum or difference of the distances of B and 
of jD from that straight line, according as it lies without or within the 
parallelogram. 

95. Upon stretching two chains AC, BD, across a field ABCD, 
I find that ^2) and ^(7 make equal angles with DC, and that AC 
makes the same angle with AD that BV does with BC\ hence prove 
that AB is parallel to CD. 

96. To find a point in the inde or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the comer of the leaf of a book is turned down a second 
time, so that the lines of folding are parallel and equidistant, the space 
in the second fold is equal to t&ee tmies that in the first, 

VI. 

98. If the points of bisection of the sides of a triangle be joined, 
the triangle so formed shall be one-fourth of the given triangle. 

99. If in the triangle ABC, BC he bisected in D, AD joined 
and bisected in E, ^^ joined and bisected in F, and CF joined and 
bisected in G\ then the triangle EFG will be equal to one-eighth of 
the triangle ABC. 

100. Shew that the areas of the two equilateral triangles in 
Prob. 59, p. 78, are respectively, one-third and one-seventh of t£e aarea 
of the original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of tne required triangle is given. 

102. To describe a triangle equal to the sum or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe an equilateral triangle equal to a given triangle. 

105. To a given straight line apply a triangle which shall be equal 
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to a eiven perallelogram and have one of its angles equal to a given 
rectmneal angle. 

106. Transform a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
in one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Of all triangles having the same vertical anele, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

111. Of all triangles having the same base and the same perimeter, 
that is the greatest wnich has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides : (2^ by lines drawn from the angles 
to a point within the triangle : (3) by unes drawn from a given point 
within the triangle. In how many ways can the third case be done ? 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a parallelogram, (1) by a line drawn from a point in 
one of its sides : (2) by a une drawn from a given point within or 
without it : (3) by a Ime perpendicular to one of the sides : (4) by a 
line drawn parallel to a given line. 

115. From a ^iven point in one side produced of a parallelogram, 
draw a straight Ime which shall divide the parallelogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given^ 
point in one of its sides, (2) from one of its angular points. 

vn. 

117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

118. Describe a parallelogram which shaU be equal in area and 
perimeter to a given triangle. 

119. Find a point in the diagonal of a squareproduced, from which 
if a straight line be drawn parallel to any side of the square, and 
meeting another side produced, it wUl form together with the pro< 
duced diagonal and produced side, a triangle eqiml to the square. 

120. £f from any point within a parsQlelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four ti*i- 
angles, of which eadi two opposite are together equal to one-half of 
the parallelogram. 

121. IfAJBCD be a parallelogram, and E any point in the dia- 
gonal A C, or ^ C produced ; shew that the triangles BBCt EDC, are 
equal, as also the triangles EBA and EBB. 

122. ^^ CD is a parallelogram, draw DFQ meeting BC m F^ 

£5 
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and AB produced in G ; join AF, CG ; then will the triangles ABJP\ 
CFG be equal to one another. 

123. A BCD is a parallelogram, F the point of intersection of its 
diagonals, and K any point in AD, If KB, KC be joined, shew that 
the figure BKFC is one-fourth of the parallelogram. 

124. Let ABCD be a parallelogram, and any point within it, 
through O draw lines parallel to the sides of ABCD, and join 0-4, 
OC'y prove that the difference of the parallelograms DO, BO\b twice 
the triangle OA C 

125. The diagonals A C, BD of a parallelogram intersect in O, and 
P is a point within the triangle A OB ; prove that the difference of the 
triangles APB, CPD is equal to the sum of the triangles ABC, BPD^ 

126. If K be the common angular point of the parallelograms 
about the diameter A C (fig. Euc. i. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BKD. 

1 27. The perimeter of a square is less than that of any other paral- 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the same altitude. 

vm. 

130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first 

131. If two opposite angles of a qjuadnlateral figure are equal, 
shew that the angles between opposite sides produced are equal. 

132. Prove that the sides of any four-sided rectilinear figure are 
together greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than the sum 
of any fomr lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

135. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equaL 

137. Describe a quadrilateral figure whose sides shall be equal to 
four given straight lines. AVhat limitation is necessary ? 

138. K the sides of a quadrilateral figure be bisected and the 
points of bisection joined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. Divide the trapezium 
into four equal triangles, by straight lines drawn to the angles from a 
point within it. 
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140. If two opposite sides of a trapezium be parallel to one another, 
tlie straight Une joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides paraQel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the quadrilateral are together equal to two right angles: and 
conversely. 

143. If two sides of a quadrilateral be parallel, and the line joining 
the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
naif their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points : (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure fexcept it be 
a parallelogram) into equal triangles by lines drawn from a point 
▼ithin it to its four comers. 

IX. 

147. If the greater of the acute angles of a right-angled triangle, 
be double the other, the square on the greater side is tl^e times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square of the other side may be equal to seven times 
the square on the given line. 

149. If from the vertex of a plane triangle, a perpendicular Ml 
upon the base or the base produced, the difference of tne squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

150. If from the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to the 
square on the other side. 

151. If a straight Une be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the souare upon that 
line is less than the square upon the nypotenuse by tnree times the 
square upon half the Ime bisected. 

152. If the sum of the squares of the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle is a 
right angle. 

153. If a Une be drawn poraUel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 
pomts where this Une intersects the sides respectively opposite to 
them, the squares on the joining Unes are together equal to the 
squares on the hypotenuse and on the line drawn paraUel to it. 
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154. Let ACBj ADB be two riffht-angled triangles having a 
common hypotenuse AB, join CD, and on CD produced both ways 
draw perpendiculars AE, BF. Shew that CE* + CF* = DE* + BF*. 

155. If perpendiculars AD, BE, CF drawn from the angles on 
the opposite siaes of a triangle intersect in Q, the squares on AB, ' 
BC, and CA, are together three times the squares on AG^ JBG, 
and CQ. 

156. If ABC be a triangle of which the angle ^ is a right 
angle ; and BE, CF be drawn bisecting the opposite sides r^ 
spectively: shew that four times the sum of the squares on BE 
and CF la equal to five times the square on ^C 

157. K ABC be an isosceles triangle, and CD be drawn per- 
pendicular to AB; the siun of the squares on the three sides ia 
equal to 

AD*^2.BDU3.CD\ 

1 58. The sum of the squares described upon the sides of a rhombus 
is equal to the squares described on its diameters* 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides ; the squares on the first are double the sum of the squares- on 
the last Shew that these sums are least when the point is in the 
center of the square. 

160. In the figure Euc. I. 47, 

(^a) Shew that the diagonals FA, AK of the squares on A3, A C, 
lie m the same straight line. 

{h) J£DF, EKoe joined, the sum of the angles at the bases 
of tne triangles BFD, CEK is equal to one right angle. 

ie) J£BQ and CM be joined, those lines will be paralleL 

{d) If perpendiculars be let fall from F and j^ on ^C produced, 
the parts produced will be equal f and the perpendiculars together 
will oe equal to BC, 

{e) Join GH, KE, FD, and prove that each of the triangles so 
formed, equals the eiven triangle ABC. 

if) Th&sum o?the squares on GH, KE, and FD will be equal 
to SIX times the square on the hypotenuse. 

{g) The difference of the squares on AB, AC, \& equal to the 
difierence of the squares on AD, AE. 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn £om the vertex of 
the triangle, to the intersection of the two sides of the former paral- 
lelograms produced to meet. 

162. If one angle of a triangle be a rij^ht angle, and another 
equal to two-thirds of a right angle, prove from the First Book of 
Euclid, that the equilateru triangle described on the hypotenuse, 
is equaJ to the sum of the equilateral triangles described upon the 
sides which contain the right angle. 
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DEFINITIONS. 



I. 



Every right-angled parallelogram is called a reetangle, and is said 
to be contained by any two of the straight lines which contain one of 
the right angles. 

n. 

In everjr parallelogram, any of the parallelograms about a diameter 
together wim the two complements, is called a gnomon. 

A E D 



K 



** Thus the parallelogram EG together with the complements AFf FC, 
is the gnomon, which is more briefly expressed by the letters AGK, of 
EHC, which are at the opposite angles of the parallelograms which make 
the gnomon." 
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PROPOSITION I. THEOREM. 

If there be two straight linest one of which it divided into any number 
of parte; the rectangle contained by the two etrcnght linetf is equal to the 
rectangles contained by the undivided line^ and the several parte of the 
dividwi line. 

Let A and ^Cbe two straidbt Hnes;: 
and let BC be divided inta any parts J&2>, D£, JEC, in the points 2>, £ 
Then the rectangle contained by tiie straight lines A and BC, shall 
be equal to the rectangle contained by A and BD, together with that 
contained by A and DB^ and that contained by A and £C^ 
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Euclid's elements. 
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From the point B, draw BFat right angles to -BC, (L 11.) 
and make BG equal to A ; (l. 3.) 
through O draw (?^ parallel to BC, (l. 31.) 
&nd through D, JS, C, draw JDK, JSL, Cff parallel to BQ, meeting 

GHmKyLyS. 

Then the rectangle BHia equal to the rectangles BK, DZ, EH. 

And BHi& contained by A and BC, 

for it is contained by GB^ BC, and GB is equal to A : 

and the rectangle BK is contained by A, BD, 

for it is contained by GB, BD, of which GB is equal to A : 

also jbZ is contained by A, DE, 

because DK, that is, BG, (l. 34.) is equal to A ; 

and in like manner the rectangle EH is contained by A, Ed 

therefore the rectangle contained by A, BC, is equal to the several 

rectangles contained by A, BD, and by A, DE, and by A, EC. 

Wher^ore, if there be two straight lines, &c. Q. E.D. 



PROPOSITION II. THEOREM. 

If a straight line be divided into any ttoo parts, the rectangles contained 
by the whole and each of the parts, are together egucd to the square en the 
nokole line. 

Let the straight line AB be divided into any two parts in the point C. 
Then the rectangle contained by AB, Bu, together with that con- 
tained by ABf A C, shall be equal to the square on AB» 

A C B 
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Upon AB describe the square ADEB, (i. 46.) and through Cdraw 
CJ* parallel to AD or BE, (i. 31.) meeting DE in F. 

Then AE is equal to the rectangles AF, CE. 

And AE is the square on AB ; 

and .4jPis the rectangle contained by BA, A C\ 

for it is contained by DA, AC, of which DA is equal to AB : 

and CE is contained by AB, BC, 

for BE is equal to AB: 

therefore the rectangle contained by AB, AC, together vith the 

rectangle AB,BC is equal to the square on AB. 

If therefore a straight line, &c. Q.E.D. 
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If a straight line be divided into any two partSt the rectangle contained bj^ 
the whole and one of the parts, is equal to the rectangle contained by the two 
varts, together udth the square on the aforesaid part. 

Let the straight line ABhe divided into any two parts in the point C 
Then the rectangle AB^ BC, shall he equal to the rectangle 
AC, CB, together ^dth the square on BC, 

AC B 




Upon J5C describe the square CDEB, (i. 46.) and produce EJD to JJ 

through A draw -42^parallel to CD or BE, (l. 31.) meeting ^i^in F, 

Then the rectangle AE is equal to the rectangles aS, CE, 

And AE is the rectangle contained hyABy BC, 

for it is contained by AB, BE, of which B!E is equal Xo BC; 

and .^D is contained by A C, CB, for CD is equal to CB : 

and CE is the scjuare on J^C: 

therefore the rectangle AB, BC,ia equal to the rectangle AC, CB, 

together with tne scjuare on BC. 

n therefore a straight line be diyided, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 

If a straight line be divided into any two parts, the square on the whole 
line is equal to the aqttares on the two parts, together with twice the rectangle 
contained by the parts. 

Let the straight line ABhe divided into any two parts in C. 
Then the square on AB shall be equal to tne squares on A C, and 
CB, together with twice the rectangle contained by AC, CB, 




Upon AB describe the square ADEB, (l. 46.) join BD, 
through Cdraw CGF parallel to AD or BE, (i. 31.) meeting BD 

inGemdDEmK; 
and through G draw HGK parallel to AB or DE, meeting ADm 

H, &nd BE iaX; 
Then, because C-Fis parallel to AD and J?jD falls upon them, 
therefore the exterior angle BGC is equal to the interior and opposite 
angle BDA ; (i. 290 

but the angle BJDA is equal to the angle DBA, (l. 5.) 
because BA is equal to AD, being sides of a square ; 
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wherefore the aDgle BQCi% equal to the angle DBA or OBCi 

and therefore the side BC\& equal to the side CO\ (l. 6.) 

but ^Cis equal also to GK, and CO to BK\ (l. 34.) 

wherefore the figure CGKB is equilateral. 

It is likewise rectangular ; 

for, since CO is parallel to BK, and i^C meets them, 

therefore the angles KBU, BCO are equal to two right angles ; (l. 29.) 

but the angle KB Ob a right angle ; (def. 30. constr.) 

wherefore BCO is a right angle : 

and therefore also the angles COK, 0KB, opposite to these, axe right 

angles ; (l. 34.) 

wherefore COKB is rectangular : 

but it is also equilateral, as was demonstrated ; 

wherefore it is a square, and it is upon the side CB, 

For the same reason JSTFis a square, 

and it is upon the side HOf which is equal to A C, (r. 34.) 

Therefore the figures HF, CK, are the squares on AC, CB, 

And because the complement .^6r is equal to the complement OEt 

(I. 43.) 

and that ^G' is the rectangle contained by AC, CB, 

for OC\a equal to CB\ 

therefore OE is also equal to the rectangle A C, CB ; 

wherefore AO, OE are equal to twice the rectangle AC, CB; 

and HF, CK are the squares on AC, CB ; 
wherefore the four figures MF, CK, AO, OE, are equal to the 

squares on A C, CB, and twice the rectangle AC, CB : 
bat HF, CK, AO, OE make up the whole figure ADEB, which 

is the square on AB ; 
therefore the square on ^^ is equal to the squares on AC, CB, and 

twice the rectangle A C, CB. 
Wherefore, if a straight line be divided, &c. Q.E.D. 

Cob. . From the demonstration, it is manifest, that the parallelo- 
grams about the diameter of a square, are likewise squares. 

PROPOSITION V. THEOREM. 

If a ttraight Une he divided into two equal parte, and aleo into tieo 
unequal parte ; the rectangle contained by the unequal parte, together with 
the equare on the line between the pointe of section, ie e^ptal to the equare on 
half the Hne, 

Let the straight line AB be divided into two equal parts in the 
point C, and into two unequal parts in the point D. 

Then the rectangle AD, DB, together with the square on CD, shall 
be equal to the square on CB. 

A D B 
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Upon CB describe the square CEFBj (l. 46.) join BE, 
through D draw DHQ parallel to CE or BF, (l. 31.) meeting BE 

inlT, and^jPin Q, 
and through JJdraw JTZ^f parallel to CB or EF^ meeting CE 
in X, and ^JPin 3f ; 
also through A draw AK parallel to CL or BM, meeting MLKm K. 
Then because the complement CH is eqiud to the complement HF^ 
(l. 43.) to each of these equals add DM\ 

therefore the whole C3f is equal to the whole DF\ 

but because the line ^ C is equal to CB, 

therefore AL is equal to Cm, (l. 36.) 

therefore also AL is equal to DF\ 

to each of these equals add CH, 

and therefore the whole ,AH]r equal to DjPand CH\ 

but AH IB the rectangle contained hyAD, DB, for D^is equal to DB} 

and DF together with CjS is the gnomon CMO ; 

therefore the gnomon CMO is equal to the rectangle AI), DB : 

to each of Ihese equals add LO, which is equal to the square on 

CD; (II. 4. Cor.) 
therefore the niomon CMO, together with LO, is equal to the 
rectangle Al), DB, together with the square on CD : 
but the ^omon CMO and LO make up the whole figure CEFB, 

which IS the square on CB ; 
therefore the rectangle AD, DB, together with the square on CD 
is equal to the square on CB, 

Wherefore, if a straight line, &c. Q. E. D. 
Ck)B. From this proposition it is manifest, that the difference of 
the squares on two unequal lines AC, CD, is equal to the rectangle 
o<Hitamed by their sum AD and their difference DB, 

PROPOSITION VI, THEOREM. 

If a straight line be hitected, and produced to any point; the reetanfle 
contained by the lohole line thus produced, and the part of it produced, 
together with the square on half the line bisected, is equal to the square on 
ihe straight line which is made up of the half and the part produced* 

Let the straight line AB be bisected in C, and produced tflffthe point D 
Then the rectangle AD, DB, together with the square on vB, shall 
be equal to the square on CD. 

A G B D 
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Upon CD describe the square CEFD, (i. 46.) and join DE, 
through B draw BHO parallel to CE or DF, (l. 31.) meeting DE 

inJT, andJKFin O; 
through H draw JTZ^T parallel to AD or EF, meeting DF ia 
Jb^and CEin L; 
and through A draw AJS! parallel to CZ or DM, meeting MLKvi K. 
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Then because the line AC is equal to CB, 
therefore the rectangle A Lis equal to the rectangle CM, (L 36.) 

but CBT is equal to SF; (i. 43.) 

therefore AL is equal to MF; 

to each of these equals add CM; 

therefore the whole ^ilf is equal to the gnomon CMG; 

but ^J!f is the rectangle contained by AD, DBj 

for DM is equal to DBi (ii. 4. Cor.) 

therefore the gnomon CMO is equal to the rectangle AD, DB : 

to each of these equals add LG which is equal to the square on CB; 

therefore the rectangle AD, DB, together with the square on CB, is 

equal to the gnomon CMO, and the figure ZQ; 
but the gnomon CMO and LO make up the whole figure CEFD^ 

which is the square on CD ; 
therefore the rectangle AD, DB, together with the square on CB, 
is equal to the sauare on QD, 

Wherefore, if a straight line, &c. Q.E.D. 

PROPOSITION Vn. THEOREM. 

If a ttraight line be divided into any ttoo parts, the sqimres on the whole 
line, and on one of the parte, are equal to twice the rectangle contained by 
the whole and that part, together with the sqttare on the other part. 

Let the straight line AB be divided into any two parts in the point C 
Then the squares on AB, J? C shall be equal to twice the rectangle 
AB, BC, together with the square on AC 

A c B 
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Upon AB describe the square ADEB, (i. 46.) and join BD \ 
through Cdraw CF parallel to AD or BE (i. 31.) meeting ^Z>in 

0,b3idiDEiiiF; 
through 6r draw jH'G'JK' parallel ijo AB ox DE, meeting AD xnH^ 
andli^in JT. 

"Then because AOis equal to OE, (l. 43.) 
add to each of them CK; 
therefore the whole AK is equal to the whole CE; 
and therefore AK, CE, are double of AKx 
but AK, CE, are the gnomon AKF and the square CK; 
therefore the ^omon AKF and the square CK are double of AKi 
but twice the rectangle AB, BC, is double of AK, 
for BK is equal to BC; (n. 4. Cor.) 
therefore the gnomon AKF and the square CK, are equal to twice the 
rectangle AB, BC; 
to each of these equals add HF, which is equal to the square on A C, 
therefore the gnomon AKF, and the squares CK, HF, are equal to 
twice the rectangle AB, BC, and the square on AC; 
but the gnomon AKF, together with the squares CK, HF^ mako 
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up the whole figure ADEB and CK^ which are the squares on AB 
and^C; 

therefore the squares onAB and BCoxe equal to twice the rectangle 
ABf BCf together with the square on AC. 

. Wherefore, if a straight line, &c. Q.E.I>« 

PROPOSITION VIII. THEOREM. • 

If a straight line be divided into any two parts, four times the rectangle 
eontained by the whole line, and one of the parts, together with the square on 
the other part, is equal to the square on the straight litie, which is made up 
qf the whole and thai part. 

Let the straight line AB be divided into any two parts in the point C. 

Then four times the rectangle AB, ^C, together with the square on 
A C, shall be equal to the square on the straight line made up of AB 
and J? C together. 

A c B D 
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Produce AB to D, so that BB be equal to CB, (I. 3.) 

upon AD describe the square AEFD, (i. 46J and join JDJ^, 

through B, C, draw BL, CJJ parallel to AlE or BF, and cutting BE 

in the points K, P respectively and meeting EFm L, H\ 

through K, P, draw MGKN, XPRO parallel to AB or EF. 

Then because CB is equal to BB, CB to GK, and BB to JTiV; 

therefore GK is equal to EN; 
for the same reason, PM is equal to BO; 
and because* CB is equal to BB, and GE to JOT, 
therefoSre the rectangle CE is equal to BN, and GB to BN; (L 36.) 

but CE is equal to BUT, (I. 43. J 

because they are the complements of the parallelogram CO ; 

therefore also BNis equal to GB; 

and the four rectangles BN, CE, GB, mN, are eqiml to one anotheri 

and so are quadruple of one of them CE. 

Again, because CB is equal to BB, and BB to BE, that is, to CQi 

and because CB is equal to GE, that is, to GPi 

therefore CG is equal to GP. 

And because CG is equal to GP, and PR to BO, 

Hierefore the rectangle AGh equal to MP, and PL to BF; 

but the rectangle MP is equal to PL, (i. 43.) 
because they are the complements of the parallelogram ML : 
wherefore also AGh equal to BFi 
therefore the four rectangles AG, MP, PL, BF, are equal to one 
another, and so are quadruple of one of them A G. 
And it was demonstrated, that the four CE, BNy GBy and BN, am 
quadruple of CE: 
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therefore the eight rectangles which coDtainthe gnomon ^OjET, axe 
quadruple of AK, 

.And because AKib the rectangle contained by AB, Bd 

for BK is equal to J?C; 

therefore foipr times the rectangle AB, BCIb quadruple of A JST: 

but the gnomon ^O^was demonstrated to be quadruple of AK*, 

therefore rour times the rectangle AB, BCib equal to the gnomon A Olr% 

to each of these equals add XS, which is equal to the square on ACi 

therefore four tunes the rectangle AB, BC, together wim the square 

on AC, is equal to the ^omon ^10^ and the square XH; 
but the gnomon A OH and ^H make up the figure AEFD, which is 
the square on AD ; 
therefore four times the rectangle AB, ^C together with the square 
cm ^ C, is equal to the square on AD, that is, on AB and BC added 
together in one straight line. 

Wherefore, if a straight line, &c, Q. £. D. 

PROPOSITION IX. THEOREM. 

If a 9traight line be divided into two equal, and aUo into hoo unequal 
parte; the squaree on the ttoo unequal parts are together double of the square 
on half the Une, and of the square on the Une between the points of section. 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts in the point D. 

Then the squares on AD, DB together, shall be double of the 
squares on Au, CD* 

S 



^ 



C D B 

From the point C draw CJB at right angles to AB, (l. 11.) 

make CJE equal to .4 C or CB, n, 3.) and join JEA, EB ; 

through D draw DJP parallel to CE, meeting EB in F, (I. 31.) 

through J* draw FO parallel to BA, andjoin AF, 

Then, because ^Cis equal to CE, 

therefore the angle AEC\& equal to the angle EAC\ (l. 5.) 

and because A CE is a right angle, 

therefore the two other angles AEC, EA C of the triangle are together 

equal to a right angle ; (l. 32.) 

and since they are equal to one another ; 

therefore each of them is half a right angle. 

For the same reason, each of the angles CEB, EB Cia half a right angle; 

and therefore the whole AEB is a right angle. 

And because the angle OEFis half a right angle, 

and EuF a right angle, 

for it is equal to the interior and opposite angle ECB, (l. 29.) 

therefore the remaining angle JEPG is half a right angle ; 

wherefore the angle GEF ib equal to the angle EFQ, 

and the side GF equal to the side EG. (l. 6.) 
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Again, because the angle at i^ is half a right angle, 

and FDB a right angle, 

for it is equal to the interior and opposite angle ECB, (l. 29.) 

therefore the remaining angle BPD is half a right angle ; 

wherefore the angle at ^ is equal to the angle EFD^ 

and the side DF equal to the side DB. (l. 6.) 

And because ^Cis equal to CE, 

the square on ^Cis equal to the square on CE\ 

therefore the squares on AC^ CE are double of the square on AC; 

but the square on AE is equal to the squares on A C, CE, (l. 47.) 

because A CE is a right an^le ; 

therefore the square on AE is double of me square on AC. 

Again, because EO is equal to OF, 

the square on EG is equal to tne square on GF; 

therefore the squares on EG, GF are double of the square on GF; 

but the square on ^^Pis equal to the squares on EG, GF; (l. 47.) 

therefore the square on EF ib double of the square on GF; 

and OF is equal to CJ); (l. 34.) 

■ therefore the square on EF ib double of the square on CD ; 

but the square on ^^ is double of the square on A C; 

therefore the squares on AE, EF are double of the squares on A C, CD ; 

but the square on ^2^ is equal to the squares on AE, EF, 

because AEF is a right angle : (l. 47.) 

therefore the square on AFib double of the squares on A C, CD; 

but the squares on AD, DF are equal to the square on AF; 

because the angle ADF is a right anele ; (l. 47.) 

therefore the squares on AD, DFeie double of the squares on A C, CD; 

and DF is equal to DB ; 

therefore the squares on A D, DB are double of the squares on A C, CD, 

If therefore a straight line be divided, &c. Q.E. D. 

PROPOSITION X. THEOREM. 

Tf a straight line be bisected, and produced to any point, the square en 
the whole line thus produced, and the square on t?te part of it produced, are 
together double of the square on half the line bisected, and of the square mi 
the line made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the 
point 2). 

Then the squares on AD, DB, shall be double of the squares om 
AC, CD. 

E F 




Prom the point C draw CE at right angles to AB, (l. 11.) 

make CE equal to -4 C or CB, (i. 3.) and join AE, EB ; 

through E draw EF parallel to AB, (l. 31.) 

and through D draw 2)2^ parallel to CE, meeting EFm F. 
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Then because the straight line ^jP meets the parallels CE, FD, 
therefore'the angles CEF, EFD are equal to two right angles j (i. 29.) 
and therefore the angles BEF, EFD are less than two right angles. 
But straight lines, which with another straight line make tibie in- 
terior angles upon the same side of a line, less than two right angles, 
will meet if produced far enough ; (i. ax. 12.) 

therefore EB^ FD will meet, if produced towards J5, D ; 

let them be produced and meet in O, andjoin AG, 

Then, because AC\a equal to CE, 

therefore the angle CEA is equal to the angle EAC; (l. 5.) 

and the angle A CE is a right angle ; 

therefore each of the angles CEA, EA C is half a right angle, (i. 32.) 

For the same reason, 

each of the angles CEB, EBC 18 half a right angle ; 

therefore the whole AEB is a right angle. 

And because EBC is half a right angle, 

therefore DBG is also half a right angle, (l. 15.) 

for they are vertically opposite ; 

but BDG is a right angle, 

because it is equal to the alternate angle DCE; (l. 29.) 

therefore the remaining angle DGB is half a right angle; 

and is therefore equal to the angle DBG; 

wherefore also the side BD is equal to the side DG, (l. 6.) 

Again, because EGF is half a right angle, and the angl6 at JF*is a 

right angle, beine equal to the opposite angle ECD, (l. 34.) 

therefore tne remaining angle FEG is half a right angle, 

and therefore equal to the angle EGF; 

wherefore also the side GF is equal to the side FE. (l. 6.) 

And because EC is equal to CA ; 

the square on EC is equal to the square on CA ; 

therefore the squares on EC, CA are double of the square on CA ; 

but the square on EA is equal to the squares on EC, CA ; ^l. 47.) 

therefore the square on EA is double of the square on AC, 

Again, because GF is equal to FE, 

the square on GF ia equal to the square on FE; 

therefore the squares on GF, FE are double of the square on FE; 

but the square on EG is equal to the squares on GF, FE; (l. 47.) 

therefore the square on EG is double of the square on FE; 

and FE is equal to CD ; f i. 34.) 
wherefore the square on EG is double of the square on CD ; 
but it was demonstrated, 

that the square on EA is double of the square on AC; 

therefore the squares on EA, EG are double of the squares on A C, CD ; 

but the square on AG is equal to the squares on EA, EG; (l. 47.) 

therefore the square on ^6r is double of the squares on AC, CDi 

but the squares on AD, DG are equal to the square on ^6? ; 

therefore the squares on AD, DG are double of the squares on A C, CD ; 

but DG is equal to DB ; 

therefore the squares on AD, DB are double of the squares on A C, CD. 

Wherefore, if a straight line, &c. q.e.d. 
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PROPOSITION XI. PROBLEBl 

To divide a given straight line into two parts, so that the rectangle eon' 
iained by the tohole and one of the parts, shall be equal to the square en 
the other part. 

Let AB be the given straight line. 
It is required to divide AB into two parts, so that the rectangle 
oontained oy the whole line and one of the parts, shall be equal 
to the square on the other part. 
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Upon AB describe the square ACDB; (i. 46.) 

bisect ACinE, (i. 10.) and join BJS, 

produce CA to F, and make JEF equal to EB, (l. 3.) 

upon AF describe the square FQHA, (i. 46.) 

Then AB shall be divided in H, so that the rectangle AB, BH is 

equal to the square on AH, 

Produce OH to meet CD in K, 
Then because the straight line ^ Cis bisected in E, and produced to F, 
therefore the rectangle CF, FA together with the square on .^j^ 
is equal to the square on EF; (ii. 6.) 

but EF is equal to EB ; 
therefore the rectangle CF, FA together with the square on AE, is 

equal to the square on EB ; 
but the squares on BA, AE are equal to the square on EB, (l. 47.) 
because the angle EAB is a right angle ; 
therefore the rectangle CF, FA, together with the square on AE^ 
is equal to the squares on BA, AE; 
taie away the square on AE, which is common to both ; 
therefore the rectangle contained by CF, FA is equal to the square 
on BA. 
But the figure FK is the rectangle contained by CF, FA^ 

for FA is equal to FO ; 

and AD is the square on AB; 

therefore the figure FK is equal to AD ; 

take away the common part AK, 

therefore the remainder FH is equal to the remainder HD ; 

but HD is the rectangle contained by AB, BH, 

for AB is equal to BD ; 

and FH is the square on AH; 

tiierefore the rectangle AB, BH, is equal to the square on AH. 

Where£bre the straight line AB is divided in H, so that the 

rectangle AB, BHls equal to the square on AH. Q.E.F, 
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PROPOSITION XII. THEOREM. 

In obtuse^anffled tHanglea, if a perpendieuiar be drawn from eithtr of 
the acute cmglea to the opposite tide produced^ the square on the side sub 
tetiding the obtuse angle, is greater than the squares on the sides containing 
the obtuse angle, by twice the rectangle contained by the side upon which, \ 
when produced, the perpendicular faUs, and the straight Une intercepted 
without the triangle between the perpendictUar and the obtuse angle. 

Let ABC he an obtuse-angled triangle, having the obtuse angle 
A CB, and from the point A, let AD be drawn perpendicular to ^C 
produced. 

Then the square on AB shall be greater than the squares on A C, 
CB, by twice the rectangle BC, CD. 

A 




Because the straight line BD is diyided into two parts in the point C, 
therefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD\ {u, 4.) 

to each of these equals add tne square on DA ; 

therefore the squares on Bv, DA are equal to the squares on BC, 

CD, DA, and twice the rectangle BC, CD ; 

but the square on BA is equal to the squares on BD, DA, (l. 47.) 

because the angle at Z) is a right angle ; 

and the square on CA is equal to the squares on CD, DA ; 

therefore the square on BA is equal to the squares on BC, CA, and 

twice the rectangle BC, CD; 
that is, the square on BA is greater than the squares on BC, CA, by. 
twice the rectangle BC, CD, 

Therefore in obtuse-angled triangles, &c. Q.E.D. 

PROPOSITION Xin. THEOREM. 

In every triangle, the square on the side subtending either of the acute 
angles, is less than the squares on the sides containing that angle, by twice 
the rectatigle contained by either of these sides, and the straight line inter' 
cepted between the acute angle and the perpendicular let fall upon it from 
the opposite angle. 

Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon JBC, one of the sides containing it, let fall the 
perpendicular AD from the opposite angle, (i. 12.) 

Then the square on ^C opposite to the angle B, shall be less than 
the squares on CB, BA, by twice the rectangle CB, BD, 

A 
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First, let AD fall within the triangle ABC. 
Then because the straight line CB is divided into two parts in D, 
the squares^on CB, BV are equal to twice the rectangle contained by 
CBy BD, and tbe square on DC; (n. 7.) 

to each of these equals add the square on AD ; 

therefore the squares on CB, BD, DA, are equal to twice the 

rectangle CB, BD, and the squares on AD, DC; 

but the square on ^P is equal to the squares on BD, DA, (l. 47.) 

because the angle BDA is a right angle ; 

and the square on ^ C is equal to the squares on AD, DC; 

therefore the squares on CB, BA are equal to the square on AC, 

and twice the rectangle CB, BD : 

that is, the square on y^C alone is less than the squares on CB, BA, 

by twice tne rectangle CB, BD. 
Secondly, let AD faU without the triangle ABC. 

A 




B CD 

Then, because the angle at 2> is a right angle, 
the angle A CB is greater than a right angle ; (l. 16.) 
and therefore the square oji AB is equal to the squares on A C, CB, 
and twice the rectangle BC, CD; (ii. 12.) 

to each of these equals add the square on BC; 

therefore the squares on AB, BC are equal to the square on AC, 

twice the square on BC, and twice the rectangle BC, CD; 

but because BD is divided into two parts in C, 

therefore the rectangle DB, BC is equal to the rectangle BC, CD, 

and the square on ^C; fii. 3.) 

and the douoles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on J9C: 
therefore the squares on AB, BCsLve equal to the square on AC, 
and twice the rectangle DB, BC: 
wherefore the square on AC alone is less than the squares on AB, BC; 

by twice the rectangle DB, BC, 
Lastly, let the side AC he perpendicular to BC, 



B c 
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Then ^C7 is the straight line between the perpendicular and the 
acute angle at J9 ; 

and it is manifest, that the squares on AB, BC, are equal to the 
square on A C, and twice the square on BC, (i. 47.) 
Therefore in any triangle, &c. Q.E.D. 

F 
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PROPOSITION XIV. PROBLEM. 

To describe a square that shall be equal to a given reciiUneal^ure, 

Let A be the giyen rectilineal fiffure. 
It is required to describe a square that slum be equal to A. 



^ 





Describe the rectangular parallelogram BCDE equal to the recti- 
lineal figure A. (i. 45!) 

Then, if the sides of it, BE^ ED, are equal to one another, 
it is a square, and what was required is now done. 
But if BE, ED, are not equal, 
produce one of them BE to F, and make EF equal to ED, 
bisect J?jF in G-, (1. 10.) 
from the center O, at the distance GB, or GF, describe the semiciidie 
BHF, 

and produce DE to meet the ciroumferenoe in JET. 
The square described upon ^^ shall be equal to the given recti- 
lineal figure A, 

Join GH. 
Then because the straight line BF is divided into two equal parts 
in the point G, and into two unequal parts in the point E; 

therefore the rectangle BE, JEF, together with the square on EG, 
is equal to the square on GF; ^L 5.) 

but GFh equal to GH-, (def. 15.) 
therefore the rectangle BE, EF, together with the square on EG^ is 

equal to the square on GH*, 
but the squares on HE, EG are equal to the S(][uare on GH; (I. 47.) 
therefore the rectangle BE, EF, together with the square on J?6r, 
is equal to the squares on HE, Eof ; 
take away the square on EG, which is common to both ; 
therefore the rectangle BE, EFis equal to the square on HE, 
But the rectangle contained by BE, EF is the parallelogram SD, 
because EFis equal to ED ; 

therefore BD is equal to the square on EH; 
but BD is equal to the rectilineal figure A ; (constr.) 
therefore the square on EHia equal to the rectiHneal figiure A. 
Wherefore a square has been made equal to the given rectilineal 
figure ^, namely, the square described upon Jb^Jf. Q.B.F. 
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In Book I, Geometrical magnitudes of the same kind, lines, angles 
and surfaces, more particularly triangles and parallelograms, are com- 
pared, either as being absolutefy equa^ or unequal to one another. 

In Book II, the properties of right-angled parallelograms, but without 
reference to their mwiitudes, are demonstrated, and an important 
extension is made of £uc. i. 47, to acute-angled and obtuse- angled 
triangles. Euclid has given no definition of a rectangular paraUelogram 
or rectangle : probably, because the Qreek expression trapaXKriKoypafifLov 
opQoytopioVf or opOaytoviov simply, is a definition of the figure. In English, 
the term rectangle, formed from rechu angiUtu, ought to be defined before 
its properties are demonstrated. A rectangle may be defined to be a 
parallelogram having one angle a right-angle, or a right angled paral- 
lelogram ; and a square is a rectangle haying all its sides equal. 

As the squares in Euclid's demonstrations are squares described or 
supposed to be described on straight lines, the expression " the sqttare 
OH AB,^ is a more appropriate abbreviation for *' the square described on 
the tine AB" than ** the square of AB,** The latter expression more 
' fitiy expresses tiie arithmetical or algebraical equivalent for the square 
on the line AB, 

In Euc. I. 85, it may be seen that there may be an indefinite number 
'of parallelograms on the same base and between the same parallels whose 
areas are always equal to one another ; but that one of them has all its 
angles right angles, and the length of its boundary less than the boundary 
«! any om^parallelogram upon the same base and between the same 
parallels. The area of this rectangular parallelogram is therefore de- 

■ t^rmined by the two lines which contain one of its right angles. Hence 
it is stated in Bef. 1, that every right-angled parallelo^am is said to he 
contained by any two of tiie straight Unes which contain one of the right 
angles. No distinction is made in Book ii, between equality and identity , 
as the rectangle may be said to be contained by two lines which are 
equal respectively to the two which contain one right angle of the figure. 

■ It tnay be remarked that the rectangle itself is bounded by four straight 
lines. 

It is of primary importance to discriminate the Geometrical conception 
of a rectangle from the Arithmetical or Algebraical representation of it. 
The subject of Geometry is magnitude not nitmberf and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rect- 
angle for the rectangle itself. It is however, absolutely necessary that 
the connexion of number and magnitude be clearly understood, as far 
as rezards tiie representation of lines and areas. 

An lines are measured by lines, and aU surfaces by surfaces. ^ Some 
one line of definite length is arbitrarily assumed as the linear imit, and 
the length of every omer line is represented by the number of linear 
units, contained in it. The square is the figure assumed for the measure 
of sur&ces. The square imit or the unit of area is assumed to be that 
^uare, the side of which is one unit in length, and the magnitude of 
every surface is represented by the number of square imits contained 
in it. But here it may be remarked, that the properties of rectangles 
^od squares in the Second Book of Euclid ore proved independently 
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of the consideration, whether the sides of the rectangles can be repre- 
sented by any multiples of the same linear unit. If, however, the 
sides of rectangles are supposed td be divisible into an exact number 
of linear units, a numerical representation for the area of a rectangle 
may be deduced. 

On two lines at right angles to each other, take AB equal to 4, and 
AJD equal to 3 linear units. 

Complete the rectangle ABCD^ and through the points of division of 
AB, AD, draw EL, FM, GN parallel to ^L^ ; and HP, KQ parallel to 
AB respectively, 

A E F O B 
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Then the whole rectangle <^C is divided into squares, all equal to each 
other. 

And AC is equal to the sum of the rectangles AL, EM, FN, OC; (n. 1.) 

also these rectangles are equal to one another, (i. 86.) 

therefore the whole ^C is equal to four times one of them AL. 

Again, the rectangle AL is equal to the rectangles EH, HR, RD, 
and these rectangles, by construction, are squares described upon the 
equal lines AH, HK, KD, and are equal to one another. 

Therefore the rectangle AL is equal to 3 times the square on AH^ 

but the whole rectangle AC is equal to 4 times the rectangle AL^ 
therefore the rectangle AC is 4 x 3 times the square on AH, or 12 
square units : 

that is, the product of the two numbers which express the number ot 
linear units in the two sides, will give the number of square units in the 
rectangle, and therefore will be an arithmetical representation of its area. 

And generally, if AB, AD, instead of 4 and 3, consisted of a and h 
linear units respectively, it may be shewn in a similar manner, that the 
area of the rectangle ilC would contain db square units ; and therefore the 
product ah is a proper representation for the area of the rectangle AC 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term proditct in Arithmetic and Algebra, and that a similar com- 
parison may be made between the products of the two numbers which 
represent the sides of rectangles, as between the areas of the rectangles 
themselves. This forms the basis of what are called Arithmetical or 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if 6 be equal to a, 
the figure is a square, and the area is represented by aa or a'. 

Also, since a triangle is equal to the half of a parallelogram of the 
same base and altitude ; 

Therefore the area of a triangle will be represented by half the rect- 
angle which has the same base and altitude as the triangle : in other 
words, if the length of the base be a units, and the altitude be b units ; 

Then the area of the triangle is algebraically represented by iab» 

The demonstrations of the first eight propositions, exemplify fhe 
obvious axiom, that, '* the whole area of every figure in each case, is 
equal to all the parts of it taken together," 

Bef. 2, The parallelogram EK together with the complements AF, 
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¥0^ U also a ^M/m/on^ as well as the parallelogram HQ togeUier witii the 
same complements. 

Prop. I. 'For the sake of brevity of expression, ** the rectangle oon> 
tained by the straight lines ABy iiC" is called ** the rectangle AB^ BC;'* 
and sometimes ** the rectanele ABC,** 

To this proposition may be added the corollary: If two straight lines 
be divided mto any number of parts^ the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the seyeral parts of 
one Ime and the several ^arts of the other respectively. 

The method of reasomng on the properties of rectangles by means of 
the products which indicate the number of square units contained in their 
areas is foreign to Euclid's ideas of rectangles, as discussed in his Second 
Book, which have no reference to any particular unit of length or measure 
of surface. 

Prop. T. The figures BH, BK, DL, EH are rectangles, as may 
readily be shewn. ' For, by the parallels, the angle CEL is equal to EDK ; 
and the angle EDK is equal to BDG (£uc. i. 29.). But BDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL, EH 
is a right angle, and therefore (Euc. i. 46, Cor.) these figures are 
rectangular. 

Prop. I. Algebraically, (fig. Prop, i.) 

Let the line BC contain a linear umts, and the line A, b linear units of 
the same lengt];L. 

Also suppose the parts BD, DE, EC to contain m, n, p linear units 
respectively. 

Then a ss m •{■ n + p, 

multiply these equals by b, 

therefore ab = bm + bn -\- bp. 

That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the imdivided 
number, and the several parts of the other ; 

or, if the Geometrical interpretation of the products be restored, 

The number of square imits expressed by the product ab, is equal 
to the number of square units expressed by the sum of the products bm, 
An, bp, 

.Prop. II. Al^braicaUy. (fig. Prop, u.) 

Let AB contain a linear imits, and AC, CB, m and n linear imits 
respectively. 

Then m-^-n^a^ 
multiply these equals by a, 

therefore am ■\'an ^ aK 

That is, if a number be divided into any two parts, the simi of the 
products of the whole and each of the parts is equal to the square of the 
whole number. 

Prop. III. Algebraically, (fig. Prop, iii.) 

Let AB contain a linear units, and let BC contain m, and AC, n linear 
fuits. 

Then a b m + n, 
multiply these equals by m, 

therefore ma es m' + mn. 

That is, if a number be divided into any two parts, the product of 
the whole number and one of the parts, is equal to the square of thai 
part, and the product of the two parts. 
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Prop. IT. might have been deduced firom the two preceding propo* 
sitions ; but Euclid has preferred the method of exhibiting, in the de- 
monstrations of the second book, the equality of the spaces compared. 

In the corollary to Prop. zlyi. Book I, it is stated that a paralldocraia 
-which has one right angle, has all Its angles right angles. By applying 
this corollary, Uie demonslaration of nop, iv. may be considerably 
shortened. 

If the two parts of the line be equal, then the square on the whole 
line is equal to four times the square on half the line. 

Also, if a line be diyided into any three parts, the square qn the whole 
line is equal to the squares on the three parts, and twice the rectangles 
contained by every two parts. 

|*rop. IV. Algebraically, (fig. Prop, nr.) 

Let the Une JB contain a linear units, and the parts of it AC wad BCf 
m and n linear units respectively. 

Then a s^m-^nf 

squaring these equals, /. a' =: (m + n)*, 

or a* :=m* •{- 2mn + n*. 

That is, if a number be divided into any two parts, the square of the 
number is equal to the squares of the two parts together with twice the 
product of the two parts. 

From Euc. ii. 4, may be deduced a proof of Euc. i. 47. In the fta^ 
take DL on DE, and EM on EB, each equal to J9C, anA loin CHt HL^ 
LMy MC, Then the figure HLMC is a square, and the iour trianglea 
CJH, HDLf LEM, MBC&te equal to (me another, and together are equal 
to the two rectangles AG, GE, 

Now AG, GE, FH, CK are together equal to the whole figure ADEB ; 
and HLMC, with the four triangles CAH, HDL, LBB, MBC also make 
up the whole figure ADEB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles • 

but AG, GE are equal to the four triangles. 

wherefore FH, CK are equal to HLMC, 

that b, the squares on AC, AH are together equal to the square on CH% 
Prop. V. It must be kept in mind, that the sum of two straight lines 

in Geometry, means the straight line formed by joining the two lines 

together, so that both may be m the same straight line. 

The following simple properties respecting the equal and unequal 

division of a line are worthy of being remembered. 

I. Since AB = 2BC = 2 {BD + DC) =* 2BD + 2/)C. (fig. Prop, v.) 

and JB^'JD'^-DB; 

.-. 2CD + 2DB ^AD-{- DB, 

and by subtracting 2DB from these equals, 

/. 2CD = ^D - DB, 

and CD «= i (AD - DB). 

That is, if a line ABhe divided into two equal parts in C, and into two 
unequal parts in D, the part CD of the line between the points of section 
is equal to half the difference of the imequal parts A D and DB» 

II. Here AD = AC + CD, the sum of the unequal parts, (fig. Prop, y.) 

and DB a AC — CD their difference. 
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Hence by adding these equals together, 

/. AD + DB^ 2AC^ 

or the 8T2in and difference of two lines AC^ CD, are together equal to 
twice the greater line. 

And the halyes of these equals are equal, 

/. i.AD + J.Z)B=a AC, 

or, half the sum of two unequal lines AC, CD added to half their diffe- 
rence is equal to the greater line AC, 

m. Again, since AD tsAC-^ CD, and DB » AC — CD, 

by subtracting these equals, 

.-. AD^DB^ 2CD, 

ot» the diffiBrence between the sum and difference of two unequal lines is 
equal to twice the less line. 

And the halyes of these equals are equal, 

/. i.AD -i.DB = CD, 

oar, half the difference of two lines subtracted from half their sum Lb equal 
to the less of the two lines. 

lY* Since AC-^ CD = DB the difference, 

/. AC=.CD + DB, 

and adding CD the less to each of these equals, 

.'. AC+CD= 2CD + DB, 

or, the sum of two unequal lines is equal to twice the less line together 
-with Ihe difference between the lines. 

Prop. T. Algebraically. 

Let AB contain 2a linear units, 

its half BC will contain a linear units. 

And let CD the Une between the points of section contain m linear units. 
llien^D the greater of the two unequal parts, contains a+m linear units ; 

and DB the less contams a-^m units^ 
Also m is half the difference of a + m and a — m ; 

,\ (a + m) (a — m) =3 «■ — m% 

to each of these equals add m* ; 

/. (a ■{- tn) (a -^ m) ■{- m* = a'. 

That is, if a ntmiber be diyided into two equal parts, and also into two 
unequal parts, the product of the unequal parts together with the square 
of half their difference, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
the ^fference of the two lines AD, DB ; the coroUaryro this proposition 
may be expressed in the fbllowing form : ** The rectangle contained by 
two straight lines is equal to the difference on the squares of half Uieir 
sum. and half their difference." 

The rectangle contained hj AD and DB, and the square on BC are 
eadi bounded by the same extent of line, but the spaces enclosed differ 
by the square on CD. 

A giyen straightline is said to be produced when it has its length increased 
in eimer direction, and the increase it receiyes, is called the part produosd. 

If a point be taken in a line or in a line produced, the line is said to 
be diyided tfi^sma^ or exterttaUy, and the distances of the point from 
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the ends of the line are called the internal or external segments of the 
line, according as the point of section is in the line or the Ime produced. 

Prop. Ti. Algebraically. 

Let AB contain 2a linear units, then its half BC contains a units ; and 
let BD contain m units. 

Then AD contains 2a + m units, 

and .*. (2a -^ m)m9s 2am + m* ; 

to each of these equals add a^, 

/. (2a + m) m + a» « a* + 2am + •»•. 

But a* + 2am '{-n*=:(a'\- m)% 

.-. (2a + m) w + a» = (a + m)». 

That is, If a number be divided into two equal numbers, and another 
number be added to the whole and to one of the parts ; the product of 
the whole number thus increased and the other number, together with the 
square of half the given number, is equal to the square of the number 
which is made up of half the ^ven number increased. 

The algebraical results of Frop. v. and Prop. vi. are identical, as it is 
obvious that the difference of a + m and a — m in Prop. v. is equal to the 
difference of 2a + m and m in Prop, vi, and one algebraical result ex- 
presses the truth of both propositions. 

This arises from, the two ways in which the difference between two 
imequal lines may be represented geometrically, when they are in the 
same direction. 

In the diagram (fig. to Prop, v.), the difference DB of the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making 
CB equal to ^C7 the greater. 

Then the part produced DB Is the difference between AC and CD^ 

for AC is equal to CB, and taking CD from each, 
the difference of ^C and CD is equal to the difference of CB and CD. 

In l^e diagram (fig. to Prop, vi.), the difference DB of the two un- 
equal lines CD and CA is exhibited by cutting off from CD the greater, 
a part CB equal to CA the less. 

Prop. VII. Either of the two parts AC, CB of the line AB may be 
taken : and it is equally true, that the squares on AB and ^C are equal 
to twice the rectangle AB, AC, together with the square on BC, 

Prop. VII. Algebraically. 

Let AB contain a linear units, and let the parts AC and CB contain m 
and n linear imits respectively. 

Then ars m + n; 

squaring these equals, 

^ /. a* = m* -^ 2mn + «*, 

add n' to each of these equals, 

/. a^ ■{■ n* =^ m^ ■\- 2inn + 2n'. 

But 2mn + 2n' = 2 (m + n) n = 2afi, 

.'. a» + n* = m" + 2o«. 

That is. If a number be divided into any two parts, the square of the 
whole n\imber and of one of ihe parts, is equal to twice the product of the 
whole number and that part, together wi& the square of tlie other part. 

Prop. VIII. As in Prop. vii. either part of the line may be t^en, 
and it is also true in this Proposition, that four times the rectangle oon- 



KOTBS TO BOOK II. 105 

"tained by JB^ >1C together with the square on BC^ U equal to the Bquare 
on the straight line made up ot AB and AC together. 

The truth of this proposition may be deduced from Euc. ii. 4 end 7. 

For the square on AD (fig. Prop. 8.) is equal to the squares on AB^ 
'BD, and twice the rectangle AB, BD ; (Euc. ii. 4.) or the squares on 
AB, BC, and twice the rectangle AB, BC, because BC is equal to BD : 
and the squares on AB^ BC are equal to twice the rectangle AB, BC with 
the square on AC: (Euc. ii. 7.) therefore the square on AD is equal to 
four times the rectangle AB, BC together with the square on AC> 

Prop. VIII. Algebraically. 

Let the whole Ime AB contain a linear imits of which the parts AC, 
CB contain m, n units respectively. 

Then m + n s= a, 

and subtracting or taking n from each, 

/. m = o — n, 

squaring these equals, 

.*. m* = a* — Ian + ?i*, 

and adding 4an to each of these equals, 

.*, 4rt« + wi* = a* + 2an 4- n*. 

But a* + 2an + »• = (a + n)*, 

/. Aan + m* = (a + «)•, 

That is, If a number be divided into any two parts, four times the pro- 
duct of the whole number and one of the parts, together with the square 
of the other part, is equal to the square of the number made of the whole 
and the part first taken. 

Prop. VIII. may be put under the following form : The square on the 
stun of two lines exceeds the square on their diiference, by four times the . 
rectangle contained by the lines. 

Prop. IX. The demonstration of this proposition may be deduced 
firom Euc. ii. 4 and 7. 

For (Euc. II. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectangle AC, CD ; (fig. Prop. 9.) and adding the square 
on D^ to each, therefore the squares on AD, DB are equal to the squares 
on AC, CD and twice the rectangle AC, CD together with the square on 
DB ; or to the squares on BC, CD and twice the rectangle BC, CD with 
the square on DB, because J?C is equal to AC, 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB, (Euc. ii. 7.) 

Wherefore the squares on AD^ DB are equal to twice the squares on 
BC and CD. 

Prop. IX. Algebraically. 

Let AB contain 2a linear units, its Yue^ACotBC will contain a imits; 
and let CD the line between the points of section contain m units. 

Also AD the greater of the two unequal parts contains a -^^ m unitSf 

and DB the less contains a — m units. 

Then (a + m)* = a* + 2am + w*, 

and (a — m)* s= a* — 2am + m*. 

Hence by adding these equals, 

-V • ,' .'* (« + ^y + (o - my = 2a2 + 2m*. 

f5 
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That is, If a number be divided into two equal parts, and also into two 
unequal parts, the sum of the squares of the two unequal parts is equal 
to twice the square of half the number itself, and twice the square of 
half the difference of the unequal parts. 

The proof of Prop. x. may be deduced from Euc. ii. 4, 7, as Prop. rft. 

Prop. X. Algebraically. 

Let the line AB contain 2a linear units, of which its half AC or CB 
wiU contain a units ; 

and let BD contain m units. 

Then the whole line and the part produced will contain 2a + m imits, 

and half the line and the part produced will contain a + m units, 

.*. (2a + my = 4a* + 4a»» + m*, 

add m' to each of these equals, 

/. (2a + m)« + m* = 4a* + 4am + 2mK 

Again, (a + m)* = a* + 2am + m% 

add a' to each of these equals, 

/. (a -f my + a* = 2a* + 2am + m\ 

and doubling these equals, 

.'. 2 (a + my + 2a" = 4a» + 4am + 2m*. 

But (2a + my + m* = 4a* + 4am + 2m*. 

Hence .*. (2a + m)* + m* = 2a* + 2 (a + «i)*. 

That is, If a number be divided into two equal parts, and the whole 
number and one of the parts be increased by the addition of another num- 
ber, the squares of the whole number thus increased, and of the number 
by which it is increased, are equal to double the squares of half the num- 
ber, and of half the number increased. 

The algebraical results of Prop, ix, and Prop, x, are identical, (the 
enunciations of the two Props, arising, as in Prop, v, and Prop, vi, firom 
the two ways of exhibiting the difference between two lines) ; and both 
may be included under the following proposition : The square on the 
sum of two lines and the square on their difference, are together equal to 
double the sum of the squares on the two lines. 

Prop. XI. Two series of lines, one' series decreasing and the other 
series increasing in magnitude, and each line divided in the same man- 
ner may be found by means of this proposition. 

(1) To jB.nd the decreasing series. 

In the fig. Euc. ii. 11, AB =^ AH + BH 

and since AB,BH = AH*, ,'. (AH + BH) . BH = AH*, 

.-. BH* = AH* - AH.BH=AH, (AH - BH). 

If now in HA, HL be taken equal to BH, 

then HL* = AH {AH - HL), or AH,AL = HL* : 

that is, AH is divided in L, so that the rectangle contained by the whole 
line AH and one part, is equal to the square on the other part HL» By a 
similar process, HL may be so divided ; and so on, by always taking from 
the greater part of the divided line, a part equal to Uie less. 

(2) To find the increasing series. 

From the fig. it is obvious that CF.FA sz CA*, 
Hence CF is divided in ^, in the same manner as AB is divided in M, 
by adding AF?i line equal to the greater segment, to the gi'^n line CA 
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or AB, And by successiyely adding to the last line thus divided, its 
greater segment, a series of lues increasing in magnitude may be found 
similarly ctLYidttd to JB, 

It may also be shewn that the squares on the whole line and on the less 
segment are equal to tluree times the square on the greater segment, 
(^c. xni. 4.) 

To solve Prop, zi, algebraically, or to find the point H in AB such 
that the rectangle contamed by the whole line JB and the part HB shall 
be equal to the square on the other part AH, 

Let AB contain a linear imits, and AH one of the unlmown parts con- 
tain «units» 

then the other part HB contains a ^x xadtig. 

And /. a (a — «) = »", by the problem, 

OTX* + <ixts a\ a quadratic equation. 

___, ± a Vs — a 
Whence x = g * 

The former of these values of x determines the point H» 
So that X « q" . AB = AH, one part, 

and a - » ss a — AH = — r — ,AB =HB, the other part 

It may be observed, that the parts AH and HB cannot be numerically 
expressed by any rational number. Approximation to their true values 
in terms of AB, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square root of 5 to any number of decimals. 

To ascertain the meaning of the other result « =s r — . a. 

In the equation a (a — a?) = «", 
for X write — x, then a{a ■\- i£) ^ x*, 
which when translated into words gives the following problem. 

To find the length to which a given line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 

Or, the problem may also be expressed as follows : 

To find two lines having a given difference, such that the rectangle con- 
tained by the difference and one of them may be equal to the square on 
the other. 

It may here be remarked, that Prop. xz. Book u, affords a simple 
Geometrical construction for a quadratic equation. 

Prop. XII. Algebraically. 
Assuming the truth of Euc. i. 47. 

Let BC, CA, AB contain a, b, c linear units respectively, 

and let CD, DA, contain m, n units, 

then BD contains a + m units. 

And therefore, c* sa (a + m)* + n', from the right-angled triangle ABD, 

also 6" = m' + n* from ACD ; 

/, c* — M = (a + m)« — m* 

= a* + 2am + m* — «• 
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ts 0^ + 2am, 
/. <?• = 6* + o» + 2am, 
that is, c* is greater than b* + a* by 2am. 

Prop. XIII. Case ii. may be proved more simply as follows. 

Since BD is diviaed into two parts in the point D, 
therefore the squares on C7B, BD are equal to twice the rectangle con- 
tained by CB, BD and the square on CD ; (ii. 7.) 

add the square on AD to each of these equals ; 
therefore the squares on CB, BD, DA are equal to twice the rectangle 

CB, BD, and the squares on CD and DA, 
but the squares on BD, DA are equal to the square on AB, (i. 47*} 

and the squares on CD, DA are equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on AC^ and 

twice the rectangle CB, BD, That is, &c. 
Prop. XIII, Algebraically. 

Let BC, CA, AB contain respectively a, b, e linear units, and let BD 
and AD also contain m and n units. 

Case I. Then DC contains a^m tmits. 

Therefore c^ = n* + m« from the right-angled triangle ABD^ 

and 6* = n* + (a - m)» from ADC ; 

/. c*''b* = m*-'{a'' my 

sstn* — a* '\- 2am — m* 

= -- o* + 2am, 

.'. a« + c* = 6« + 2am, 

or b* + 2am = a* + c*, 

that is, 6* is less than a' + o^ by 2am. 

Case II. DC = m^a units, 

.'. (* =:m* -\- n* from the right-angled triangle ABDp 

and 6» = (m - a)« + n^ from ACD, 

/, c^^b^^m^-^m- ay, 

= m* — m* -\- 2am — a* 

= 2am — a', 

/. 0^ + c* = 6* + 2am, 

or b* + 2am = a* + c*, 

that is, 6* is less than a* + <^ by 2am. 

Case III. Here m is equal to a. 

And 6* + a' = c\ from the right-angled triangle ABC* 

Add to each of these equals a*, 

/. 6» + 2a« = c« + a\ 

that is, 5* is less than c* + a' by 2a', or 2aa. 

These two propositions, Euc. ii. 12, 13, with Euc. i. 47, exhibit the 
relations which subsif t between the sides of an obtuse-angled, an acute- 
angled, and right-an^ed triangle respectively. 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY. 

Thb ancient Geometry of tlie Greeks admitted no symbols besides the 
diagrams and ordinary language In later times» after symbols of opera- 
tion had been devised by writers on Algebra, they were very soon adopted 
and employed on account of their brevity and convenience, in vnitings 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the lan^age of Elementary Geometry, and dis- 
tinclJy states in the preface to his Euclid, that his object is '* to content 
the desires of those who are delighted more with symbolical than v^bal 
demonstrations." As algebraicsd symbols are employed in almost all 
works on the mathematics, whether geometrical or not, it seems proper 
in this place to give some brief accoimt of the marks which may be re- 
garded as the alphabet of symbolical language. 

Themark = was first used by Robert Recorde, in his treatise on Algebra 
entitled, ** The Whetstone of Witte," 1557. He remarks ; ** And to avoide 
the tediouse repetition of these woordes : is equalle to : I will sette as I 
doe often in woorke use, a paire of paralleles, or Gemowe lines of one 
lengthe, thus : =, bicause noe 2 thynges can be more equalle.'' It was 
employed by him as simply affirmmg the equality of two numerical or 
algebraical expressions. Geometrical equality is not exactly the same 
as numerical equality, and when this symbol is used in geometrical reason- 
ings, it must be understood as having reference to pure geometrical 
equality. 

The signs of relative magnitude, > meaning, is greater ihxm^ and <, is 
leas than, were first introduced into algebra by Thomas Harriot, in his 
*' Artis Analyticae Praxis," which was published after his death in 1631. 

The signs + and — were first employed by Michael Stifel, in his <'Arith- 
metica Integra," which was published in 1544. The sign + was employed 
by him for the word pltts, and the sign — , for the word mimu. These 
signs were iised by Stifel strictly as the arithmetical or algebraical signs 
of addition and subtraction. 

The sign of multiplication x was first introduced by Oughtred in his 
**Clavis Mathematica," which was published in 1631. In algebraical 
multiplication he either connects the letters which form the factors of a 
product by the sign x , or vmtes them as words without any sign or mark 
between them, as had been done before by Harriot, who first introduced 
the small letters to designate known and unknown quantities. However 
concise and convenient the notation AB x BC or AB . BC may be in 
practice for '* the rectangle contained by the lines AB and BC** ; the student 
is cautioned against the use of it, in the early part of his geometrical 
studies, as its Mse is likely to occasion a misapprehension of Euclid's 
meaning, by confounding the idea of Geometrical equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC, by **AB ductum in 
BC ; that is, if the line AB be carried along the line BC in a normal 
position to it, imtil it come to the end C, it will then form with BC, the 
rectangle contained by AB and BC, Dr. Barrow sometimes expresses 
**the rectangle contained by AB and BC** by **the rectangle ABC.** 

Michael Stifel was the first who introduced integral exponents to 
denote the powers of algebraical symbols of quantity, for which he em- 
ployed capital letters. Yleta afterwards used the vowels to denote known, 
and the consonants, unknown quantities, but used words to designate the 
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powers. Simon Steyin, in his treatise on Algebra, which, was ptibliirtied 
in 1605, improved the notation of Stifel, hj placing the figures that in- 
dicated the powers within small circles. Peter Ramus adopted the 
Initial letters /, q, c, bq of kUtts, gttadratiu, cubtu, biqvadroHUf as the nota- 
tion of the first four powers. Harriot exhibited the different powers of 
algebraical symbols by repeating the symbol, two, three, four, &c. times, 
according to the order of the power. JDescartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed the notation 
ABq, for " the square on the line AB" in his edition of Euclid. The 
notations ^5*, AB^^ for ** the square and cube on the line whose extremitiee 
are A and B" as well as AB x BC, for ** the rectangle contained by AB 
and BC" are used as abbreviations in almost aU works on the Mathe- 
matics, though not wholly consistent with the algebraical notations o* 
andas. 

The symbol V* being originally the initial letter of the word radix^ was 
first used by Stifel to denote the square root of the nimiber, or of the 
symbol, before which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical symbols, by placii^ one above the other, 
without any line of separation. The line was first introduced by the Ara- 
bians, from whom it passed to the Italians, and £rom them to uie rest of 
Europe. This notation has been employed for the expression of geome- 
trical ratios by almost all writers on the Mathematics, on account of its 
great convenience. Ouehtred first used points to indicate proportion ; 
dius, a : 6 :: c : (f, means mat a bears the same proportion to 6, as c does to d. 
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1. Is rectangle the same as rectus angulust Explain the distinction^ 
and give the corresponding Greek terms. 

2. What is meant by tne sum of two, or more than two straight lines 
in Geometry ? 

. 3. Is there any difference between the straight lines by which a reot«- 
angle is said to be contained, and those by which it is bounded? 

4. Define a gnomon. How many gnomons appear from the same con- 
struction in the same rectangle ? Fmd the difference between them. 

5. What axiom is assumed in proving the first eight propositions of 
the Second Book of Euclid ? 

6. Of equal squares and equal rectangles, which must neoeasarify coin- 
cide? 

7. How may a rectangle be dissected so as to form an equiralent 
iTectan^e of any proposed length ? 

8. When the adjacent sides of a rectangle are commensurable, the area 
of the rectangle is properly represented by Uie product of the number of 
units in two adjacent sides of tne rectangle. Hlustrate this by considering 
the case when the two adjacent sides contain 3 and 4 units respectively, 
and distinguish between the units of the factors and the units of the product. 
Shew generally that a rectangle whose adjacent sides arerepresentedby the 
integers a andd, is represented by ab. Also shew, that in Uie same sense, 

the rectangle is represented by — , if the sides be represented by --i - • 

mn m n 
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9 . Why may not Algebraical or Arithmetical prooft be snbBtituted (as 
being shorter) for the demonstrations of the Propositions in the Second 
Book of Euclid ? 

10. In what sense is the area of a triangle said to be equal to half the 
product of its base and its altitude } What two propositions of Euclid 
vuiy be adduced to prove it } 

11. How do you shew that the area of a rhombus is equal to half the 
recstangle contained by the diagonals ? 

12. How may a rule be deduced for finding a numerical expression 
for the area of any parallelogram, when two adjacent sides are given ? 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. What propositions of the First and Second Books of Euclid 
are employed to prove this ? Of what service is the above in the men- 
suration of fields with irregular borders } 

14. From what propositions of Euclid may be deduced the following 
rule for finding the area of anv quadrilateral figure : -~" Multiply the sum 
of Uie perpendiculars drawn nrom opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product. ' 

15. In EucUd, ii. S, where must be the point of division of the line, so 
that the rectangle contained by the two parts may be a maximum ? Ex- 
emplify in the case where the line is 12 inches long. 

16. How may the demonstration of EucUd ii. 4, be legitimately short- 
ened ? Give the Algebraical proof, and state on what suppositions it can 
be regarded as a proof. 

17. Shew that the proof of Euc. ii. 4, can be deduced from the two 
previous propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19. If the line AB, as in Euc. n. 4, be divided into any three parts, 
enunciate and prove the analogous proposition. 

20. Prove geometrically that if a straight line be trisected, the square 
on the whole Ime equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc. i. 47. 

22. If a straight line*be divided into two parts, when is the rectangle 
contained by the parts, the greatest possible f and when is the simi of uie 
squares of the parts, the lea^t possible f 

23. Shew that if a line be divided into two equal parts and into two 
imequal parts ; the part of the line between the points of section is equal 
to half the difference of the unequal parts. 

24. If half the sum of two imequal lines be increased by half their 
difference, the sum will be equal to the greater line : and if the sum of 

•two lines be diminished by half their difference, the remainder will be 
equal to the less line. > 

25. Explain what is meant by the internal and external segments of a 
line ; and show that the sum of the external segments of a line or the 
difference of the internal segments is double the distance between the 
points of section and bisection of the line. 

26. Shew how Euc. ii. 6, may be deduced immediately from the 
preceding Proposition. 

27. Prove Geometrically that the squares on the sum and difference 
of two lines are equal to twice the squares on the lines themselves. 

28. A given rectangle is divided by two straight lines into four rect^^ 
angles. Given the areas of the two which have not common sides : find 
the areas of the other two. 
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29. In how many ways may the difference of two lines be exhibited ? 
Enunciate the propositions in Book ii. which depend on that circumstance. 

30. How may a series of lines be found sinularly divided to the line 
^AinEuc. Ti. 11? 

31. Divide Algebraically a given line (a) into two parts, such that 
the rectangle contained by the whole and one part may oe equal to the 
square of the other part. Deduce Euclid's construction from one so- 
lution, and explain the other. 

32. Given the lesser segment of a line, divided as in Euc ii. 11, 
find the greater. 

33. Enunciate the Arithmetical theorems expressed by the following 
Algebraical formulsB, 

(a + *)• = a« + 2ab + b*:aF - *• = (a+6) (a-6) : (a-6)« = a« - 2ai + *». 

and state the corresponding Geometrical propositions. 

34. Shew that the first of the Algebraicsd propositions, 

{a -^ x) (a •- x) -^ a^ s= a* : {a ■{• x)* -f fa - x)* = 2a* + 2ar', 

is equivalent to the two propositions v. and vi., and the second of them, 
to the two propositions ix. and x. of the Second Book of Eudid. 

35. Prove Euc. ii. 12, when the perpendicular BE is drawn from 
B on AC produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE, 

86. Include the first two cases of Euc. n. 13, in one proof. 

37. In the second case of Euc. ii. 13, draw a perpendicular CE from 
the obtuse angle C upon the side AB, and prove tiiat the square on AB 
is equal to the rectangle AB, AE together with the rectangle BC, BD, 

38. Enunciate Euc. ii. 13, and give an Algebraical or Arithmetical 
proof of it. 

39. The sides of a triangle are as 3, 4, 5. Determine whether the 
angles between 3, 4 ; 4, 5 ; and 3, 6 ; respectively are greater than, equal 
to, or less than, a right angle. 

40. Two sides of a triangle are 4 and 6 inches in length, if the 
third side be 6 A inches, the triangle is acute- angled, but u it be 6^ 
inches, the triangle is obtuse-angled. 

41. A triangle has its sides 7, 8, 9 units -respectively ; a strip of 
breadth 2 units being taken off all round from me triangle, find the 
area of the remainder. 

41; If the original figure, Euc n. 14, were a right-angled triangle, 
whose tides were represented by 8 and 9, what number would represent 
the side of a square of the same area ? Shew that the perimeter of the 
square is less uian the perimeter of the triangle. 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square ? 

44. ** All plane rectilineal figures admit of quadrature." Point out 
the succession of steps by which EucUd establishes the truth of this 
proposition. 

45. Explain the construction (without proof) for making a square 
equal to a plane polygon. 

46. Shew from Euc. ii. 14 that any algebraical surd as *Ja can be 
represented bv a line, if the unit be a line. 

47. Could any of the propositions of the Second Book be made co- 
rollaries to other propositions, with advantage ? Point out any such pro- 
positions, and give your reasons for the alterations you would make. 
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PROPOSITION I. PROBLEM. 

IHmde a gi9en »trai§ht line imUo two porta tueh, that their reetatiffle may 
he equal to a given square ; cmd determine the qreateet eguare which the 
rectangle can equal. 

Let AJB he the given straight line, and let M be the side of the 
given square. 

It is required to divide the line AB into two parts, so that the 
rectangle contained by them may be equal to the square on Jf. 

D • E 




AFC B 

Bisect AB in C, with center C, and radius CA or CB, describe the 
semicircle ADB. 

At the point B draw BB at riffht angles to AB and equal to M. 

Through B, draw BD parallel to AB and cutting the semicircle 
in D'f 

and draw DP parallel to BB meeting AB in F, 

Then AB is divided in i^, so that the recta^le AF, FB is equal 
to the square on JOf, (ll. 14.) 

The square will be the greatest, when BD touches the semicircle, 
or when itf Is equal to half of the given line AB. 



PROPOSITION n. THEOREM. 

The square on the excess of one straight line above another is less than thi 
equares on the two lines by twice their rectangle. 

Let AB, BChe the two straight lines, whose difference is .^C 
Then the square on ^ C is less than the squares on AB and B€ by 
twice the rectuigle contained by AB and BC. 

A c B 
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Constructing as in Prop. 4. Book n. 

Because the complement ^ & is equal to OB, 

add to each CK, 

therefore the whole AK is equal to the whole CB\ 
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and AK, CJB together are double of AK; 
bat AK, CE are me gnomon AKFKindL OK, 
and AK\& the rectangle contained by AB, BC\ 
therefore the gnomon AKF and CK 
are equal to twice the rectangle AB, BC, 
but AE, CK are equal to the squares on AB, BQ\ 
taking the former equals from these eqiuds, 
therefore the difference of AB and the gnomon AKF\& equal to 
the difference between the squares on AB, BC, and twice the rectangle 
AByBC', 

but the difference AE and the gnomon AKF]& the figure HF 
which is equal to the square on ^ C 
Wherefore the square on 4 C is equal to the diffeorence between the 
squares on AB, BC, and twice the rectangle AB, BC 



PROPOSITION in. THEOREM. 

In any triangle the aquares on the two sides are U^ether 4oMe of the 
squares on half the base and on the straight line joining its bisection with the 
opposite angle. 

Let ABC he a triangle, and AD the line drawn from the vertex A 
to the bisection D of the base BC. 




From A draw AE perpendicular to BC. 
Then, in the obtuse-angled triangle ABD, (n. 12.) ; 
the square on AB exceeds the squares on AD, DB, by twice the 
rectangle BD, DE: 

and in the acute-angled triangle ADC, (ll. 13.) ; 
the square on AC is less than the squares on AD, DCf by twice 
the rectangle CD, DE: 
wherefore, since the rectangle BD, DE is equal to the rectangle C2>, 
DE; it follows that me squares on AB, AC axe double of the 
squares on AD, DB. 



PROPOSITION rV. THEOREM. 

If straight lines be drawn from each angle of a triangle bisecting the 
opposite sides, four times the sum of the squares on these lines is equal to 
three times the swn of the squares on the sides of the triangle. 

Let ABC he any triangle, and let AD, BE, CF he drawn from 
A, B, C, to D, E, P, the bisections of the opposite sides of the tri- 
angle : draw AG perpendicular to BC. 
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.: 'Then the square on AB is eaual to the squares on BD^ DA together 
ivifch twice the rectangle BB, DO, (IL 12.) 

and the square on ^ C is equal to the squares on CD, DA dimi- 
nished Dy twice the rectangle CD, DO; (ll. 13.) 
therefore the squares on AB, A C are equal to twice the square on 

BD, and twice the square on AD ; for DC is equal to mD : 
and twice the squares on AB, A C are equal to the square on BC, 

and four times the square on AD : for J? C is twice BD. 
Similarly, twice the squares on AB, BC are equal to the square on 
AC, and four times the square on BE: 

also twice the squares on BC, CA are equal to the square on AB, 
and four times the square on FCi 

hence, oy adding these equals, 
four times the squares on AB, AC, BC axe equal to four times the 
squares on AD, BE, C^ogetherwiththesquares on AB, A C,BC: 
and taking the squares on AB, AC, BC uom these equals, 
therefore three times the squares on AB, AC, BC are equal to four 
times the squares on AD, BE, CF. 



PROPOSITION V. THEOREM. 

The sum of the perpendiculara let faU from any point within an equih' 
teral triangle, will be equal to the perpendumiar let faU from one of Ob 
angles upon the opposite side* Is this proposition true when the point is in 
one of the sides of the triangle t In what manner mvst the proposition be 
enunciated when the point is without the triangle f 

Let ABC he an equilateral triangle, and P any point within it: 
and fromPlet fall FD,PE, PPperpendicularson the sides AB, BC, 
CA respectively, also from^ let fall AO perpendicular on the base BC. 
Then AO is equal to the sum of PD, FE, FF. 

A 




From P draw PA, FB, FC to the angles A, B, C. 
Then the triangle ^^C is equal to the three triangles FAB, FBC, 
FCA. 
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But since every rectangle is double of a triangle of the same badW* 
and altitude, (i. 41.) '^' 

therefore the rectangle AG, JBC,ia equal to the three rectangles 
AB, PJD; AC, PF&nd BO, PE. ; I^ 

Whence the line -4 G' is equal to the sum of the lines PD, PE^ -P-F 
If the point P fall on one side of the triangle, or coincide with ^ : * *1 
then the triangle ^^6* is equal to the two triangles APC, JBPu£ : 
whence AG is equal to the sum of the two perpendiculars PD, JPJP. 
If iJie point P fall without the base JBC of the triangle : 

then the triangle ABC is equal to the difference between the sum 
of the two triangles APC, BPA, and the triangle PCB. j 

Whence AG is equal to the difference between the sum of JPJD^ 
PF, and PJE. 

L 1 

6. If the straight line AB be divided into two une(|ual parte xm 
Dj and into two unequal parts in E, the rectangle contained by .dLflS 
EB, will be greater or less than the rectangle contained by AD, JEkJB, 
according as ^ is nearer to, or further from, the middle point of ^£^ 
than 2). ' 

7. Produce a given straight line in such a manner that the square I 
on the whole line thus produced, shall be equal to twice the square on 
the given line. 

8. If AB be the line so divided in the points C and E, (fig. Hue*, 
n. 6.) Shew that ^i?«=4. CD* + 4. ^2). i>5. 

9. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 

10. Divide a line into two parts, such that the sum of their 
squares shall be double the square on another line. 

11. Shew that the difference between the squares on the two un- 
equal parts (fi^. Euc. ii. 9.) is equal to twice the rectangle contained 
by the whole Ime, and the part between the points of section. 

12. Shew how in all the possible cases, a straight Hne may m 
geometrically divided into two such parts, that the sum of their squarea ' 
shall be equal to a ^ven square. 

13. Divide a given straight line into two parts, such that Mh^ 
squares on the whole line and on one of the parts snail be equal to twic^J 
the square on the other part. « : 

14. Any rectangle is the half of the rectangle contained by the 
diameters of the squares on its two sides. 

15. If a straight line be divided into two equal and into two un- 
equal parts, the squares on the two unequal parts are equal to trwicse 
the rectangle contained hy the two unequal parts, together with ibur 
times the square on the line between the points of section. 

16. If tne points C, D be equidistant from the extremities of the 
straight line AB, shew that the squares constructed on AD and ^Q 
exceed twice the rectangle AC, AD hy the square constructed on CD. \ 

17. If any point be taken in the plane of a parallelogram irom 
which perpendiculars are let fall on the diagonal, and on the sideft 
which mclude it, the rectangle of the diagoneu and the perpendicular 
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itt it, ifl equal to the sum or difference of the rectangles of the sides 
Liid the perpendiculars on them. 

-.18. ABCB is a rectangjilar parallelogram, of which -4, C are 
ftpposite angles, B any point in J?CJ i^any point in CJ>. Prove that 
moie the area of the tnangle AEF togeuier with the rectangle BE^ 
WyP is equal to the parallefogram A C. 

n. 

19. Shew how to produce a given line, so that the rectangle oon- 
:ained by the whole line thus produced, and the produced part, shall be 
»qnal to the sauare (1) on the given line (2) on the paitproduced. 

20. li in the figure Euc. ii. 11, we jom BF and CflTand produce 
Cf to meet ^J*in X, CL is perpendicular to BF 

21. If a line be divided, as in Euc. n. 11, the squares on the whole 
like and one of the parts are together three times the square on the 
o^er part 

22. If in the fig. Euc. n. 11, the points JP*, D be joined cutting 
ABB, OEKinf, d respectively; then shall Ff^Dd. 

m. 

28. If from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, the squares on the distances 
between the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle. 

24. ABC is a triangle of which the angle at Cis obtuse, and the 
angle at ^ is half a right angle : D is the middle point of AB^ and CE 
is drawn perpendicular to AB, Shew that the square on AC la double 
of the squares on AD and DE. 

25. If an angle of a trian&^le be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equal to the 
squares on the sides containing it, together with the rectangle con- 
tained bythose sides. 

26. The square described on a straight line drawn from one of 
the angles at the base of a triangle to the middle point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part of 
it, or of it produced, which is intercepted between the same angle ukI 
a perpendicular drawn from the vertex. 

27. ABC IB A triangle of which the angle at C is obtuse, and the 
angle at B is half a right angle : D is the middle point of AB, and 
CE is drawn perpendicular to AB. Shew that the square on JtC it 
double of the squares on AD and DE, 

28. Produce one side of a scalene triangle, so that the rectangle 
under it and the produced part may be equfd to tiie difference of m 
squares on the otner two sides. 

29. Given the base of any triangle, the area, and the line bisecting 
the base, construct the triangle. 
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IV. 

30. Shew fhjat ^e si^aaie on the hypotenuse of a right-angi^ct 
triangle, is equal to four times the area of the triangle together with 
tiie square on the difference of the sides. '^ 

31. In the triangle ABC, if AD be the perpendiciilar let ^^n 
upon the side BC; then the sauare on J[C together with the rectangle 
contained by BC, BD is equal to the square on AB together with 
the rectangle CB^ CD. 

32. ABC is a triangle, right angled at C, and CD is the pen>e|i- 
dicttlar let fall firom C upon AB ; if HK is equal to the sum or^e 
sides AC, CB, and LM to the sum of AB, CD, shew that the fitqmire 
on HK together with the square on CD is equal to the square on XtMm 

33. ABC 19 a triangle having the angle at ^ a right angle : it is 
required to find in AB a point P such that the square on AC may 
exceed the squares on aP and PC by half the square on AB, 

34. In a right-angled triangle, the square on that side which istiie 
greater of the two sides containing the right angle, is equal to the 
l^ctangle by the sum and difference of the other sides. 

35. The hypotenuse AB of a right-angled triangle ABC is ^- 
sected in the pomts D, JE; prove that if CD, CB be joined, the s^m 
of the squares on the sides of the triangle CDB is equal to two-thirds 
of the square on AB. 

36. From the hypotenuse of a rightrangled triangle portions are 
cut off equal to the adjacent sides : shew that the square on the middle 
segment is equivalent to twice the rectangle imder the extreme 
segments. 

V. , : 

37. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square 6n a 
side of the triangle by the rectangle contained by the segments of the 
base : and conversely. 

38. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle containea by 
that side and the segment of it intercepted between me perpendicular 
and base, is equal to the half of the square described upon the base. 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpendicu- 
lar is equal to me square on the line intercepted between the o&er 
equal angle and the perpendicular, together with twice the rectangle 
contained by the segments of that ;^ide. 

40. The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
square on either of the sides containing the obtuse ande. 

42. If AB, one of the sides of an isosceles triangle AB C be pro- 
duced beyond the base to D, so that BD-AB, shew that 

CD*=AB*^2.BC*. 



\ 
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43. If ABC be an isosceles triangle, and DE be drawn parallel 
to the base BC, and BB be joined; prove that P^'^^Cx D^i- CB\ 

44. If ABC be an isosceles triangle of which the angles at B and 
C are each double of ^ ; then the square on ^ C is equal to the square 
on ^C together with the rectangle contained by AC and BC. 

\L 

45. Shew that in a parallelogram the 8(^uares on the diagonals are 
equal to the sum of the squares on all the sides. 

46. IfABCD be any rectangle, A and C being opposite angles, 
«nd O any point either within or without the rectangle : 

OA*^OC*^OB\ODK 

47. In any quadrilateral figure, the sum of the squares on the 
diagonals together with four times the square on the line joining their 
middle points, is equal to the sum of the squares on sJl ^e sides. 

48. In any tzapezium, if the opposite sides be bisected, the sum 
of the squares on the other two sides, together with the sc^uares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points 6f 
bisection. 

49. The squares on the diagonals of a trapezium are together 
double the squares on the two lines joining tne bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
axe not parallel, and twice the rectangle contained by the sides which 
axe parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a triangle contained by its altitude and half 
the sum of the parallel sides. 

52. If a trapezium have two sides parallel, and the other two equal, 
•hew that the rectangle contained by the two parallel sides, together 
with the square on one of the other sides, will be equal to the square 
on the straight line joining two opposite angles of the trapezium. 

63. If squares be described on the sides of any triangle and the 
angular points of the squares be joined ; the sum of the squares on the 
eicfes of the hexagonal figure thus formed is equal to four times the 
gam of the squares on the sides of the triangle. 

vn. 

54.. Find the side of a square equal to a given equilateral triangle. 

55. Find a square which shaU be equal to the sum of two given 
rectilineal figures. 

56. To divide a given straight line so that the rectangle under its 
segments may be equal to a given rectangle. 

57. Construct a rectangle equal to a given square and having the 
difference of its sides equal to a given straight line. 

58. Shew how to flbscribe a rectangle e^ual to a given square, and 
having one of its sides equal to a given straight line. 
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DEFINITTONS. 
I. 

Equal circles are those of which the diameters are equal, or from 
tho eeiiters of which the straight lines to tlie circumferences are. 

equaL 

This is not a definition, but a theorem, the truth of which is evident; for, 
if the circles be applied to one another, so that their centers coincide, the 
circles must IDcewise coincide, since the straight lines from the centers are 
equal. 

n. 

A straight line is said to touch a circle when it meets the circle, 
aad being produced does not cut it. 




in. 

Circles are said to touch one another, which meet, but do not cut 
one another. 

IV. 

Straight lines are said to be equally distant from the center of a 
circle, limen the perpendiculars drawn to them from the center ara 
equal. 




V. 

And the straight line on which the greater perpendicular falls, is 
said to be furdier from the center. 

VI. 

A segment of a circle is the figure contained by a straight line, and 
the arc or the part of the circumference which it cuts off. 
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vn. 

The cingle of a segment is that which is contained by a straight 
line and a part of the circumference. 

VUL 

An angle in a segment is any angle contained by two straight lines 
drawn from any point in the arc of uie segment, to the extremities of 
the straight line which is the base of the segment 

IX. 

An angle is said to insist or stand unon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 




A sector of a circle is the figure contained by two straight lines 
drawn from the center and the arc between them. 




XI. 

Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 




^\ 
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PROPOSITION I. PROBLEM. 

To find the center of a given eirele. 

Let ABC he the given circle : it is required to find its cent^. 




Draw within it any straight line AB to meet the circumference in 
Af B; and bisect AB in JD; (l 10.) from the point D draw DC at 
right angles to AB, (i. 11.) meeting the circumference in C, produce 
CD to j§ to meet the circumference again in JEj and bisect C£ in -P. 

Then the point F shall be the center of the circle ABC. 
For, if it be not, if possible, let O be the center, and join GA, GD, GB. 
Then, because DA is equal to DB, (constr.) 
and DG common to the two triangles ADG, BDGy 
the two sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is equal to tiie base GB, (l. def. 15.) 
because they are drawn from the center G : 
therefore the angle ADG is equal to the angle GDB : (l. 8.) 
but when a straight Hne standing upon another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle ; (L def. 10.) 

therefore the angle GDB is a right angle : 

but FDB is likewise a riffht angle ; Tconstr.) 

wherefore the angle FDB is equal to the an^le GDB, (ax. 1.) 

the greater angle equal to the less, which is impossible ; 

therefore S is not the center of the circle ABC. 

In the same manner it can be shewn that no other point out of the 

line CF is the center ; 

and since CF is bisected in F, 
any other point in CF divides CF into unequal parts, and cannot 
be the center. 

Therefore no point but JPis the center of the circle ABC. 

Which was to be found. 
Ck>R. From this it is manifest, that if in a circle a straight line 
bisects another at right angles, the center of the circle is in the line 
which bisects the other. 



PROPOSITION II. THEOREM. 

Xf any ttoo points be taken in the circumfei^ence of a circle, the ^rcnighi 
line which joins them shall fall within the circle. 

Let ABChesL circle, and A, B any two points in the circumference- 
Then the straight line drawn from AtoB shall fall within the circle. 
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For if ^ J9 do not fall within the circle, 

let it fall, if possible, without the circle as AEB\ 

find D the center of the circle ABCf (ill. 1.) and join DAy BB ; 

in the circumference AB take any point Fj 

join DFy and produce it to meet AB in E, 

Then, because DA is equal to D-B, (i. def. 15J 

therefore the angle DBA is equal to the angle DAn\ (l. 5.) 

and because AE, a side of the triangle DAE, is producea to B, 

the exterior angle DEB is greater than the interior and opposite 

angle DAE) (l. 16.) 

but DAE was proved to be equal to the angle DBE; 

therefore the angle DEB is greater than the angle DBE ; 

but to the greater angle the greater side is opposite, (l. 19.) 

therefore DB is greater than DJy : 

but DB is equal to DF; (i. def. 15.) 

wherefore JDF is greater than DE, 

the less than the greater, which is impossible ; 

therefore the straight line drawn from AtoB does not fall without 

the circle. 
In the same maimer, it may be demonstrated that it does not fall 
upon the circumference ; 

therefore it falls within it. 
Wherefore, if any two points, &c. Q. E. D. 

PROPOSITION m. THEOREM. 

Jf a straight line drawn through the center of a circle bisect a straight 
line in it tohich does not pass through the center, it shall cut it at right 
angles : and conversely, if it cut it at right angles, it shall bisect it. 

Let ABC he a circle ; and let CD, a straight line drawn through 
the center, bisect any straight line AB, which does not pass througt 
the center, in the point F. 

Then CD shall cut AB at right angles. 




Take J^the center of the circle, (ni. 1.) and join EA, EB, 

Then, because AF\& equal to FB, (nyp.) 

and FE common to the two triangles AFE, BFE, 

g2 
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there are two sides in the one equal to two sides in the otlter, each 
to each ; 

and the base EA is equal to the base EB ; (i. def. 15.) 
therefore the angle AFE is equal to the angle EFE; (l. 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, 

each of them is a right angle ; (l. def. 10.^ 
therefore each of the angles AFE, BFE, is a rignt angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another AB that does not pass through the center, cuts the same at 
right angles. 

Conyersely, let CD cut AB at right angles. 
Then CD shall also bisect AB, that is, AF shall be equal to FB. 

The same construction being made, 
because, EB, EA, from, the center are equal to one another 
(I. def. 16.) 

therefore the angle EAF]& equal to the angle EBF; (i. 5A 
and the right angle AFEia equal to the right angle BFE ; (i. det. 10.) 

therefore, in the two triangles, EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each; 
and the side EF, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore the other sides are equal ; (i. 26.) 

therefore ^2^ is equal to FB. 
Wherefore, if a straight line, &c. a E. D. 

PROPOSITION rV. THEOREM. 

If in a circle two atraiffht lines cut one another, which do noi both pats 
through the center, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it which 
cut one another in the point E, and do not both pass through the center. 
Then AC, BD, shall not bisect one another. 




For, if it be possible, let ^^ be eaual to EC, and BE to ED. 

If one of the lines pass tnrough the center, 
it is plain that it cannot be bisected by the other which does not 
pass through the center : 

but u neither of them pass through the center, 

find J^the center of the curcle, (ill. 1.) and join EF. 

Then becaiUse FE, a straight line drawn through the center, biseots 

another A C which does not pass through the center, (hyp.) 

therefore FE cuts AC&t right angles : (ni. 3.) 

wherefore FEA is a right angle. 
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Again, because the straight line FE bisects the straight line BD^ 
which does not pass through the center, (hyp.) 

therefore FE cuts BD at right angles : (ni. 3.) 

wherefore FEB is a right angle : 

but FEA was shewn to be a right an^e ; 

therefore 4he angle FEA is equal to the angle rEB^ (az« 1.) 

the less equal to the greater, which is impossible : 

therefore A C, BD do not bisect one another. 

Wherefore, if in a circle, &c. Q. e.d. 

PROPOSITION V. THEOREM. 

ly two eircki cut one another, they ehaU not haoe the eame center. 

Let the two circles ABC, CDG, cut one another in the points B, C 

They shall not have the same center. 




B 

If possible, let J? be the center of the two circles ; join EC, 

and draw any straight line EFQ meeting the circumferences in J*and G. 

And because E is the center of the circle ABC, 

therefore ^i^is equal to EC: (l. def. 15.) 

again, because E is the center of the circle CDO, 

therefore EG is equal to ECi (l. def. 15.) 

but ^i^was shewn to be equal to EC; 

therefore j^i^is equal to JSG, (ax. 1.) 

the less line equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDO, 

Wherefore, if two circles, &o. Q.E.D. 

PROPOSITION VI. THEOREM. 
Jf one eifole touch another mtemaUy, they ahall not have the eatne center. 

Let the circle CDE touch the circle ^^C internally in the point C. 

They shall not haye the same center. 

c 




If possible, let Fhe the center of the two circles : join FC, 

and draw any straight line FEB, meeting the circumferences in E and B. 

And because F is the center of the circle ABC, 

FB is equal to FC; (l. def. 15.) 
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alsOi bocnuee Fis the center of the circle CD£, 

FE is equal to FCi (l. def. 16.) 

but FB was shewn to be equal to PC\ 

therefore FF is equal to FB^ (ax. 1.) 

the less line equal to the greater, which is iinpofsible : 

therefore F is not the center of the circles ABOy CX>E, 

Therefore, if two circles, &c, Q.E.D. 

PROPO&moN vn. thborbm. 

If any point he takm in the diameter t^ a eirele uhich is not the center, 
of all the straight lines which can be drawn from it to the circumference, 
the greatest is that in which the center is, and the other part of that 
diameter is the least; and, of the rest, thai which is nearer to the 
line which passes through the center is always greater than one more remote : 
aixdfrom tJie same point there can be drawn only two equal straight lines 
to the circumference one upon each side of the diameter. 

Let A BCD be a circle, a^d AD its diameter, in which let any point 
F be taJten which is not the center : 

let the center be F. 
Theif, of all the straight lines FB, FC, FG &c. that can be drawn 
from F to the circumference, 

FA, that in which the center is, shall be the greatest, 
and FD, the other part of the diameter AD, shall be the least : 
and of the rest, FB, the nearer to FA, shall be greater than FC 
the more remote, and FC greater than FO, 



B A 




Join BE, CE, QE. 

Because two sides of a triangle are greater than the third side, (i. 20.) 

therefore BE, EF are greater than BFi 

but AE is equal to BE; (i. def. 15.) 

therefore AE, EF, that is, ^i^is greater than BF. 

Again, because BE is equal to CE, 

and FE common to the triangles BEF, CEF, 

the two sides BE, EFaxe equal to the two CE, EF, each to each ; 

but the ancle BEF is ^eater than the anele CEF; (ax. 9.) 

therefore the base J52^is greater than the base CF. (i. 24.) 

For the same reason CFis greater than OF. 

Again, because OF, FE are greater than EG, (i. 20.) 

and EG is equal to ED ; 

therefore GF, FE are greater than ED : 

take away the common part FE, 

and the remainder GF is greater than the remainder FD, (ax. 6.) 
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TherafoEBi FA it the ereE^et, 
and ^2) tlie least of all the Htraight linea from F to the circumfeKnce ; 
and BF is areater than CF, and CF than G J". 
Also, there can be drawn only two equal straight line* iKaa the 
pcnnt F to tie ciroumference, one npon each side of the diameter. 

At the point E, in the straight line EF, make Hie angle FEK 
equal ta the angle FEO, (l. 23.) and join FB. 

Then, because QE U equal to EH. fi. def. 16J 

and ^F common to the two triangles QEF, HEP; 

the two sides GE, EFaif> equal to the two HE, EF, each to each , 

and die angle OEFis equal to the angle SEF; (tonstr.) 

therefore the base FQ is equal to the base FS: (I. 4.) 

but, besides FH, no other straight line can be drawn from F to the 

aircumferenoe equal to F6 : 

for, ifposeible, let it be F£: 

and because FKa equal to FG, and FO to FH, 

therafbre FKis equal to FH; (as. I.) 

that is, a line near^ to that which passes thrcH^h the centir, if equal 

to one which is more remote ; 

which has been proved to be impoauUe. 
Therefore, if any point be taken, &C. 41.B.D. 

PROPOSITION Vni. THEOREM. 
If any poM he lakm wUhoul a oirch, and straight Una b» dntunfron 
it to the eiramfennce, whtreof ona poiiej through the center ; of thoie 
which f!^ uprm the coiKave part of t/ia eireamftreaee, the greateit it IhiU 
lehieh pateee through the center ; and of the reit, that which ti nearer to the 
one patting through the center >> uhcayt greater than one more remote : but 
ofthoie ichich fall upon the convex part of the circumference, the leatt is 
that beUeeen the point without the circle and the diameter ; and of the rett. 
thai inhich it nearer to the leatt it ahcayt leit than one more remote ; and 
only two equal ttraight Uneican be drawn from the tnne point to the circum- 
ference, one upon each tide of the line \ehieh paitet through the center. 

Let ABC be a circle, and D a^ point without it, from which let 
tlie strai^t lines BA, DE, DF, DC\x drawn to the cireumference, 
whereof i?^ passes through tlie center. 
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and any line nearer to it shall be ^eater than one more remote, 
yiz. DE shall be greater than DF, and DjP^eater than DC; 
but of those which fall upon the convex part of the circumference HLKG^ 
the least shall he DG between the point D and the diameter AQ ; 
and any line nearer to it shall be less than one more remote, 
viz. DK less than DX, and DL less than DH, 
Take Jf the center of the circle ABC, (ill. 1.) 
and join ME, MF, MC, MK, ML, MH. 
And because ^3f is equal to ME, 
add MD to each of these emials, 
therefore AD is equal to EM, MD : (ax. 2.) 
but EM, MD are greater than ED ; (I. 20.) 
therefore also AD is greater than ED, 
Again, because ME is equal to MF, and MD common to the tri- 
angles EMD, FMD ; EM, MD, are equal to FM, MD, each to each; 
but the angle EMD is greater than the angle FMD ; (ax. 9.) 
therefore the base ED is greater than the base FD. (i. 24.) 
In like manner it may be shewn that FD is greater than CD, 

Therefore DA is the greatest; 

and DE greater than DF, and DJF" greater than DC, 

And, because MK, KD are greater man MD, (l. 20.) 

and MK is equal to MG, (l. def. 15.) 

the remainder KD is greater than the remainder GD, (ax. 5.) 

that is, GD is less than KD : 
and because MLD is a triangle, and from the points M, D, the 
extremities of its side MD, the straight lines MK, DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than ML, ZD: (i. 21.) 

but MK is equal to ML ; (i. def. 15.) 

therefore, the remainder DK is less than the remainder DL, (ax. 5.) 

In like manner it may be shewn, that DL is less than DH. 
Therefore, DG' is the least, and DK less than DL, and DL less 
thanDJT. 

Also, there can be drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the line which 
passes through the center. 

At the point M, in the strai^t line MD, 
make the angle DMB equal to the angle DMK, (i. 23.) and join DB. 
And because MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each ; 
and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base DKi% equal to the base DB : (i. 4.) 
but, besides DB, no straight line equal to DK can be drawn from D 
to the circumference, 

for, if jjossible, let it be DN; 

and because DK is equal to DN, and also to DB, 

therefore DB is equal to DN; 

that is, a line nearer to the least is equal to one more remote, 

which has been proved to be impossible, 

K therefore, any point, &c. Q.E.D. 
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PROPOSITION IX. THEOREM. 

If a point be taken teithin a circle, from which there faU more than 
two equal straight Unea to the drctanference, that point ia the center of the 
circle. 

Let the pomti)be taken within the circle ^^C, from which to the circum- 
ference there fall more than two equal straight lines, viz. DA, DB, DC. 
Then the point D shall oe the center of the circle. 




A B 



For, if not, let S, if possible, he the center : 
join DJS, and produce it to meet the circumference iaF, Gf 
then FO is a diameter of the circle ABC: (i. def. 17.) 
and because in FO, the diameter of the circle A^C, there is taken 
the point D, which is not the center, 
therefore DO is the greatest line drawn from it to the circumference, 
and DCis greater than DB, and DB greater than DA : (ill. 7.) 
but these lines are likewise equal, (hyp.) which is impossible : 
therefore J^ is not the center of the circle AiC 
In like manner it may be demonstrated, 
that no other point but D is the center ; 
D therefore is the center. 
Wherefore, if a point be taken, &c. q.e,d. 

PROPOSITION X. THEOREM. 

One circumference of a circle cannot cut another in more than two points. 

If it be possible, let the circumference ABC cut the circumference 
D^JPin more than two points, viz. in B, Q, JFV 




Take the center Jf of the circle ABC, (nr. 3.) and loin KB, KG, KF, 
Then because K is the center of the circle ABC, 
therefore KB, KG, KFaxe all e qu al to each other: (I. def. 15.) 
and because within the circle DWF there is taken the point K, from 
which to the circumference DJBF fall more than two equal straight 
lines KB, KG, KF; 

therefore the point K is thfip center of the circle DBF: (III. 9.) 
but Kis also the center of the circle ABC; (constr.) 

g5 
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therefore tlie same point is the center of two droles that cut one 
another, which is impossible, (in. 5.) 
Therefore, one circumference of a circle cannot cut another in more 
than two points. Q.E.D. 

PROPOSITION XI. THEOREM. 

If one circle touch another iniemaUy in any point, the etraight line 
which joint their centers being produced, shall pctea through that point of 

contact. 

Let the circle u42>J^ touch the circle ^ J? (7 internally in the point A ; 

and let JF'be the center of the circle ABC, and G the center of the 
circle ADE\ 
then the straight line which joins the centers JP, Of being produced, 

shall pass through the point A, 




For, if FG produced do not pass through the jpoint A, 
let it fall otherwise, if possible, as FGDH, and jom AF, AG, 
Then, because two sides of a triangle are together greater than the 
third side, (i. 20.) 

therefore FG, GA are greater than FA i 

but FA is equal to FH; (I. def. 15.) 

therefore FG, GA are greater than FMi 

take away from these unequals the common part FG ; 

therefore the remainder AG is greater than the remainder GS; (a^.5.) 

but AG\& equal to GD\ (L def. 15.) 

therefore GD is greater than GH, 

the less than the ^eater, which is impossible. 

Therefore the straight line which joins the points F, G, being produced, 

cannot fall otherwise than upon the pomt A, 

that is, it must pass through it. 
Therefore, if one circle, &c. Q.E.D. 

PROPOSITION Xn. THEOREM. 

If two circha touch each other externally in awg point, the straight line 
tchich joins their centers, shall pass throitgh that point of contact. 

Let the two circles ABC, ADE, touch each other externally in the 
point A\ 

and let JPbe the center of the circle ^jBC, and G the center of AD JS. 
Then the straight line which joins the points F, G, shall pass througli 

the point oi contact A, 
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If not, 1^ it pns otherwise, if possible, as FOBG, and join FA, AG, 
And because i^is the center of the circle a£c, 

FA ia eqjoBl to FCi 
alsOi because G is the center of the circle ADE, 

GA is equal to GD: 
therefore FA, AG are equal to FC, DG ; (ax. 2.) 
wherefore the whole FG is greater tiian FA, AG: 
but FG is less ^an FA, AG; (i. 20.) which is Impossible : 
therefore the straight line which joins the points F, &, cannot pass 
otherwise Hian tiirough A the point of contact, 

that is, FG must pass through the point A. 
Therefore^ if two cireles, &o. Q. E. D. 

PROPOSITION Xra. THEOREM. 

One circle cannot touch another in more joints than one, whether it 
touches it on the inside or outside. 

For, if it be possible, let the circle J^J^P touch the circle ABC in 
more points than one, 

and first on the inside, in the points B, D, 





Join BD, and draw GH bisecting BD at right angles, (i. 11.) 

Because the points B, D are in the circumferences of each of tne circles, 

therefore tne straight line BD falls within each of them ; (in. 2.) 

therefore their centers axe in the straight line G'-ffwhich bisects BD 

at right angles ; (m. 1. Cor.^ 

therdbre (rJT passes througn the point of contact: (ni. 11.) 

out it does not pass through it, 
because the points B, D are without the straight line GH; 

which is absurd : 
therefore one circle cannot touch another on the inside in more points 
than one. 
Nor can two circles touch one another on the outside in more than 
one point. 

For, if it be possible, 
let the circle .4 CBT touch the circle ABC in the points A, Cj 

join AC. 
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Because the two points A, Care in the dromnference of the circle 
ACK, 

therefore the straight line A C which joins them, &lls within the circle 
ACK: (III. 2.J 

but the circle AOK is without the circle ABC; (hyp.) 

therefore the straight line ^ C is without this last circle : 

but, because the points A, C are in the circumference of the circle ABC, 

the straight line A C must be within the same circle, (ill. 2.) 

which is absurd; 
therefore one circle cannot touch another on the outside in more than 

one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than one. 

Therefore, one circle, &c. Q.E.D. 

PROPOSITION XrV. THEOREM.* 

Eqttal straight lines in a circle are equaUy distant from the center; 
and conversely f those which are equally distant from the center, are equal 
to one another. 

Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another. 

Then AB and CD shall be equally distant from the center. 

c 




Take E the center of the circle ABDC, (ni. 1.) 
from E draw EF, EG perpendiculars to AB, CD, (l. 12.) and join 

EA, EC 
Then, because the straight line EF passing through the center,^ 
cuts AB, which does not pass through the center, at right angles ; 
^i^ bisects AB in the point Fi to. 3.) 
therefore ^2^ is equal to FB, and AB aouble of AF, 
For the same reason CD is double of CO : 
but AB is equal to CD : (hyp.) 
therefore AF\% equal to CG. (ax. 7.) 
And because AE is equal to EC, (l. def. 15.) 
the square on AE is equal to the square on ECi 
but the «quares on AF, FE are equal to the square on AE, (l. 47.) 
because the angle AFE is a right angle ; 
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and for the same reason, the squares on EG, OCaxe equal to the 

square on JEC; 
therefore the squares on AF, FE are equal to the squares on CO, 
QE: (ax. 1.) 

but the square on AFia equal to the square on CO, 
because ^J^is equal to CG; 
therefore the remaining square on EF is equal to the remaining 
square on EG, (ax. 3.) 
and the straight line EFia therefore equal to EG: 
but straight lines in a circle are said to be equally distant from the 
center, when the perpendiculars drawn to them irom the center are 
equal : (lH. def. 4.) 

therefore A^, CD are equally distant from the center. 
Conyersely, let the straight lines AB, CD be equally distant from 
the center, (ill. def. 4.) 

that is, let FE be equal to EG ; 

then A3 shall be equal to CD, 

For the same construction being made, 

it may, as before, be demonstrated, 

that AE is double of AF, and CD double of CG, 

and that the squares on FE, AFsne equal to the squares on. EG, GC: 

but the square on FE is equal to the square on EG, 

because FE is equal to EG; (nyp.) 

therefore the remaining square on AF is equal to uxe remaining square 

on CG : (ax. 3.J 

and the straight line ^jPis therefore equal to CG: 

but AB was shewn to be double of AF, and CD double of CG ; 

wherefore AB is equal to CD. (ax. 6.) 

Therefore equal straight lines, &c. Q.E.D, 

PROPOSITION XV, THEOREM. 

The diameter is the greateet ttraight line in a drde ; and of the reet, 
that vfhich ie nearer to the center is always greater than one more remote: 
and conversely the greater is nearer to the center than the less. 

Let AB CD be a circle, of which the diameter \&AD, and the center E ^ 

and let BChe nearer to the center than FG. 
Then AD shall be greater tlian any straight line BC, which is not 
diameter, and .B (7 shall be greater than FG, 

A B 




Prom E draw Eff, perpendicular to BC, and EK to FG, (i. 12.) 

and join EB, EC, EF. 

And because AE is equal to EB, and ED to EC, (i. def. 15.) 

therefore ADk equal to EB, EC: (ax. 2.) 

but EB, EC are greater than BC; (i. 20.) 

wherefore also AD is greater than BC> 
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And, because SO is nearer to the center than FG, (h^*p.} 
therefore j^iTis less than UK: (ill. def. 5.) 
but, as was demonstrated in the_preceding proposition, 
^C is double of BH, and FG double of FK, 
and the squares on Eff, SB are equal to the squares on FK, KFi 
but the square on EH is less than the square on EK^ 
because ^jETis less than EK; 
therefore the square on ^JJis greater than the square on FK, 
and l£e straight line iS greater than FK^ 
and thererore BC is greater than FG. 
Next let BChe greater than FG ; 
then ^C shall be nearer to the center than FG, that is, the same con- 
struction being made, EH shall be less than EK. (m. def. 5.) 

Because BCi% greater than JPG', 
BH likewise is greater than KFi 
and the squares on BHf HE are equal to the squares on FK, KE 
of which the square on ^JJis greater than tne square on FK, 

because BH]a greater than FKi 

therefore the square on EH is less than the square on J^JT, 

and the straight line ^^less than EK: 

and therefore BOb nearer to the center than FG. (ill. def. 5.) 

Wherefore the diameter, &c. Q.E.D. 

PROPOSITION XVI. THEOREM. 

The straight line drawn at right angles to the diameter of a circle, Jrom 
the extremity of it, falls tvithoutthe circle ; and no straight line can be drawn 
from the extremity between that straight line and the circumference, so as not 
to cut the circle : or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so small an angle 
with the straight line which is at right angles to it, as not to cut the circle. 

Let ABC he a circle, the center of which is J), and the diameter AB, 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fall without the circle. 




For, if it does not, let it fall, if possible, within the circle, as AC; 

and draw DC to the point C, where it meets the circumference. 

And because DA is equal to DC, (i. def. 15.) 

the angle DA C is equal to the angle A CD : (i. 6.) 

but DACis a right angle ; (hyp.) 

therefore A CD is a right angle ; 

and therefore the angles DAC, A CD are equal to two right angles; 

which is impossible : (l. 17.) 
therefore the straight line drawn from A at right angles to BA, does 
not fall within the circle. 



BOOK III. PBOP. XVII. 185 

I 

In the same maimer it may be demonstrated, 
that it does not fall upon the circumference ; 
therefore it must fall without the circle, as AJE. 
Also, between the straight lioe ^^and the circumjference, no straight 
line can be drawn from the point A which does not cut the circle. 
For, if possible, let AF fall between them, 

FE 




and from the point D, let DG be drawn perpendicular to AF, (i. 12.) 

and let it meet the circumference in S. 

And because A GD is a right angle, 

and DAG less than a right asigle, (I. 17.) 

therefore DA is greater than JDG : (l. 19.) 

but DA is equal to DH; (i. def. 15.) 

therefore DHis greater than DG, 

the less than the greater, which is impossible : 

therefore no straight line can be drawn from the point A, between 

AF and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point A, or however 
small an angle it makes with AF, the circumference must pass be- 
tween that straight line and the perpendicular AF. q.e.d. 

Cor. From this it is manliest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle ; (ill. def. 2.) and that it touches it only in one 

!»oiiit, because, if it did meet the circle in two, it would fall within it. 
III. 2.) " Also, it is evident, that there can be but one straight line 
which touches the circle in the same point." 

PROPOSITION XVII. PROBLEM. 

To draw a straight line from a given point, either toithout or in the cir- 
annference, which shall tottch a given circle. 

First, let A be a given point without the given circle BCD ; 
it is required to draw a straight line from A which shall touch the circle. 




Find the center F of the circle, (ui. 1.) and join AF; 
and from the center F, at the distance FA, describe the circle AFG ; 
from the point D draw DFbX right angles to FA, (i. 11.) meeting 
the circumference of the circle AFG in F; 

and join FJBF, AF. 
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Then AB shall touch the circle BCD in the point B, 
Because J^is the center of the circles BCD, AFG. (i. def. 15.) 

therefore HA is equal to BF, and BD to BB ; 
therefore the two sides AB, BB, are equal to the two FJE, ED, 

each to each : 
and they contain the angle at E common to the two triangles AJEB, 
FBD', 
therefore the base DF is equal to the base AB, (i. 4.) 
and tibe triangle FED to the triangle ABB, 
and the other angles to the other angles : 
therefore the angle EBA is equal to the angle EDF: 
but EDF is a right angle, (constr.) 
wherefore EBA is a right angle : (ax. 1.) 
and EB is drawn from the center : 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle : (ill. 16. Cor.) 
therefore AB touches the circle i 
and it is drawn from the given point A. 
Secondly, if the given point be in the circumference of the circle, 

as the point D, 

draw DE to the center E, and DFat right angles to DE: 

then DJP touches the circle, (ni. 16. Cor.) Q.E.F. 

PKOPOSniON XVIII. THEOREM. 

If a straight Une touoh a circle, the straight line drawn from the center to 
the point of contact, shall be perpendicular to the line touching the circle. 

Let the straight line DE touch the circle ABCm the point C; 

take the center F, and draw the straight line FC, (ill, 1.) 

Then FC shall be perpendicular to DE 




C OE 

If PC be not perpendicular to DE; from the point F, if possiblei> 
let FBG be drawn perpendicular to DE. 

And because FGCia a right angle, 

therefore GCFia an acute angle; (i. 17.) 

and to the greater angle the greater side is opposite : (l. 19.) 

therefore l^Cis greater than JW: 

but FCis equal to FB ; (i. def. 15.) 

therefore FB is greater than FG, 

the less than the greater, which is impossible : 

therefore FG is not perpendicular to DE. 

In the same manner it may be shewn, 

that no other line is perpendicular to DE besides FCf 

that is, FC is perpendicular to DjE. 

Therefore, if a straight line, &c. Q. E. D. 
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PROPOSITION XIX. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line be dravm at right angles to the touching line, the center of the circle shall 
be in that Une, 

Let the straight line DJE touch the circle ABC'm C, 

and from C let CA he drawn at right angles to DB, 

Then the center of the circle shall he in CA, 




For, if not, let Fhe the center, if possible, and join CF. 

Because DS touches the circle ABC, 

and FC is drawn from the center to thejpoint of contact, 

therefore FC is perpendicular to DJa; (ill. 18.) 

therefore J^CE is a right angle : 

but A CE is also a right angle ; (hyp.) 

therefore the angle FCE is equal to the angle A CE, (ax. 1.) 

the less to the greater, which is impossible : 

therefore jPis not the center of the curcle ABC 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center; 

that is, the center of the circle is in CA, 

Therefore, if a straight line, &c. Q. E. D. 

PROPOSITION XX. THEOREM. 

The angle at the center of a circle is double of the angle at the drcumfer' 
ence upon the same base, that is, upon the same part of the eiroumferenee. 

Let ^^Cbe a circle, and BEC an angle at the center, and BA C 
an angle at the circumference, which haye ^Cthe same part of the 
circumference for their base. 

Then the angle BEC shall be double of the angle BA C. 




Join AE, and produce it to F, 
First, let the center of the circle be within the angle BAC 

Because EA is equal to EB, 

therefore the angle EBA is equal to the angle EAB ; (l. 5.) 

therefore the angles EAB, EBA are double of the angle EAjB : 

but the angle BEFis equal to the angles EAB, EBA ; (i. 32.) 
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therefore also the angle BEF is double of the angle EAB : 

for the same reason, the angle FECis double of the angle EAC: 

therefore the whole angle EEC is double of the whole angle EA C. 

Secondly, let the center of the circle be without the angle EAC. 




It may be demonstrated, as in the first case, 
that the angle EEC is double of the angle FA C, 
and that FEE, a part of the first, is double of FAEj a part of the other ; 
therefore the remaining angle EECib double of the remaining 
angle EAC. 

Therefore the angle at the center, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 
The angles in the same segment qfa cirek are equal to one another. 

Let AECD be a circle, 

and BAD, BED angles in the same segment BAED. 

Then the angles BAD, BED shall be equal to one another. 

First, let the segment BAED be greater than a semicircle. 

A B 




Take F, the center of the circle ABCD, (in. 1.) and join BF, FD. 
Because the angle BED is at the center, and the angle BAD at 
ihe circumference, and that .they have the same part of the circum- 
ference, viz. the arc BCD for their base ; 
therefore tlie angle BED is double of the fngle BAD : (m. 20.) 
for the same reason the angle BED is double of the angle BED : 
therefore the angle BAD is equal to the angle BED, (ax. 7.) 
Next, let the segment BAED be not greater than a semicircle. 

A£ 




Draw -42^ to the center, and produce it to C, and join CE^ 

Because ^ C is a diameter of the circle, 

therefore the segment B ADC is greater than a semicircle ; 

and the angles in it BA C, EEC are equal, by the first case : 
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for die same reason, because CBED is greater than a semidrele, 

the angles CAD, CED, are equal : 

therefore the whole angle BAD is equal to the whole angle BED. (ax. 2.) 

Wherefore the angles in the same segment, &o. Q. B.D. 

PROPOSITION XXIL THEOREM. 

The opposite angles of any qmdfilaterdl figure inscribed in a eircley are 
together equal to two right angles. 

Let ABCB be a quadrilateral figure in the circle ABCD. 
Then any two of its opposite angles shall together be equal to two 
right angles. 

C 




Join A C, BD. 
And because the three angles of every triangle are equal to two 
right angles, (I. 33.) 

the three angles of the triangle CAB, viz. the angles CAB, ABC, 

BCAj are equal to two right angles : 
but the angle CAB is equal to the angle CBB, (iTl. 21.) 
because they are in the same segment CDAB; 
and the angle A CB is equal to the angle ADB, 
because they are in the same segment ADCB : 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADC: (ax. 2.) 

to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angles ABC, ADC: ^ax. 2.) 
but ABC, CAB, BCA, are equal to two right angles ; 
therefore also the angles ABC, ADC axe equal to two nght angles. 
In the same manner, the angles BAD, DCB, may be shewn .to be 
equal to two right angles. 

Therefore, the opposite angles, &c. Q.E,D. 



PROPOSITION XXni. THEOREM. 

Upon the same straight line, and upon the same side of it, there earmot 
be two similar segments of circles, not coinciding tcith one another. 

If it be possible, upon the same straight line AB, and upon the 
same side of it, let there be two similar segments of circles, A CB, 
ADB, not ooinoiding with one another. 

D 
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Then, because the circumference A CB cuts the circumference ADB 
in the two points A, B, they cannot cut one another in any 
olher point : (in. 10.) 

therefore one of the segments must fall within the other : 

let A CB fall within ADB : 

draw the straight line BCD, and join CA, DA. 

Because the segment ACB is similar to the segment ADS, (hyp.) 

and that similar se8;ments of circles contain equal angles ; (ill. aef. 11.) 

therefore the angle ACB is equal to the angle ADBy 

the exterior angle to the interior, which is impossible, (i. 16.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the same line, which do not coincide. Q.E.D, 

PROPOSITION XXIV. THEOREM. 

Similar aegmerUa of circles upon equal straight lines, are equal to one another. 

Let AJEBf CFD be similar segments of circles upon the equal 
straight lines AB, CD, 

Then the segment ABB shall be equal to the segment CFD. 

E F 





A B CD 

For if the segment AEB be appHed to the se^ent CFD, 

so that the point A may be on C, and the straight Ime AB upon CD, 

then the point B shall coincide with the point D, 

because AB is equal to CD : 

therefore, the straight line AB coinciding with CD, 

the segment AEB must coincide with the segment CFD, (ill. 23.) 

and therefore is equal to it. (l. ax. 8.) 

Wherefore similar segments, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

A segment of a circle being given, to describe the circle of which it is the 
segment. 

Let ABC he the given segment of a circle. 

It is required to describe the circle of which it is the segment. 

Bisect AC ia D, (i, 10.)^ and from the point D draw DB at right 
an^es to AC, (l. 11.) and join AB. 

jPirst, let the angles ABD, BAD be equal to one another : 

B 



£Q 



A D 

then the straight line DA is equal to DB, (l, 6.) and therefore, to DC; 
and because the three straight lines Da, DB, DCsLre all equal, 

therefore D is the center of the circle, (ill. 9.) 
From the center D, at the distance of any of tne three DA, DB, 
DC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which ABC is a segment has been described : 
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and because the center Dia in AC, the segment ABC is a semicircle. 
But if the angles ABD, BAD are not equal to one another : 

E 

at the point A, in the straight line AB, 
make the a^le BAE equal to the angle ABD, (l. 23.) 
and produce BJS, if necessary, to meet ^^ in ^, and join EC 
Because the an^le ABE is equal to the angle BAE, 
therefore the straight line EA is equal to EB : (i. 6.) 
and because AD is equal to DC, and DE common to the triangles 
ADE, QBE, 

the two sides AD, DE, are equal to the two CD, DE, each to each ; 

and the angle ADe is eq^ual to the angle CDE 

for each of them is a right anele ; (constr.) 

therefore the base EA is equal to the base EC\ (i. 4.) 

but EA was shewn to be equal to EB : 

wherefore also EB is equal to EC\ (ax. 1.) 

and therefore the three straight lines EA, EB, ECoxe equal to one 

another : 

wherefore E is the center of the circle, (in. 9.) 
From the center E, at the distance of any of the three EA, EB, 
EC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which ABU is a segment, is described. 
And it is evident, that if the angle ABD be greater than the angle 
BAD, the center E falls without me segment ABC, which therefore 
is less than a semicircle : 

but if the an^e ABD be less than BAD, the center E falls within 
the segment AmC, which ia therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described 
of which it is a segment. Q. £. F. 

PROPOSITION XXVI. THEOREM. 

In equal circlet, equal angles itand upon equal area, whether the angles be 
ot the centen or drcumferencee. 

Let ABC, DEFhe equal circles, 

and let the angles BGC, EElF at their centers, 

and BA C, EDF at their circumferences be equal to each other. 

Then the arc BKC shall be equal to the arc ELF. 

A D 
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Join BC, ER 

And because the circles ABO^ DBF aire equal, 

the straight linea drawn from their centers are equal : (in. def. 1.) 

therefore me two sides BO, GC, are equal to the two EH, HFy ei^ 

to each : 

and the angle at G is equal to the angle at H\ (hyp.) 
therefore the base BC\& equal to the base EF, (L 4 J 
And because the an^le at A is eqifal to the an^e at I), (hyp.) 
the segment BA C is smiilax to the se^ent EDFi (ill. oef. 11.) 
and they axe upon equal straight lines BC, mFi 
but similar segments of circles upon equal straight lines, are equal to 
one another, (in. 24.) 

therefore the segment BACia equal to the segment EDFi 
but the whole circle ABC is equal to the whole DEF; (hyp.) 
therefore the remaining segment BXC is equal to the remaining seg- 
ment ELF, (l. ax. 3.) 

and the arc BKC to the arc ELF. 
Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXVn. THEOREM. 

In equal circles, the angles which stand upon equal arcs, are eqtuil to one 
another, whether they be ait the centers or circumferences. 

Let ABC, DEF he equal circles, 

and let the angles BGC, EmF at their centers, 

and the angles SaC, EDFdX their circumferences, 

stand upon the equal arcs BC, EF. 

Then the angle BGCt^hsXL be equal to the angle EHF, 

and the angle BA C to the angle EDF 





Kthe angle BGChB e^ual to the angle EHF, 
it is manifest that the angle BACib also equal to EDF. (ill. 20. and 
I. ax. 7.) 
But, if not, one of them must be greater than the other : 
if possible, let the angle BGC he greater than EHF, 
and at the point G, in the straight line BG, 
make the angle BOK equal to the angle EHF. (i. 23.) 
Then because the angle BGKis equal to the angle EHP, 
and that equal angles stand upon equal arcs, when they are at the 
centers ; (Ul. 26.) 

therefore the arc BE is equal to the arc EF: 

but the arc EFis equal to the arc BC; (hyp.) 

therefore also the arc BK is equal to the arc jSC, 

the less equal to the greater, which is impossible: (l. ax. 1.) 
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» 

therefore the angle SGCis not unequal to the angle BHF\ 

that is, it is eaual to it : 

but the angle at ^ is half of the angle BOCy (ni. 20.) 

and me angle at D, half of the ande EhFi 

therefore the angle at ^ is equal to the angle at D. (I. ax. 7.) 

Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXVin. THEOREM. 

In equal eircles, equal ttraight lines cut off equal arcs, the greater equal 
to the grecUeTy and the less to the less. 

Let ABCy DBF be equal circles, 
and BC, BF equal straight lines in them, which cut off the two greater 
arcs BAC, EDF, and the two less BOC, EHF, 
Then the greater arc ^-4 (7 shall be equal to the greater EDF, 
and the less arc 5 G'C to the less EHF, 





Take K,Ly thecenters of the circles, (iii. 1.) andjoin BK, KC, EL, LF, 

Because the circles ABC, DEFaxe equal, 

the straight lines from their centers are equal : (iii. def. 1.) 

therefore BK, KC are equal to EL, LF, each to each : 

and the base BC\a equal to the base EF, in the triangles B CK, EFL-, 

therefore the angle BKCis equal to the angle ELF: (i. 8.) 

but equal angles stand upon equal arcs, when they are at the 

centers : (ill. 26.) 

therefore the arc BOC ia equal to the arc EHF: 

but the whole circumference ABC is equal to the whole EDF; (hyp.) 

therefore the remaining part of the circumference, 

viz. the arc BA C, is equal to the remaining part EDF. (l. ax. 3.) 

Therefore, in equal circles, &c. q.e.d. 

PROPOSITION XXIX. THEOREM. 

In equal circles, equal arcs are subtended by equal straight lines. 

Let ABC, DEF he equal circles, 

and let the arcs BGC, EHF&ho be equal, 

and joined by the straight lines BC, EF. 

Tlien the straight line jBC shall be equal to the straight line EF, 

A D 
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Take K, X, (m. 1.) the centers of the circles, and join BK^KC^EL, LF. 

Because the arc JBOC is equal to the arc EHFt 

therefore the angle BKCis equal to the angle HLF: (ni. 27.) 

and because the circles ABC, D^F, are equal, 

the straight lines from their centers are equal; (ill. def. 1.) 

therefore BK, KC, are equal to EL, LP, each to each : 

and they contain equal angles in the triangles BCK, EFZ; 

therefore the base J?C is equal to the base EF» (I. 4.) 

Therefore, in equal circles, &c. Q.KD. 

PROPOSITION XXX. PROBLEM. 
To bisect a given arc, that is, to divide it into two equal parts. 

Let ADB be the f iven arc : 
it is required to bisect it. 

^^ 

A C B 

Join AB, and bisect it in C\ (l. 10.^ 

from the point C draw CD at right angles to AB. (l 11.) 

Then the arc AJDB shall be bisected in the point 2). 

Join AD, DB. 

And because AC is equal to CB, 

and CD common to the triangles A CD, BCD, 

the two sides AC, CD are equal to the two BC, CD, each to each j 

and the angle A CD is equal to the angle BCD, 

because each of them is a right angle : 

therefore the base AD is equal to the base BD. (i. 4.) 

But equal straight lines cut off equal arcs, (ill. 28.) 

the greater arc equal to the greater, and the less arc to the less ;' 

and the arcs AD, DB are each of them less than a semicircle ; 

because DC, if produced, passes through the center: (ui. 1. Cor.) 

therefore the arc AD is equal to the arc D^, 

Therefore the given arc ADB is bisected in D, Q. E.F. 

PROPOSITION XXXI. THEOREM. 

In a circle, the angle in a semicircle is a right angle ; htst the angle in a 
segment greater than a semicircle is less than a right angle ; and th^ angle 
in a segment less than a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is BC, and center JB, 
and let CA be drawn, dividing the circle into the segments ABC, A.DC. 

Join BA, AD, DC. 

Then the angle in the semicircle BA C shall be a right angle ; 

and the angle in the segment ABC, which is greater than a semicircle, 

shall be less than a right angle ; 
and the angle in the segment ADC, which is less than a semicircle, 
shall be greater than a right angle. 
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Join AEf and produce BA to F. 
First, because JBB is equal to EA, (l. def. 15.) 
the angle EAB is equal to EBA ; fl. 6.) 
also, because EA is equal to ECf, 
the angle J!?C^ is equal to EAC\ 
wherefore the whole angle ^^Cis equal to the two angles EBA, 
ECA ; (I. ax. 2.) 
but FA C, the exterior angle of the triangle ABCjiA equal to the two 
angles EBA, ECA ; (l. 32.) 

therefore the angle BACis equal to the anffle FAC; (ax. 1.) 
and therefore each of them is a right an^e: (l. def. 10.) 
wherefore the angle BA C in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABC are together less than two right angles, (I. 17.) 

and that BA C has been proved to be a right angle ; 
therefore ABC must be less than a right angle : 
and therefore the angle in a segment ABC greater thfui a semicircle, 
is less than a right angle. 

And lastly, because A BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are equal to two right angles : (iii. 22.) 
therefore the angles ABC, ADC, axe equal to two right angles : 
and ABC has been proved to be less than a right angle ; 
wherefore the other ADC is greater than a right angle. » 
Therefore, in a circle the angle in a semicircle is a right angle ; &c. Q.E.D. 
Cor. From this it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle : because the angle adjacent 
to it is equal to the same two ; (I. 32.) and when the adjacent angles 
are equal, they are right angles. (l. aef. 10.) 

PROPOSITION XXXn. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line he draton meeting the circle; the angles which this line makes with the 
line touching the circle shall be equal to the angles which are in the alter^ 
note segments of the circle. 

Let the straight line EF touch the circle ABCD in B, 
and from the point B let the straight line BD be drawn, meeting 
the circumference in D, and dividing it into the segments DCJ?, DAB, 
of which DCB is less than, and DAB greater than a semcircle. 

Then the angles which BD makes with the touching line EF, 
shall be equal to the angles in the alternate segments of the circle ; 
that is, the angle DBF shall be equal to the angle which is in the 
segment DAB, 

H 
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and the an^e DBE shnll be equal to the angle in the alternate 
segment 1)CB, 

A 




From the point JB draw JSA at right angles to EF, (l. 11.) meeting 
the circumference in A ; 

take any point Cin the arc DB, and join AD, DC, CB. 
Because the straight line JEF touches the circle A BCD in the 
point B, 

and BA is drawn at right angles to the touching line from the 
point of contact B, 

the center of the circle is in BA : (in. 19.) 
therefore the angle ADB in a semicircle is a right angle : (ni. 81.) 
and consequently the other two angles BAD, ABD, are equal to 
a right angle : (l. 32.) 

but ABF is likewise a right angle ; (constr.) 
therefore the angle ABF is equal to the angles BAD, ABDi (i. ax. 1.) 

take from these equals the common angle ABD : 

therefore the remaining angle DBFia equal to the angle BAD, (l. ax. 3.) 

which is in BDA, the alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, 

the opposite sjigleBBAD, BCD axe equal to two right angles: (III. 22.) 

but the angles DBF, DBF are likewise equal to two right angles ; 

(1.13.) 
therefore the angles DBF, DBF are equal to the angles BAD, 
BCD, (I. ax. 1.) 

and DBF has been proved equal to BAD ; 
therefore the remaining angle DBF is equal to the ansle BCD in 
BDC, the alternate segment of the circle. (l. ax. 2.) 
Wherefore, if a straight line, &c. Q.E.D. 



PROPOSITION XXXHL PROBLEM. 

XIpon a given straight line to describe a segment of a circle^ ^Mch shoB 
contain an angle equal to a given rectilineal angle. 

Let AB be the given straight line, 
and the angle C the given rectilineal angle. 
It is required to describe upon me given straight line AB, a segment 
of a circle, "which shall contain an angle equal to the angle C 

First, let the angle C be a right angle. 
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Bisect AB in F, (l. 10.) 
and firom the center JP, at the distance JPB, descnbe the semicircle ^JST^?, 
and draw AH^ BE. to any point H in the qircumference. 

Therefore the angle AMM in a semicircle is equal to the right 
angle C. (ill. 31.) 

But if the angle Cbe not a right angle : 



V 




r 




at the point A^ in the straight line AB^ 
make the angle BAD equal to the angle C, (i. 23.) 
and from the point A draw AB at right angles to AD \ (l. 11.) 

bisect AB in F, (l. 10.) 

and from F draw FG at rightiangles to AB^ (l. 11.) and join GB. 

Because AF is equal to F^^ and FG couHnon to the triangles 

AFG, BFG, 

the two sides AF, F-G we equjd to the two JSF, FG, each to each, 

and the angle AFG is equal to the angle BFG ; (i. def. 10.) 

therefore the base AG is, equal to the base GB; (i. 4*) 
and the circle described from the center G, at the distance GA, 
shall pass. through the pwnt B : 

let this be the circle AMB. 
The segment AHB i^halLcQntain an angle equal to the tgiven rec- 
tilineal angle C 

Because from the point A the extremity of the diameter AE^ 
AD is drawn at right angles to AE, 

therefore AD touches the circle: (ill. 16. Cor.) 
and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB : (III. 320 

but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment AHB, 
'Wherefore, upon the given straight line AB, the segment AHB 
of a circle is described, which contains an angle equal to the given 
angle C Q.E.F. 



PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut of a segment, which ehall contain an angle 
equal to a given rectilineal angle. 

Let ABC he the given circle, and D the given rectilineal angle. 
It is required to cut off from the circle ABC b. segment that shall 
contain an angle equal to the given angle D, 

h2 
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Draw the straight line SF touching the circle ABC in any point B, 
(ill. 17.) 

and at the point B, in the straight line BF, 
make the angle FBC equal to the angle D. (l. 2S.) 
Then the segment BA C shall contain an angle equal to the given 
angle Z>. 

Because the straight line ^2^ touches the circle ABC, 
and BC 19 drawn from the point of contact B, 
therefore the angle FBC is equal to the angle in the alternate 
segment BA C of the circle : (ill. 32.) 
hut the angle FBC is equal to the angle 2>; (constr.) 
therefore the angle in the segment BAU is equal to the angle 

D, (i. ax. 1.) 
"Wherefore from the given circle ABC, the segment BAC is cut 
off, containing an angle equal to the given an^e i>. Q. £.F. 

PROPOSITION XXXV. THEOREM. 

If two straight lines out one another within a circlet the rectangle c<mtained 
by the segments of one of them, is equal to the rectangle contained by the 
segments of the other. 

Let the two straight lines A C, BD, cut one another in the point 
Ff within the circle A BCD, 

Then the rectangle contained hy AE, EC shall be equal to the 
rectangle contained by BF, ED, 




First, if -4 C, BD pass each of them through the center, so that B 
is the center ; 

it is evident that since AE, EC, BE, ED, being all equal, (I. def. 15.) 
therefore the rectangle AE, EC is equal to the rectangle BE, ED, 

Secondly, let one of them BD pass through the center, and cut the 
other A C, which does not pass through the center, at right angles, in 
the point E. 
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Then, if BD be bisected in F, 
-Pis the center of the circle -4-B CD. 
Join AF. 
Because BD which passes through the center, cuts the straight 
line AC^ which does not pass through the center, at right angles in E, 

therefore AFia equal to FC: (in. 3.) 
and because the straight line BD is cut into two equal parts in the 

point F, and into two unequal parts in the point F, 
therefore the rectangle BF, FD, together with the square on FF, 
is equal to the square on FB ,* (ii. ^.) 

that is, to the square on FA : 
but the squares on AF, FF^ are equal to the square on FA : (l. 47.) 
therefore the rectangle BF^ FD, together with the square on FF, 
is equal to the squares on AF, FF: (i. ax. 1.) 
take away the common square on FF, 
and the remaining rectangle BF, ED is equal to the remaining 
square on ^^; (i. ax. 3.) 

that is, to the rectangle AF, FC. 
lliirdly, let BD, which passes through the center, cut the other A C, 
which does not pass througu the center, in F, but not at right angles. 




Then, as before, if BD be bisected in F, 

F is the center of the circle. 

Join AF, and from F draw FQ perpendicular to A C\ (l. 12.) 

therefore AOh equal to GC', (ill. 3.) 
wherefore the rectangle AF, EC, together with the square on EG, 
is equal to the square on AG: (ii. 5.) 

to each of these equals add the square on GF', 

therefore the rectangle AF, FC, together with the squares on EG, 

GF, is equal to the squares on A G, GF; (i. ax. 2J 

but the squares on EG, GF, are equal to the square on FJF; (i. 47.) 

and the squares on A G, GF are equal to the square on AF: 

therefore the rectangle AE^ EC, together with tne square on FF, 

is equal to the square on AF; 

that is, to the square on FB : 
but the square on FB is equal to the rectangle BF, ED, together 
with tne square on FF; (ii. 5.) 
therefore the rectangle AF, EC, together with the square on FF, 
is equal to the rectangle BF, ED, together with the square on 
JEF; (I. ax. 1.) 

take away the common square on FF, 
and the remaining rectangle AF, FC, is therefore equal to the re- 
maining rectangle BE, ED, (ax. 3.) 
Lastly, let neither of the straight lines AC, BD pass through the 
center. 
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ii 

Tadte the center F, (ill. 1.^ 
and throa]^h E the intersection of the straignt lines'^ C, 2X2^^ 

draw the diameter GEFH, 
And because the rectangle AE, EC is equal, as has' been shewn, 
to the rectangle OE, EH; 

and for the same reason, the rectangle JBE, ED is equal to the 
same rectangle GE, EH; 
therefore the rectangle AE, EC is equal to the rectangle BE, J3D, 
(I. ax. 1.) 

Wherefore, if two straight lines, &c. Q.E.IX 

PROPOSITION XXXVI. THEOREM. 

If from any point without a circle two gtraight linet be drawn, mte of 
which cuts the drCle, and the other touches U ; the- rectangle contained kg 
the whole line which cuts the circle , and the ftart of it without th$ circle, 
sluill be equal to the square on the line which touches it* 

Let D be any point without the circle ABC, 

and let DC A, Db be two straight lines drawn from it, 

of which DC A cuts the circle, and DB touches the same. 

Then the rectangle AD, DC shall be equal to the square on DB. 

Either DVA passes through the center, or it does not : 

first, let it pass through thd center E. 

D 




Toin EB, 
therefore the angle EBD is a right angle, (ill. 18.) 
And because the straight line ^ C is bisected in E, and produced 

to the point D, 
therefore rectangle AD, DC, together with the square on EC, is 
equal to the square on ED : (il. 6.) 

but CE is equal to EB j 
therefore the rectangle AD, DU, together with the square on EB, 
is equal to the square on ED : 
but the square on ED is equal to the squares on EB, BD, (t. 47.) 

because EBD is a right angle : 
therefore the rectangle AD, DC, together with the square on EB, 
is equal to the squares on EB, BD: (ax. 1.) 
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take away the common square on JEB; 
therefore the remaining rectangle AD, DCia equal to the. square 
on the tangent DB, (ax. 3.) 
Next, if DCA doeB not pasa through the center of the circle ABC. 




Take JB the center of the circle, (m. 1.) 
draw ^P perpendicular to ^C, (i. 12.) and join JSB, EC, ED, 
Because the straight line EF, which passes through the center, 
cuts the straight line A C, which does not pass through the center, at 
right angles ; it also hisects AC, (iii. 3.) 

therefore -4-Fi8 equal to FC; 

and because the straight line ^ C is hisected in F, and produced to D, 

the rectangle AD, DC, together with the square on FC, 

is equal to the sauare on FD : (ii. 6.) 

to each of these equals add the square on FE', 

therefore the rectangle AD, DC, together with the squares on CF, FE, 

is equal to the squares on DF, FE: (i. ax. 2.) 

but the square on ED is equal to the squares on DF, FE, (l. 47.) 

because EFD is a right angle ; 

and for the same reason, 

the square on J^Cis equal to the squares on CF, FE; 

therefore the rectangle AD, DC, together with the square on EC, 

is equal to the square on ED : (ax. 1.) 

but CE is equal to EB ; 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the square on ED : 
but the squares on Ei, BD, are equal to the square on ED, (l. 47.) 

because EBD is a rieht angle : 
therefore the rectangle AD, DC, togemer with the square on EB, 

is equal to the squares on EB, BD ; 
take away the common square on EB ; 
and the remaining rectangle AD, DC is equal to the square 
on DB. (i. ax. 3.) 

Wherefore, if from any point, &c. Q.E.D. 
Cos. If from any point without a circle, there be drawn two straight 
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lines cutting it, as AB, AC, the rectangles contained by the whole 
lines and me parts of them without the circle, are equal to one 
another, viz. the rectangle BA, AE, to the i-ectangle CA, AFi for 
each of them is equal to the square on the straight line ADy which 
touches the circle. 

PROPOSITION XXXVII. THEOREM. 

If from a point without a circle there be drawn two straight linest one cf 
which cuts the circle, and the other meets it ; if the rectangle contained by the 
whole line which cuts the circle, and the part of it without the circle, be equal to 
the square on the line which meets it, the line which meets, shall touch the circle. 

Let any point D be taken without the circle ABC, 
and from it let two straight lines DCA and DB be drawn, of which 
DCA cuts the circle in the points C, A, and DB meets it in 
the point B. 

If the rectangle AD, DC he equal to the square on DB; 
then DB shall touch the circle. 

D 




Draw the straight line DB, touchine: the circle ABC, in the point 
^; (ill. 17.) "^ ' 6 * ^ 

find F, the center of the circle, (m. 1.) 

B,nd iom F£, FB, FD. 

Then FFD is a right angle : (in. 18.) 

and because DJ? touches the circle ABC, and DCA cuts it, 

therefore the rectangle AD, DCib equid to the square on DB : (iii. 36.) 

but the rectangle AD, DC, is, by hypothesis, 

equal to the square on DB : 

therefore the square on DB is equal to the square on DB ; (i. ax. 1.) 

and the straight line DB equal to the straight line Dn : 

and P^ is equal to FB; (i. def. 15.) 

wherefore DB, BFaie equal to 2)B, BF, each to each ; 

and the base FD is common to the two triangles DEF, DBF; 

therefore the angle DEF is equal to the angle DBF: (l. 8.) 

but DEFw9s shewn to be a right angle ; 

therefore also DBF is a right an^Te : (i. ax. 1.) 

and BF, if produced, is a diameter ; 

and the straight line which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle ; (in. 16. Cor.) 

therefore DB touches the circle AnC. 

Wherefore, if from a point, &c. Q. £. D. 
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In the Third Book of the Elements are demonstrated the moet 
elementary properties of the circle, assuming all the properties of figures 
demonstrate in the First and Second Books. 

It may be worthy of remark, that the word circle will be found some- 
times taken to mean the surface included within the circumference, and 
sometimes the circumference itself Euclid has employed the word (ire^t- 
ipipBta) periphery, both for the whole, and for a part of the circumference 
of a circle. If tiie word circumference were restricted to mean the whole 
circumference, and the word arc to mean a part of it, ambiguity might 
be aToided when speaking of the circumference of a circle, where only 
a part of it is the subject under consideration. A circle is said to 
be given in position, when the position of its center is known, and 
in magnitude, when its radius is known. 

Def. I. And it may be added, or of which the circumferences are 
equal. And conversely ; if two circles be equal, their diameters and 
radii are equal ; as also their circumferences. 

Def. I. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have considered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equsJity 
of circles. 

Def. n. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut.the circle. 

A straight line which touches a circle, is called a tangent to the circle ; 
and a straight line which cuts a circle is called a secant, 

Def. IV. The distance of a straight line from the center of a circle 
16 the distance of a point from a straight line, which has been already 
explained in note to Prop. n. page 53. 

Def. VI. X. An arc of a circle is any portion of the circumference ; 
and a chord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two unequal segments, 
one greater than, and the other less than a semicircle. And in the same 
manner, two radii drawn from the center to the circumference, divide 
the circle into two unequal sectors, which become equal when the two 
radii are in the same straight line. As Euclid, however, does not notice 
re-entering angles, a sector of the circle seems neces<?arily restricted 
to the figure which is less than a semicircle. A quadrant is a sector 
whose radii are perpendicular to one another, and which contains a fourth 
part of the circle. 

Def. vn. No use is made of this definition in the Elements. 

Def. XI. The definition of similar segments of circles as employed in 
the Third Book is restricted to such segments as are also equal. Props. 
XXIII. and xxiv. are the only two instances, in which reference is made 
to similar segments of circles. 

Prop. I. ** Lines drawn in a circle," always mean in Euclid, such 
lines only as are terminated at their extremities by the circumference. 

If the point G be in the diameter CE, but not coinciding with the 
point F, the demonstration given in tiie text does not hold good. At 
the same time, it is obvious that G cannot be the centre of me circle, 
because GC is not equal to GE, 

H5 
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Indirect demonstrations are more frequently en^>loyed in the Third 
Book than in the t^t Book af the filementd. Of the demonstrations 
of the forty eight propositions of the First Book, nine are indirect : but I 
of the thirty-seven of the Third Book, jm less than fifteen are indirect 
demonstrations. The indirect is, in general* less readily appreciated 
by the learner, than the direct form oi demcMiBCration* The indirect form, 
however, is equally satisfactory, as it excludes every assumed hypothesis 
as false, except that which is made in the enunciation of the propositiaa. 
It may be here remarked that Euclid employs three methods of de- 
monstrating converse propositions. First, by indirect demonstrations as 
in Sue. I. 6 : iii. I, &c. Secondly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc. i. 19, 25. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. i. 47 : 
III. 37. 

Prop. II. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, by shewing that every 
straight line joining any two points in the arc falls entirely within the 
circle, and can neither coincide with any part of the circumference, nor 
meet it except in the two assumed points. It excludes the idea of the 
circumference of a circle being flexible, or capable ander any circum- 
stances, of admitting the possibility of the line falling outside the circle. 
If the line could fall partly within and partly without the circle, the 
circumference of the circle would intersect the line at some point between 
its extremities, and any part toithout the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow, that a straight line 
coincides with a curved line. 

From this proposition follows the corollary, that **a straight line 
cannot cut the circumference of a circle in more points than two. ' 

Commandine's direct demonstration of Prop. u. depends on the fol- 
lowing axiom, *' If a point be taken nearer to the center of a circle than 
the circumference, that point falls within the circle." 

Take any point E in AB, and join DA, DE, DB, (fig. Euc. iir. 2.) 

Then because DA is equal to Dfi in the triangle DAB ; 

therefore the angle DAB is equal to the angle DBA ; (i. 5.) 

but since the side AE of the triangle DAE is produced to B, 

therefore the exterior angle DEB is greater than the interior and opposite 

angle DAE; (i. 16.) 

but the angle DAE is equal to the angle DBE, 

therefore the angle DEB is greater than the ansle DBE, 

And in every triangle, the greater side is subtended by the greater angle; 

therefore the side DB is greater than the side DE ; ^ 

but DB from the center meets the circumference of the circle* 

therefore DE does not meet it. 
Wherefore the point E falls within the circle : 
and E is any point in the straight line AB : 
therefore the straight line AB falls within the circle. 
Prop. VII. and Prop. viii. exhibit the same property ;^ in the former, 
the point is taken in the diameter, and in the latter in the diaiaeter 
produced. 

Pa OP. VIII. An arc of a circle is said to be convex or concave with 
respect to a point, acoordiog as the straight lines drawn £rom the point 
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meet the ouitdde or inside of the circular arc : and the two points ibund 
in the circumference of a circle by two straight lines drawn from fi given 
point to touch the circle, divide tiie circumference into two portions, one 
of which is convex and the other ooncavef.Yfith. respect to the given point. 

Prop. EE. This appears to foUow as a Oorollarpr from £uc. iii. 7. 

Prop. zi. and Prop. xii. In the enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in any 
point, the straight line which joins their centers being produced, shall 
pass through that point in which the circles touch each oUier. In 
Prop. xiu. it is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that Uiis is 
impossible. 

Prop, zin. The following is Euclid's demonstration of the case, in 
vrhich one circle touches ieinother on the inside. 

If possible, let the circle EBF touch the circle ABC on the inside, 
in more points than in one point, namely in the points B, D, (fig. £uc. 
III. 13.) Let P be the center of the circle ABC^ and Q the center of EBF. 
Join P, Q ; then PQ produced shall pass through the points of contact B, D. 
For since P is the center of the circle ABC, PB is equal to PD^ but PB 
is greater than QA much more then is QB greater than QD, Again, 
since tiie point Q is the center of the circle EBh\ QB is equal to QD ; but 
QB has been shewn to be greater than QD, which is impossible. One circle 
therefore cannot touch anotheron the inside in more points than in one point. 

Prop. XVI. may be demonstrated directly by assuming the following 
axiom ; *' If a point be taken further from the center of a circle than the 
circumference, that point falls without the circle." 

If one circle touch another, either internally or externally, the two 
circles can have, at the point of contact, only one common tangent. 

Prop. XVII. When the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may be drawn 
from the given point to touch the circle, as may be seen from the diagram 
to Prop. VIII. 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following : join the given point 
and the center of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required. 

Circles are called concentric circles wheii they have the same center. 

Prop. XVIII. appears to be nothing more than the converse to Prop. 
xYi., because a tangent to any point of a circumference of a circle is a 
straight line at right angles at the extremity of the diameter which meets 
the circumference in that point. 

Prop. XX. This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, and the 
demonstration is free from objection. If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines from the center to the extremities of the arc becoming 
one straight line. And, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from the center, does not stand 
on the same arc, but upon the arc which the assumed arc wants of the 
whole circumference. 

If Euclid's definition of an angle be strictly observed. Prop. xx. is 
geometrically true, only when the angle at the center is less than two 
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right angles. If, howeTer, the defect of an angle from four right angles 
may be regarded as an angle, the proposition is universally true, as may 
be proved by drawing a line from the angle in the circumference through 
the center, and thus forming two angles at the center, in Euclid's striet 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the first is double of the second, and the third double of the fourlJi, 
then the first and third together shall be double of the second and fourth 
together : also in the second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the second, which is, in fact, a particular case of Prop. v. Book t. 

Prop. zxi. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc. 

Prop. xxiT. The converse of this Proposition, namely : If the oppo- 
site angles of a quadrilateral figure be equal to two right angles, a circle 
can be described about it, is not proved by Euclid. 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the exterior angle is equal 
to the opposite angle of the figure. 

Prop. XXIII. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. XXV. The three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given arc, bisecting them, 
and from Uie points of bisection drawing perpendiculars. The point in 
which they meet will be the center of the circle. This problem is equi- 
valent to that of finding apoint equally distant from three given points. 

Props. XXVI— XXIX. The properties predicated in these four proposi- 
tions with respect to equal circles, are also true when predicated of 
the same circle. 

Prop. XXXI. suggests a method of drawing a line at right angles to 
another when the given point is at the extremity of the given line. And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected by the circumference. 

Prop. XXXV. The most general case of this Proposition might have 
been first demonstrated, and the other more simple cases deduced from it 
But this is not Euclid's method. He always commences with the more 
simple case and proceeds to the more difficidt afterwards. The following 
process is the reverse of Euclid's method. 

Assuming the construction in the last fig. toEuc. iii. 36. Join FA, PD, 
and draw FK perpendicular to ^C, and FL perpendicular to BD, 
Then (Euc. n. 5. ) the rectangle AE, EC with square on EK is equal to 
the square on AK: add to these equals the square on FK: therefore the 
rectangle AE, EC, with the squares on EK, FK, is equal to the squares 
on AK, FK. But the squares on EK, FK are equal to the square on EF, 
and the squares on AK, FKBxe equal to the square on AF, Hence the 
rectangle AE, EC, with the square on EF is equal to the square on AF, 

In a similar way may be shewn, that the rectangle JBE, ED vrith the 
square on EF is equal to the square on FD, And the square on FD is 
equal to the square on AD, Wherefore the rectangle AE, EC with the 
square on EC is equal to the rectangle BE, ED with the square on EF. 
Take from these equals the square on EF, and the rectangle AE, EC 
is equal to the rectangle BE, ED. 



QUESTIONS ON BOOK ITT. 157 

The other more simple cases may easily be deduced from this general 
case. 

The converse is not proved by Euclid ; namely, — If two straight lines 
intersect one another, so that the rectangle contained by the parts of 
one is equal to the rectangle contained by the parts of the other; then 
a circle maj be described passing through the extremities of the two 
lines. Or, m other words :— If the diagonals of a quadrilateral figure 
intersect one another, so that the rectangle centained by the segments 
of one of them is equal to the rectangle contained by the segments of the 
other ; then a circle may be described about the quadrilateral. 

Prop. XXXVI. The converse of the corollary to this proposition may 
be thus stated : — If there be two straight lines, such that, when pro- 
duced to meet, the rectangle contained by one of the lines produced, and 
the part produced, be equal to the rectangle contained by the other 
line produced and the part produced; then a circle can be described 
passing through the extremities of the two straight lines. Or, If two 
opposite sides of a quadrilateral figure be produced to meet, and the 
rectangle contained by one of the sides produced and the part produced, 
be equal to the rectangle contained by the other side produced and the 
part produced ; then a circle may be described about the quadrilateral 
figure. 

Prop. XXXVII. The demonstration of this theorem may be made 
shorter by a reference to the note on Euclid iii. Def 2 : for if DB meet 
the circle in B and do not touch it at that point, the line must, when 
produced, cut the circle in two points. 

It is a circumstance worthy of notice, that in this proposition, as well 
as in Prop, xlviii. Book i. Euclid departs from the ordinary ex absurdo 
mode of proof of converse propositions. 
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1. Dettkb accurately the terms radius, arc, circumference, chord, secant. 

2. How does a sector differ in form from a segment of a circle ? Are 
they in any case coincident ? 

3. "What is Euclid's criterion of the equality of two circles? What 
is meant by a given circle ? How many points are necessary to deter- 
mine the magnitude and position of a circle ? 

4. When are segments of circles said to be similar ? Enunciate the 
propositions of the Third Book of Euclid, in which this definition is em 
ployed. Is it employed in a restricted or general form ? 

6. In how many points can a circle be cut by a straight line and by 
another circle ? 

6. When are straight lines equally distant from the center of a circle ? 

7. Shew the necessity of an indirect demonstration in Euc. iii. 1. 

8. Find the centre of a given circle without bisecting any straight 
line. 

9. Shew that if the circumference of one of two equal circles pass 
through the center of the other, the portions of the two circles, each of 
'which lies without the circumference of the other circle, are equal .^ 

10. If a straight line passing through the center of a circle bisect a 
Btraight line in it, it shall cut it at right angles. Point out the excep- 
tion ; and shew that if a straight line bisect the arc and base of a segment 
of a circle, it will, when produced, pass through the center. 
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11. If any point be taken within a circle, and a' right line be drawn 
from it to the circumference, how many lines can generally be drawn 
equal to it ? Draw them. 

12. Find the shortest distance between a circle and a given straight 
line without it. 

13. Shew that a circle can only haye one center, stating the axioms 
upon which your proof depends. 

14. Why would not the demonstration of Enc. in. 9, hold good, if 
there were only two such equal straight lines ? 

15. Two parallel chords in a circle are respectively six and eight inches 
in length, and one inch apart ; how many inches is the diameter in length ? 

16. Which is the greater chord in a circle whose diameter is 1 inches ; 
that whose length is 6 inches, or that whose distance from the center is 
4 inches ? 

17. What is the locus of the middle points of all equal straight lines 
in a circle ? 

18. The radius of a circle BCDGF, (fig. Euc. in. 15.) whose center 
is £, is equal to five inches. The distance of the line FG f^om the center 
is four inches, and the distance of tiie line BC from the center is three 
inches, required the lengths of the lines FG, BC, 

19. If the chord of an arc be twelve inches long, and be divided into 
two segments of eight and four inches by another chord : what is the 
length of the latter chord, if one of its segments be two inches ? 

20. What is the radius of that circle of which the chords of an arc 
and of double the arc are five and eight inches respectively ^ 

21. If the chord of an arc of a circle whose diameter is 8^ inches, 
be five inches, what is the length of the chord of double the arc of the 
same circle ? 

22. State when a straight line is said to touch a circle, and shew 
from your definition that a straight line cannot be drawn to touch a circle 
from a point within it. 

23. Can more circles than one touch a straight line in the same 
point ? 

24. Shew from the construction, Euc. in. 17, that two equal straight 
lines, and only two, can be drawn touching a given circle from a given 
point without it : and one, and only one, orom a point in the cir- 
cumference. 

25. What is the locus of the centers of all the circles which touch 
a straight line in a given point ? 

26. How may a tangent be drawn at a given point in the circum- 
ference of a circle, without knowing the center? 

27. In a circle place two chords of given length at right angles to 
each other. 

28. From Euc. ni. 19, shew how many circles equal to a given 
circle may be drawn to touch a straight line in the same point. 

29. Enunciate Euc. in. 20. Is this true, when the base is greater 
than a semicircle } If so, why has Euclid omitted this case } 

30. The angle at the center of a circle is double of that at the circum- 
ference. How will it appear hence that the angle in a semicircle is a right 
angle? 

31. What conditions are essential to the possibility of the inscription 
and circumscription of a circle in and about a quadrilateral figure ? 

32. What conditions are requisite in order that a parallelogram maj 
be inscribed in a circle ? Are there any analogous conditions requisite 
that a parallelogram may be described about a circle ? 

33. Define the angle in a segment of a circle, and the angle on a seg- 
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ment ; and shew that in the same circle, they are together equal to two 
right angles. 

34. State and prove the converse of Euc. iii. 22. 

35. All circles which pass through two given points have their centers 
in a certain straight line. 

36. Describe the circle of which a given segment is a part. Give 
Euclid's more simple method of solving the same problem independently 
of the magnitude of the given segment. 

37. In the same circle equal straight lines cut off equal circumfer- 
ences. If these straight lines have any point common to one another, it 
must not be in the circumference. Is the enunciation given complete ? 

38. Enunciate Euc. in. 3 1 , and deduce the proof of it from Euc. in. 20. 

39 . What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse ? 

40. How may a perpendicular be drawn to a given straight line from 
one of its extremities withotU produchig the line f 

41. If the angle in a semicircle be aright angle; what is the angle 
in a quadrant ? 

42. The sum of the squares of any two lines drawn from any point 
in a semicircle to the extremity of the diameter is constant. Express 
that constant in terms of the radius. 

43. In the demonstration of Euc. in. 30, it is stated that •* equal 
straight lines cut off equal circumferences, the greater equal to the greater, 
and the less to the less :" explain by reference to the diagram the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points'? In what case is it impossible for a circle 
to pass through three given points ? 

45. Compare the circumference of the segment (Euc. ni. 33.) with 
the whole circumference when the angle contained in it is a right angle 
and a half. 

46. Include the four cases of Euc. in. 35, in one general proof. 

47. Enunciate the propositions which are converse to Props. 32, 35 
of Book III. 

48. If the position of the center of a circle be known with respect 
to a given point outside a circle, and the distance of the circumference to 
the point be ten inches : what is the length of the diameter of the circle, 
if a tangent drawn from the given point be fifteen inches ? 

49. If two straight lines be drawn frotn a point without a circle, and 
be both terminated by the concave part of the circumference, and if 
one of the lines pass through the center, and a portion of the other 
line intercepted by the circle, be equal to the radius : find the diameter 
of the circle, if the two lines meet the convex part of the ckcumference, 
a, bf units respectively from the given point. 

50. Upon what propositions depends the demonstration of Euc. ui. 
35 ^ Is any extension made of this proposition in the Third Book ? 

51. What conditions must be fiUfilled that a circle may pass through 
four given points ? 

52. Why is it considered necessary to demonstrate all the separate 
cases of Euc. tit. 35, 36, geometrically, which are comprehended in one 
formula, when expressed by Algebraic symbols ? 

53. Enunciate the converse propositions of the Third Book of Euclid 
vehich are not demonstrated ex absurdo: and state the three methods 
which Euclid employs in the demonstration of converse propositions in 
the First and Third Books of the Elements. 
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PROPOSITION I. THEOREM. 



1/ AB,CD he chords of a circle at right angles to each other, prove that tii 
sum of the arcs AC, BD is equal to the sum of the arcs AD, BC. 

Draw the diameter FOH-pmllel to AB, and cutting CD in JET. 

D 




Then the arcs FDO and FCO are each half the circumference. 

Also since CD is bisected in the point H, 

the arc FD is equal to the arc FC, 

and the arc FD is equal to the arcs FA, AD, of which, AF is 

equal to BO, 

therefore the arcs AD, BG Bxe equal to the arc FC; 

add to each CG, 
therefore the arcs AD, BC are equal to the arcs FC, CG, which maks 
up the half circumference. 
Hence also the arcs A C, DB are equal to half the circumference. 
Wherefore the arcs AD, BC are equal to the arcs A C, DB. 

PROPOSITION n. PROBLEM. 

The diameter of a circle huftlng been produced to a given point, it is required 
to find in the part produced a point, from which if a tangent be drawn to the 
circle, it shall be equal to the segment of the part produced, that is, between the 
given point and the point founds 

Analysis. Let ABB be a circle whose center is C, and whose dia- 
meter AB is produced to the given point D. 

Suppose that G is the point required, such that the segment GD 
is equal to the tangent GF drawn from G to touch the circle in F, 




Join DF and produce it to meet the circumference again in F^ 

join also CF and CF. 

Then in the triangle GDF, because GD is equal to GF^ 

therefore the angle GFD is equal to the angle GDE; 



GEOMETRICAL EXERCISES ON BOOK III. 161 

and because CE is equal to CF, 
the angle CJEFis equal to the angle CFE; 
tlierefore the angles CJEFy OED are equal to the angles CFE^ 
QBE: 

but since QEi& a tangent at E, 
therefore the angle CEO is a right angle, ^in. 18.) 
hence the angles CEF, OEF are equal to a right angle, 
and consequently, the angles CFE, EDQ are also equal to a right 

angle, 
wherefore the remaining angle FCB of the triangle CFD is a right 
angle, 

and therefore CFis perpendicular to ^D. 
S^thesis. From the center C, draw CF perpendicular to AD 
meetmg the circumference of the circle in Fi 

join DF cutting the circumference in JE> 
join also C% and at E draw EO perpendicular to CE and intex 
secting BD in O. 

Then G will be the point required. 
For in the triangle CFD, since FvD is a right angle, the angles 
CFD, CDF are together equal to a right angle ; 

also since CEO is a right angle, 
therefore the angles CEFy GED are together equal to a right 

angle; 
therefore the angles CEF, GED are equal to the angles CFD, 
CDF', 

but because CE is equal to CF, 
the angle CEF is equal to the angle CFD, 
wherefore the remaining angle GED is equal to the remaining 

angle CDF, 
and the side GD is equal to the side GE of the triangle EGD, 
therefore the point G is determined according to the required 
conditions. 

PKOPOSITION III. THEOREM. 

If a chord of a circle be produced till the part produced he equal to the 
rtfdius, and if from its extremity a line be drawn through the center and 
meeting the convex and concave circumferences, the convex is one-third qf the 
concave circumference. 

Let AB any chord be produced to C, so that BC Is equal to the 
radius of the circle : 




and let CJ^be drawn from C through the center D, and meeting 
the convex circumference in F, and the concave in E, 
Then the arc BF is one-third of the arc AE. 
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Draw ^6^ parallel to AB, and join DB, DG. 

Since the angle 1)JSG is equal to the angle DGE\ (i. 5.) 

aiuL the angle GDFia equal to the angles BEG, JDGE; (L 33.) 

therefore the angle GDC\& double of the angle ]>EO» 

But the angle BDC\s equal to the angle BCD, {u 5,) 

and the angle CEG i» equal to the alternate angle A CE ; (l. 29.) 

therefore the angfe QBCim double of the angle CJDBf 

add to these ecuials the angle CDB, 

therefore the whole angle o^DB is treble of the angle CDB^ 

but the angles GBB, CDB at the center 2>, are subtended by the 

arcs BF, BG, of which BG\% equal to AE, 
Wherefore the circumference ^^ is treble of the circumference 
BE, BonStBFha one-third of AE. 

Hence may be solved the following problem : 
AE, BE are two ares of a circle intercepted oetween a chord and 
a given diameter. Determine the position of the chord, ao that one 
arc shall be triple of the other. 

PROPOSITION IV. THEOREM. 

AB, AC and ED are tangenti to the circle CFB; at whatever point 
between C and B the tangent EFD w drawn, the three sides of the triangle 
AED are equal to ttoiee AB or twice AC: also the angle subtended by the 
tangent EFO at the center <^the circle, is a constant qnantiti/» 

Take G the center of the circle, and join GB, GE, GF, GD, GC 
Then EB la equal to EF, and DC to DF-, (iii. 37.) 




therefore ED is equal to EB and DC; 

to each of these add AE, AD, 

vi^erefore AD, AE, ED are equal to AB, AC; 

and AB is equal to ^C, 

therefore AD, AE, ED are equal to twice AB, or twice A (7; 

or the perimeter of the triangle AED is a constant quantity. 

Again, the angle EGFia half of the angle BGF, 

and the angle DGF is half of the angle CGF, 

therefore the anffle DGE is half of the angle CGB, 

or the angle subtended by the tangent ED at G, is half of the angle 

contained between the two radii which meet the circle at the points 

where the two tangents AB, AC meet the circle. 

PROPOSITION V. PROBLEM. 

Given the base, the vertical angle, and th$ perpendienlar in a plane triangis, 
to construct it. 
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Upon tlM oi'ren base AB describe a segment of. a cbde oostaiiiing 
an angle equal to the given angle, (iii. 33.) 




A B 

At the point ^' draw JtC perpendicular to AB, and equal to the 
altitude of the triangle. (!• H) 3.^ 

Thxoogh C, draw CDIl parallel to AB, and meeting the circum- 
ference in D and S. (i. 31.) 

Join DA, DB ; also EA, EB ; 
then EAB or DAB is the triangle required. 
It is fJso manifest, that if CDE touch the circle, there will be only 
one triangle which can be constructed on the base AB with the given 
altitude* 



PROPOSITION VL THEOREM. 

If two chords of a circle intersect each other at right angles either within or 
without the circle, the turn of the squares described upon the four segments, is 
equal to the square described upon the diameter. 

Let the chorda AB, CD intersect at right angles in E, 

A 




B F 

Draw the diameter AF, and join AC, AD, CF, DB. 
Then the angle ACF in a semicircle is a right angle, (in. 31.) 

and equal to the angle AED : 
also the angle ADC is equal to the angle AFC (in. 21.^ 
Hence in the triangles ADE, AFC, there are two angles in tne one 
respectively equal to two angles in the other, 

consequently, the third angle CAF is equal to the third angle 
DAB', 

therefore the arc DB is equal to the arc CF, {in, 26.) 

and therefore also the chord DB is equal to the chora CF. (ui. 29.) 

Because AEC is a rie;ht-angled triangle, 

the squares on AE, EC are equal to the souare on A C\ (l. 47.) 

umilarly, the squares on DE, MB are equal to the square on DB ; 

therefore the squares on AE, EC, DE, EB, are equal to the squares 

on ^C;D^; 

but DB was proved equal to FC, 
and tile squares on A G, FC are equal to the square on AF, 
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wherefore the squares on AJS, JBC^ DJE, EB, are equal to the square 

on AF, the diameter of the circle. 
When the chords meet without the circle, the property is preyed '. 
in a similar manner. 



7. Thbouoh a given point within a circle, to draw a chord -which 
shall be bisected in that point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at a 
given distance from a given point. 

9. Find the locus of the middle points of any system of paralld 
chords in a circle. 

10. The two straight lines which join the opposite extremities (tf 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. 

11. The straight lines joining towards the same parts, the extre- 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other. 

12. -4, B, C, A\ B', C are points on the circumference of a circle ; 
if the lines AB, A Che respectively parallel to A'B\ A'C, shew that 
BC is parallel to ^C. 

13. Two chords of a circle being given in position and magnitude, 
describe the circle. 

14. Two circles are drawn, one lying within the other ; prove that 
no chord to the outer circle can be bisected in the point in which it 
touches the inner, unless the circles are concentric, or the chord be 
perpendicular to the common diameter. If the circles have the same 
center, shew that every chord which touches the inner circle is bisected 
in the point of contact. 

15. Draw a chord in a circle, so that it may be double of its per- 
pendicular distance from the center. 

16. The arcs intercepted between any two parallel chords in a cirde 
are equal. 

17. K any point P be taken in the plane of a circle, and ^A, 
PB, PC,, .be drawn to any number of points A, B, C,. .situated 
symmetrically in the circunuerence, the sum of FAf FB,. .is least 
when P is at the center of the circle. 

n. 

18. The sum of the arcs subtending the vertical angles made by 
any two chords that intersect, is the same, as long as the angle of inter- 
section is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumferences, and also respectively 
parallel to two radii of the circle. Piove that the difference of the 
concave and convex arcs intercepted by the cutting lines, is equal to 
twice the arc intercepted by the radii. 

20. In a cirde with cen.er O, any two chords, AB, CD are drawn 



ON BOOK III. 165 

oxitting In JS, and OA, OB, OC, OD are joined ; pro\e tliat the angles 
.^OC\BOD^2.AEC,9Xi^AOD^^BOC=2,AED. 

21. If from any point without a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut ofi 
equal segments. 

22. If the corresponding extremities of two intersecting chords of 
a circle be joined, the triangles thus formed w^ill be equiangular. 

23. Tnrough a ^yen pomt within or without a circle, it is required 
'to draw a straight Ime cutting off a segment containing a giyen angle. 

24. If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the segments. 

25. Any segment of a circle being described on the base of a tri- 
angle ; to describe on the other sides segments similar to that on the 
base. 

26. If an arc of a circle be divided into three equal parts by three 
straight lines drawn from one extremity of the arc, tne angle con- 
tained by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to a 
fixed point, describe upon it when so produced a segment of a circle 
which shall be similar to the given segment, and shew that the two 
segments have a common tangent. 

28. If AD, CE be drawn perpendicular to the sides BC, AB of 
the triangle ABC, and DE be jomed, prove that the angles ADE, 
and A CE are equal to each other. 

29. If from any point in a circular arc, perpendiculars be let fall 
on its bounding radii, the distance of their feet is invariable. 

m. 

30. If both tangents be drawn, Tfig. Euc. III. 17.) and the points 
of contact joined by a straight line wnich cuts EA in JET, and on HA 
as diameter a circle be described, the lines drawn through E to touch 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. 

32. K two straight lines intersect, the centers of all circles that 
can be inscribed between them, lie in two lines at right angles to each 
other. 

33. Draw two tangents to a given circle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a given radius touching a given line, and 
so that the tangents drawn to it from two given points in this line 
may be parallel, and shew that if the radius vary, the locus of the 
centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
circle, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. In a chord of a circle produced, it is required to find a point, 
from which if a straight line be drawn touching the circle, the line so 
drawn shall be equal to a given straight line. 
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37. Find a point without a given circle, such that the sum of iht 
two lines drawn from it touching the circle, shall be equal to i;lie line 
drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be dra'wn ; the 
straight line which joins the points of contact wul be bisected at right 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diatneten 
of a circle, and produced to intersect one another; the straight lines 
joining the opposite points of intersection will both pass -throiigh 
the center. 

40. J£ from any point without a circle two lines be drawn touebing 
the circle, and from the extremities of any diameter, lines 1>e'dTa'wn -to 
the point of contact cutting each other within the circle, Ifce line dnrwn 
from the points without the circle to the point of intersection, «halliie 
perpendicular to the diameter. 

41. If any chord of a circle be produced equally both ways, toid 
tangents to the circle be drawn on opposite sides of it from its extre- 
mities, the line joining the points of contact bisects the given chord. 

42. AB is a chord, and AD is a tangent to a circle at A, I^PQ 
any secant parallel to AB meeting the circle in P and Q. Shew that 
the triangle PAD is equiangular with the triangle QAJB, 

43. If from any point in the circumference of a -circle a chord 'aad 
tangent be drawn, tne perpendiculars dropped upon fhem from the 
middle point of the subtended arc, are equal to one anothar. 

IV. 

44. In a giyen straight line to find a point *at which two other 
straight lines being drawn to two giyen pomts, shall contain a right 
angle. Shew that if the distance between the two giyen points be 
greater than the sum of their distances from the giyen line, there will 
be two such points; if equal, there may be only ese; if less^ 'the 
problem may be impossible. 

45. Find the point in a giyen straight line at whieh the tangeati 
to a giyen circle will contain the greatest angle. 

46. Of all straight lines which can be drawn from two giyen pointe 
to meet in the conyex circumference of a giyen circle, the sum or those 
two will be the least, which make equal angles with ib.e tai^ent at the 
point of concourse. 

47. DF is a straight line touching a circle, and terminated by 
AD, BF, the tangents at the extremities of the diameter AJB, Asm 
that the angle which DF subtends at the center is a ri^ht angle. 

48. If tangents Am, Bn be drawn at the extremities of the dia- 
meter of a semicircle, and any line in mPn crossing them and touching 
the circle in P, and if AN, BM be loined intersecting in O^nd cuttiDg 
the semicircle in E and P; shew that O, P, and the point of intersec- 
tion of the tangents at E and F, are in the same straight line. 

49. K from a point P without a circle, any straight line be drawn 
cutting the circumference in A and B, shew that the straight lines 
joining the points A and B with the bisection of the chord of contact 
of the tangents from P, make equal angles with that chord. 



ON BOOK I IT. 167 

V. 

50. Describe a circle which shall pass through a given point and 
which shall touch a given straight line in a given point. 

51. Draw a straight line which shall touch a given circle, and 
make a siven angle with a given straight line. 

52. Describe a circle the circumference of which shall pass through 
a given point and touch a gjiven circle in a given point. 

53. Describe a circle with a given center, such that the circle so 
described and a given circle may touch one another internally, 

54. Describe the circles which shall pass through a given point 
and touch two given straight lines. 

65, Describe a circle with a given center, cutting a given circle in 
the extremitieB of a diameter. 

56. Describe a circlb which shall have its center in a given straight 
line, touch another ^ven line, and pass through a fixed point in the 
first given line. 

57. The center of a given circle is equidistant from two given 
straight lines ; to describe another circle which shall touch the two 
straight lines and shall cut off from the given circle a segment con- 
taining an angle equal to a given rectilineal angle. 

VI. 

58. If any two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn through either point 
of intersection and terminated by the circles, is independent of the 
diameters of the circles. 

59. Two equal circles intersect, the lines joining the points in 
which any straight line through one of the pomts of section, which 
meets the circles with the other point of section, are equal. 

60. Draw through one of the points in which any two circles cut 
one another, a strai^t line which shall be terminated by their circum- 
ferences and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
other, and have the Hne between the points of section equal to a given 
Kne. 

62. Two circles cut each other, and from the points of intersection 
straight lines are drawn parallel to one another, the portions inter- 
cepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
AB, take any point Cin the segment ACB; join AC, BC, and pro- 
duce them to meet the segment ADB in D and ^respectively: shew 
that the arc DB is constant. 

64. ADB, ACB, are the arcs of two equal circles cutting one 
another in the straight line AB, draw the chord A CD cutting the 
inner circumference in C and the outer in D, such that AD ana DB 
together may be double of AC and CB togetiier. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a circle. 
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66. If two circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if two circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawn, one to each circle, they shall be equal to one another. 

68. Two circles intersect in the points A and B ; through A. and 
B any two straight lines C4D, EBP, are drawn cuttinor the circles in 
the points C, D, JS, F; prove that CJE is parallel to DF, 

69. Two equal circles are drawn intersecting in the points A and 
B, a third circle is drawn with center A and any radius not greater 
than AB intersecting the former circles in 2) ana C, Shew that the 
three points, B, (7, D lie in one and the same straight line. 

70. If two circles cut each other, the straight line joining their 
centers will bisect their common chord at righj; angles. 

71. Two circles cut one another ; if through a point of intersection 
a straight line is drawn bisecting the angle between the diameters at 
that point, this line cuts off similar segments in the two circles. 

72. A CB, APB are two equal circles, the center of APJB being 
on the circumference of ACB, AB being the common chord, if any 
chord A C of ACB be produced to cut AFB in P, the triangle jPJBV 
is equilateral. 

vn. 

73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points A and B respectively 
that neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles. 

74. A common tangent is drawn to two circles which touch each 
other externally ; if a circle be described on that part of it which lies 
between the points of contact, as diameter, this circle will pass through 
the point of contact of the two circles, and will touch the Hue which 
joins their centers. 

75. K two circles touch each other externally or internally, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. If two circles touch each other internally, and any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given cycles will be invariable. 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their circumfe- 
rences. 

78. Two circles touch each other externally, the diameter of one 
being double of the diameter of the other ; through the point of con- 
tact any line is drawn to meet the circumferences of both ; shew that 
the part of the line which lies in the larger circle is double of that in 
the smaller. 

79. If a circle roll within another of twice its size, any point in 
its circumference will trace out a diameter of the first. 

80. With a given radius, to describe a circle touching two given 
circles. 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at rignt 
angles to each ; prove that the straight line joining the other extre- 
mities of these chords is equal and parallel to the straight line joining 
tue centres of the circles. 

82. Two circles can be described, each of which shall touch a 
given circle, and pass through two given points outside the circle ; 
shew that the angles which the two given points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 



vin. 

83. Draw a straight line which shall touch two given circles; 
(1) on the same side ; (2) on the alternate sides. 

84. If two circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex circum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch both the circles. 

85. Given two circles : it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. 

86. Two circles are traced on a plane ; draw a straight line 
cutting them in such a manner that the chordk intercepted within the 
circles shall have given lengths. 

87. Draw a straight line which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit ? 

88. If from the point where a common tangent to two circles 
meets the line <joinin^ their centers, any line be drawn cutting the 
circles, it will cut off similar segments. 

89. To find a point P, so tnat tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonally, shew tnat the locus of the center is a certain 
straight line. 

92. Through two given points to describe a circle bisecting the 
circumference of a given circle. 

93. Describe a circle through a ^ven point, and touching a given 
straight line, so that the chord joinmg the given point and point of 
contact, may cut off a segment containing a given angle. 

94. To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection, shall make a given angle with the line. 

95. Describe a circle which should pass through two given points 
and cut a given circle, so that the chord of intersection may be of a 
given length. 
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IX. 

96. The circumference of one circle is wholly within that of an- 
>cher. Find the greatest and the least straight lines that can be drawn 
Vouching the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be double that 
terminated by the interior. What is the least value of the radius of 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any nxmiber of concentrie 
circles, shew that the segments so cut off are not similar. 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior ; the distance between the points of contact 
will be half that between the points of intasection. 

100. Shew that all equal straight lines in a circk will be touched 
by another circle. 

101. Through a given point draw a straight line so that the part 
intercepted by tbe circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three equal parts by the 
inner one. How is the possibility of the problem limited ? 

103. Find a point without a given circle from which if two tan- 
gents be drawn to it, they shall contain an angle equal to a given 
angle, and shew that the locus of this point is a circle concentric with 
the given circle. 

104. Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter. 

105. Find a point in a given straight Une from which the tangent 
drawn to a given circle, is of given length. 

106. If any number of chords be drawn in the inner of two con- 
centric circles, from the same point A in its circumference, and each 
of the chords be then producea beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produceid, shall be constant for all the cases. 

X. 

107. The circles described on the sides of any triangle as duuaaeters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are described upon the sides of a right- 
angled triangle as diameters, meet the hypotenuse in the same point; 
ana the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle. 

109. If on the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments. 

110. The perpendiculars let fall from the three angles of any tri- 
angle upon the opposite sides, intersect each other in the same point. 

111. If ADf CJE be drawn perpendicular to the sides JBC, AJB of 
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the triangle ^^C, prove that the rectangle contained by BC and BD, 
is equal to the rectangle contained by BA and BE, 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, all intersect in one point. 

113. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

114. It is required within an isosceles triangle to find a point such, 
that its distance from one of the equal angles may be double its dis- 
tance from the vertical angle. 

115. To find within an acute-angled triangle^ a point from which, 
if straight lines be drawn to the three angles of the mangle, they shall 
make equal angles with each other. 

116. A fiag-staff of a givrai height is erected on a tower whose 
height is also given : at what point on the horizon will the flag-staff 
appear under the greatest possible angle ? 

117. A ladder is gradually raised against a wall ; find the locus of 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
or not) the tangent at its extremity, and any line perpendicular 
to the diameter tlirough its other extremity will be isosceles. 

119. AD, BE are perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF perpendicular to ED or ED 
produced ; shew that the angle FBD = JSBA, 

XI. 

* 

120. If three equal circles have a; common point of intersection, 
prove that a straight line joining^ any two of the points of intersection, 
will be perpendicular to the straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle touches 
each of these two equal circles externally: the straight line which joins 
the points of section will, if produced, pass through the center of the 
third circle. 

122. A number of circles touch each other at the same point, and a 
straight line is drawn from it cutting them : the strai^^ht Imes joining 
each point of intersection with the center of the circle will be all parallel. 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersecticm shall all pass through one 
point. 

124. If three circles touch each othor externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
^irhich shall cut Doth of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts the 
other two on the same side of AB, be in the same straight line. 

xn. 

126. Given the base, the vertical angle, and the difibrence of the 
sides, to construct the triangle. 

t2 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical angle. 

128. Given tlie perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal to 
two given angles, and wnose base shall be equal to a given straight 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex ; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whose 
area is a maximum. 

133. Given the base, the altitude, and the sum of the two re- 
maining sides ; construct the triangle. 

134. Describe a triangle of given base, area, and vertical angle. 

135. Given the base and vertical angle of a triangle, find the 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. 

XIII. 

136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point. 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the cir- 
cumference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. The angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the ad- 
jacent sides produced ; shew that the centers of these four circles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed in a given 
circle is given, the sum of the remaining three sides is given ; and also 
one of the angles opposite to the given side : construct it. 

142. If the sides of a quadrilateral figure. inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together equal to the square of the straight line joining* the 
points of intersection. 

143. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal ; and each sum equal to half the 
perimeter of the figure. 

144. A quadruateral A BCD is inscribed in a circle, BC and DC 
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ate produced to meet AD and AB produced in E and P. The angles 
w4^Cand ADC ^xp together equal to AFC, AEB, and twice the 
angle BAC 

145. K the hypotenuse AB of a ri^ht-angled triangle ABC be 
bisected in 2>, and EDF drawn perpendicular to AB, and DE, DF 
cut off each equal to DA, and CE, CF joined, prove diat the last two 
lines will bisect the angle at C and its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Through its angular points tangents are drawn so as to form another 
quadruateral figure FBLCHDEA circumscribed about the circle. 
Find the relation which exists between the angles of the exterior and 
the angles of the interior figure. 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to the difference of the angles in 
sesinents made by the chord : and also equal to twice the angle con- 
tained by the same chord and a diameter drawn from either of its 
extremi^s. 

148. H ABCD be a quadrilateral figure, and the lines AB, AC, 
AD be equal, shew that tne angle BAD is double of CBD and CDB 
together. 

149. K the sides of a quadrilateral figure circumscribing a circle, 
touch the circle at the angular points of an inscribed iquadrilateral 
figure ; all the diagonals will intersect in the same point. 

150. In a quadrilateral figure ABCD is inscribed a second 
quadrilateral by Joining the middle points of its adjacent sides ; a 
third is similarly inscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of th» 
opposite sides of ABCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 

XIV. 

151. If from any point in the diameter of a semicircle, there be 
drawn two straight lines to the circumference, one to the biseetion of 
the circumference, the other at right angles to the diameter, the 
squares upon these two lines are together double of the square upon 
the semi-diameter. 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which the 
diameter is divided. 

153. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumference which shall be bisected by 
the convex circumference. 

154. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square of 
the diameter diminished by four times the square of the line joining 
the center with their point of intersection. 
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155. Two points lire taken in the diameter of a circle at anv 
equal distances from the center ; through one of these draw any chordt 
and join its extremities and the other point. The triangle so formed 
has the sum of the squares of its sides mvariable. 

156. If chords drawn from any fixed point in the circumfereoee 
of a circle, be cut by another chord which is parallel to the tangent 
at that point, the rectai^le contained by each chord, and the part of 
it intercepted between t£e given point and the given chord, is constant 

157. K AB be a chord of a circle inclined by half a right angle to 
the tangent at Ay and AC, AD be any two chords equally inclined to 
AB.ACP^AD'^^.AS^. 

158. A chord POQ cuts the diameter of a circle in Q, in an angle 
equal to half a right angle ; PO^ + OCt = 2 (rad.)". 

159. Let ACDB be a semicircle whose oiameter \& ABi and 
AD, BC any two chords intersecting in P; prote that 

AB'^DA.AP^CB.BP. 

160. If ABDChe any parallelogram, and if a circle be described 
passing through the point A, and cutting the sides AB, A C, and the 
diagonal AD, in the points F, O, J7 respectively, shew that 

AB.AF+AC.AO^AD.AH. 

161. Produce a given straight line, so that the rectangle under the 
given line, and the whole line produced, may equal the square of the 
part produced. 

162. If ^ be a point within a circle, BC the diameter, and through 
A, AD be drawn perpendicular to the diameter, and BAJE meetix^ 
the circumference in JE, then BA.BJB=BC.BD* 

163. The diameter A CD of a circle, whose center is (7, is pro- 
duced to P, determine a point JP in the line AP such that the rectangle 
PF. PC may be equal to the rectangle PD. PA. 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it produced, 
shall be equal to a given square. 

165. Two straight lines stand at right angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166. A, B, C, D, are four points in order in a straight line, find 
a point .& between B and C, such that AE,EB = ED,EC, by a 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cutting 
the circles in P, P, the other in Q, Q\ and if the line joining the 
centers of the circles cut them m A, Af; then 
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DEFINITIONS. 



I. 



A SECniilKEAL figure is said to be inscribed in another rectilineal 
figure, when all the angular points of the inscribed figure are upon 
the sides of the figure in whien it is inscribed, each, upon each. 




II. 

In like manner, a figure is said to be described about another figure, 
when idl the sides of the circumscribed fi^re pass through the angular 
points of the figure about which it is described, each through eacn. 

m. 

A rectilineal fijeure is said to be inscribed in a circle, when all the 
angular points of the inscribed figure are upon the drcumibrence of 
the circle. 




A rectilineal figure is said to be described about a circle, when each 
side of die circumscribed figure touches the circumference of the circle. 



1^^ 



V. 

In like manner, a circle is said to be inscribed in a rectilineal figure, 
when the circumference of the circle touches each side of the figure. 

VI. 

A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angular points of 
llie figure about which it is described. 
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vn. 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 



PROPOSITION L PROBLEM. 

In a given circle to place a straight line, equal to a gitfen straight line 
which is not greater than the diameter of the circle. 

Let ^^Cbe the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

It is required to place in the circle ABC a straight line equal to 2>. 




Draw BC the diameter of the circle ABC. 

Then, if jBCis eoual to D, the thing required is done; 

for in the circle ABVei straight line Bvis placed equal to D, 

But, if it is not, BCis greater than D ; (hyp.) 

make CJE equal to 2), (i. 3.) 

and from the center C, at the distance C£!, aescribe the circle AEFy 

and join CA, 

Then CA shall be equal to Z). 
Because C is the center of the circle AJSF, 
therefore CA is equal to CE : (l. def. 15.) 
but CJS is equal to D ; (constr.) 
therefore D is equal to CA, (ax. 1.) 
Wherefore in the circle ABC, a straight line CA is placed equal to 
the given straight line 2), which is not greater than the oiameter of the 
circle. Q.E.F. 

PROPOSITION n. PROBLEM. 
In a given circle to inscribe a triangle equiangtUar to a given triangle. 

Let ABC he the given circle, and D^Jf^the given triangle. 
It is required to inscribe in the circle ABC a triangle equiang^ar 
to the triangle DJEF, 



G^-s. A 




A 

E F 

Draw the straight line 6?-4Jff" touching the circle in the point Ay (m. 17.) 
and at the point A, in the straight line AK, 
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make the angle HA C equal to the angle DEF\ (l. 23.) 

and at the point A, in the straight line AO, 

make the angle GAB equal to the angle DFE\ 

and join BC\ then ^^C shall be the triangle required. 

Because HAG touches the circle ABCj 

and ACi& drawn from the point of contact, 

therefore the angle HACia equal to the angle ABC in the alternate 

segment of the circle : (m. 32.) 

but HACis equal to the angle DSF; fconstr.) 

therefore also the angle ABC is equal to jDjSF: (ax. 1.) 

for the same reason, the angle A CB is equal to the angle DFF : 

therefore the remaining angle BA C is equal to the remaining angle 

FDF: (I. 32. and ax. 1.) 

wherefore the triangle ABC is equiangular to the triangle DEFy 

and it is inscribed in the circle ABC. Q.E.F. 

PROPOSITION in. PROBLEM. 
About a given circle to describe a triangle equiangular to a given triangle. 

Let ABC he the given circle, and D-EF the ^Ten triangle. 
It is required to describe a triangle about the circle ABC equiaxk- 
golar to the triangle DEF. 




FB 



Produce EF hoth ways to the points G, H; 

find the center K of the circle ABC, (in. 1.) 

and from it draw any straight line KB ; 

at the point K in the straight line JTJ?, 

make the angle BKA equal to the angk DEG, (i. 23.) 

and the angle BKCequaX to the angle I>FH; 

and through the points A, B, C, <fraw the straight lines X-4ilf, MBX, 

NCZ, touching the circle ABC. (ni. 17.) 

Then LMN shall be the triangle required. 
Because LM, MN, NL touch the circle ABC in the points A, B, 
C, to which from the center are drawn KA, KB, KC, 
therefore the angles at the noints A, B, C are right angles : (in. 18.) 
and because the four angles of the quadrilateral figure AMBK are 
equal to four right angles, 

for it can be divided inta two triangles ^ 
and that two of them KAM, EBMare right angles, 
therefore the other two AEBy AMB are equal to two right angles ; 
rax. 3.) 

hut the angles DEG^ DEF are likewise equal ta two right angles j 
(1. 13.) 

15 
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therefore the angles AKB^ AMB are equal to the angles DEG^ DEF\ 
(ax. 1.) 

of which AKS is equal to DEG; (constr.) 
wherefore the remaining angle AjS£B is equal to the remaining angle 
JDEF. (ax. 3.) 
In like manner, tne angle LNM may be demonstrated to be equal 
to DFE\ 
and therefore the remedning angle MLN" is equal to the reinaining 

angle EDF: (i. 32 and ax. 3.) 
therefore the triangle LMNh equian|^ar to the triangle DEF: 
and it is described about the circle ABC. Q.E.P. 

PROPOSITION rV. PROBLEM. 
To inscnbe a drok in a given triangle. 

Let the given triangle be ABC, 
It is required to Inscribe a drele in ABC, 




Bisect the aneles ABC, BCA by the straight lines BD^ CD meeting 
one another in the point D, (L 9.) 

from which draw DE, BF, DG perpendiculars to AB, BC, CA. (l 12.) 
And because the angle EBB is equal to the angle FBD, 
for the angle ABC is bisected by BD, 
and that the right angle BED is equal to the right angle BFD ; (ax. 11.) 
therefore the two triangles EBD, FBD have two angles of the one 
equal to two angles of the other, each to each ; 
and the side BD, which is opposite to (me of the equal angles in each, 
is common to both ; 

therefore their other sides are equal ; (t. 26.) 
wherefore BE is equal to BF: 
for the same reason, BGh equal to BF: 
therefore BE is equal to BG : (ax. 1.) 
therefore the three straight lines BE, BF, BG are equal to one 
another ; 
and the circle described f^om the center B, at the distance of any 
of them, will pass through the extremities of 1dae other two, and 
touch the straignt lines AB, BC, CA, 

because the angles at the points E, F, Ov£te ri^ht angles, 
and the straight line which is drawn from the extremity of a diameter 

at right angles to it, touches the circle : (in. 16.) 
therefore the straight lines AB, BC, CA do each of them touch the 

circle, 
and therefore the circle EFGiBiascxiheSi ttiihe triangle ABC. q.s.7. 
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raoposmoif v. PROBLaif. 

To dMcribe a cirele about a given triangle. 

Let the giyen triangU be ASC^, 
It i9 reqwed to describe ^ eircle ftbout ASC 






Bisect AB, A-C in the points J), JS, (L 10^) 
and from these points draw DF, EF at right angles to ABt A C; (l. 11.) 

DFf ^i^ produced meet one another; 
for, if they ao not meet, they are paraUel, 
wherefore AB, AC, which are at right angles to them, are parallel ; 
which is absurd : 

let them meet in F, and join FA ; 
also, if the point ^be not in JBCfjom BF, CF, 
Then, because AZ> is equal to DB, and i)i^ common^ and at right 
angles to AB, 

therefore the bfise AF is equal to the bjse FB. (i. 4.) 

In like manner, it may be shewn that CP is equal to FA ; 

and therefore BF is equal to FC; (ax. 1.) 

and FA, FB, FCdxe equal to one another: 

wherefore the drole described from the center F, at the distance of 

one of them, will pass through the extremities of the other two, and 

be described about the triangle ABC, Q.E.F. 

Cob. — ^And it is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a ri^ht angle, (in. 31.) 
each of them bemg in a segment greater than a semicircle; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, (in. 31.) is a ri^ht angle; and, if the 
center falls without the triangle, the angle opposite to tne side beyond 
which it is, being in a segment Less than a semicircle, (ni. 31.) is greater 
than a right angle : therefore, conversely, if the given triangle be 
acute-angled, the center of the circle falls within it; if it be a right- 
angled tHangle, the center is in the side opposite to the right angle ; 
and if it be an obtuse-angled triangle, the center falls without the tri- 
angle, beyond the side opposite to the obtuse angle. 

PROPOSITION VI. PROBLEM. 

To infcribe a tqttare m a given circle. 

Let ABCD be the given circle. 
It is required to inscribe a square in ABCD^ 

A 




180 suclid's elements. 

Draw the diameten, A Ci BD^ at right angles to one another, (m. 1. 
and 1. 11.) 

and join AB, BC, CD, DA. 
The figure A BCD shall be the square required. 
Because BE is equal to ED, for E is the center, and that EA, is 
common, and at right angles to BD ; 

the baae BA is equal to the base AD : (l. 4.) 
and, for the same reason, BC, CD are each of them equal to BA, 
01 AD', 
therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular ; 
for the straight line BD being the diameter of the circle ABCI>, 

BAD is a semicircle ; 

wherefore the angle BAD is a right angle : (nx. 31.) 

for the same reason, each of the angles ABC, BCD, CD A is a right 

angle: 

merefore the quadrilateral figure ABCD is rectangular : 

and it has been shewn to be equilateral, 

tiierefore' it is a square : (l. aef. 30.) 

and it is inscribed in the circle ABCD, Q.E.F. 

PROPOSITION VII. PROBLEM. 
To dnaribe a square about a given circle. 

Let ABCD be the giyen circle. 
It is required to describe a square about it. 

G A F 



B 



Draw two diameters AC, BD of the circle ABCD, at right angles 
to one another, 
and through the points A, B, C, D, draw FG, GH, SK, KF touch- 
ing the circle, (ill. 17.) 

The figure G^^JSCr* shall be the square required. 
Because FG touches the circle ABCD, and EA is drawn from the 
center E to the point of contact A, 
therefore the angles at A are ri^ht angles : (ni. 18.) 
for the same reason, the angles at the points B, C, D are ri^ht angles; 
and because the angle AEB is a right angle, as likewise is EBG, 
therefore GH\a parallel to ACx (i. 28.) 
for the same reason ^ C is parallel to FKi 
and in like manner GF, HK may each of them be demonstrated to 
be parallel to J9JSi>: 
therefore the figures GK, GC, AK, FB, jBJSTare parallelograms; 

and therefore GFiA equal to HK, and GHto FKi (i. 34.) 
and because ACi& equal to BD^ and that .^ C is equal to each of the 
two GH, FK\ 





J 
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and BD to each of the two QF, HKx 
OHy FK are each of them equal to GF, or HK\ 
therefore the quadrilateral figure FGHK is equilateraL 

It is also rectangular ; 
for QBE A being a parallelopam, and AEB a right angle, 
therefore A GB is likewise a right angle : (i. 34.) 
and in the same manner it may be shewn that the angles at H, K, F 
are right angles : 

therefore the quadrilateral figure FGHK is rectangular : 

and it was demonstrated to be equilateral ; 

therefore it is a square ; (l. def. 30.) 

and it is described about the circle ABCD, Q.E.F. 



PROPOSITION Vni. PROBLEM. 
To intcribe a circle in a given equare. 

Let ABCD be the given square. 
It is required to inscribe a circle in ABCD, 



c 


^ 

J 



B H C 

Bisect each of the sides AB^ AD in the points F, F, (I. 10.) 
and through F draw J^iTparallel to AB or DC, (l. 31.) 
and through F draw FK parallel to AD or BC: 
therefore each of the figures AK, KB, AH, HD, AG,GC,BG, GD 
is a right-angled parallelogram ; 

and their opposite sides are equal : (l. 34.) 

and because AD is equal to AjS, (l. def. 30.) 

and that AE is the half of AD, and AF the half of AB, 

therefore AE is equal to AF', (ax. 7.) 

wherefore the sides opposite to these are equal, yiz. FG to GE : 

in the same manner it may be demonstratea that GH, GK are each 

of them equal to FG or GEi 
therefore the four straight lines GE, GF, GH, GK are equal to one 

another ; 
and the circle described from the center G at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA ; 

because the angles at the points E, F, H, K, are right angles, (l. 29.) 

and that the straight line which is drawn from the extremity of a 

diameter, at right angles to it, touches the circle : Till. 16. Cor.) 

therefore each of the straight lines AB, BC, CD, DA touches the circle, 

which therefore is inscribed in the square ABCD, Q.E.F. 
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PROP06ITION IX. PROBLEM. 

To deaeribe a eirele about a given »quar$. 

Let A BCD be the given square. 
It IB required to describe a circle aoout ABCD* 

h^ ^D 




Join AC^ BD, cutting one another in Ei 
and beoanse JDA is equal to AB, and ^C common to Khe triangles 
DACyBAC, (I. def. 30.) 
the two sides DA, AC axe equal to the two BA,AC, each to each ; 
and the base DC is equal to the base BCi 
wherefore the angle DACia equal to the angle BAC; (l. 8.) 

and the angle DAB is bisected by the straight line A Ci 
in the same manner it may be demonstrated that the angles ASC, 
BCD, CD A are severally bisected bj the straight lines BD^ A C: 
therefore, because the angle DAB is equal to tfae angle ABC^ 
(I. def. 30.) 
and that the angle EAB is the half a£DABy and EBA the half of ^ J? C; 
therefore the angle BAB is equal to the angle JEBA ; (ax. 7.) 

wherefore the side JSA is equal to the side JEB : (l. 6.) 
in the same manner it may be demonstrated, that the straight lines 

JSC, BD are each of them equal to BA or BB : 
therefore the four straight lines BA, BB, EC, ED are equal to one 

another ; 
and the circle described from the center E, at the <ll«taaee of one 
of them, will pass through the extremities of tfae other three, and be 
described about the sqiiare ABCD. Q.E.F. 

PROPOSITION X. PROBLEIii. 

To describe an isoacelet triattgie, hamng eoieh of ike trnglee at the btue 
double of the third angle. 

Take any straight line AS, and divide it in the point C, (n. 11.) 

80 that tne rectangle AB,BC may be equal to the square of CA ; 

and from the center A, at the distance AB, describe the circle JBDE, 

in which place the straight line BD equal to AC, which is not greater 

than the diameter of the circle BDE; (iv. 1.) 

and join DA, 
Then the triangle ABD shall be such as is reanired, 
that is, each of the angles ABD, ADB shall be douok of the angle 
BAD. 
Join DC, and about the triangle ^Z)<7 describe the circle A CD. (rr. 5.) 
And because the rectangle AB, BCh equal to the square on AC, 
and that AC is equal to BD, (constr.) 
the rectangle AB, BCis equal to the square on BD : (ax. 1.) 
and because from the point JS, without the circle A CD, two strught 
Mnes BCA, BD are drawn to the circumference, one of which cuts, and 



BOOK iy« PROP. X. XI. 183 




the other meets 4he circle, and that the rectangle AB, BC, contained 
by the whole of the cutting line, and the part of it without the circle, 
is equal to the square on BD which meets it ; 

therefore the stra^ht line BD touches the circle A CD: (in. 37.) 
and because BD touches the circle, and DO is drawn from the 

point of contact D, 
the anele BDCls equal to the angle DA C in the alternate segment 
of the circle : (ni. 32.) 

to each of these add the angle CDA ; 
therefore the whole angle BDA is equal to the two angles CDAt 
DAC: (ax. 2.) 
btft tiie exterior ang^e BCD is equsl to the angles CDA, DAC\ (l. 32.) 
therefore also BDA is equtd to BCD: (ax. 1.) 
but BDA is equal to the angle CBD, (i. 5.) 
because the side ^D is equal to the side AB ; 
therefore CBD, or DBA, is equal to 5 CD ; (ax. 1.) 
and consequently the three angles J5DA, DBA, BCD are equal to 
one another : 

and because the an^le D^Cis equal to the angle BCD, 
the side BD is equal to the side DC: (i. 6.) 
but BD was made eaual to CA ; 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAC; (l. 5.) 
therefore the angles CDA, DAC together, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAC; (l. 32.) 
therefore also BCD is double of DAC: 
and BCD was prored to be equal to each of the angles BDA, DBA ; 
therefore each of the angles BnA, DBA is double of the angle DAB. 
Wherefore an isosceks triangle ABD has been described, haying 
each of the angles at the base double of the third angle. Q.E.F. 

PROPOSITION XI. PROBLEM. 
To interibe an eqtiikUerat and equiangular pentagon in a given circle. 

Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
in the cbrcle ABCDE. 

Describe an isosceles triangle FGH, haying each of the angles at 
Q, iSr double of the angle at F; (iv. 10.) 

and in the circle ABCDE inscribe the triangle ACD equiangular 
to the triangle FOH, (iv. 2.) 

so that the angle CAD may be equal to the angle at JF*, 
and each of the angles ACD, CDA equal to the angle at or H} 
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wherefore each of the angles A CD, CBA is double of the angle CAD. 
Bisect the angles -4 CD, CD A by the straight lines CJE, DB ; (i. 9.) 

and join ABy BC, BE, EA. 

A 

F 

A 

G H 

Then ABODE shall be the pentagon required. 
Because each of the angles A CD, CD A is double of CAZf, 
and that they are bisected by the straight lines CE, DB ; 
therefore the five angles DAC, ACE, ECD, CDB, BJDA are 

equal to one another : 
but equal angles stand upon equal circumferences ; (ill. 26.) 
therefore the five circumferences AB, BC, CD, DE, EA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines ; (m. 29.) 
therefore the five straight lines AB, BC, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateral. 
' It is also equiangular : 
for, because the circumference AB is equal to the circumference DEf 

if to each be added BCD, 

the whole ABCD is equal to the whole EDCB : (ax. 2.) 

but the angle AED stands on the circumference ABCD ; 

and the angle BAE on the circumference EDCB ; 

therefore the angle BAE is equal to the angle AED : (ill. 27.) 

for the same reason, each of the angles ABC, BCD, CDE is equal 

to the angle BAE, or AED : 

therefore the pentagon ABCDE is equiangular ; 
and it has been shewn that it is equilateral : 
wherefore, in the ffiven circle, an equilateral ana equiangular pentagon 
has been described. Q.E.F. 

PROPOSITION XII. PROBLEM. 
To describe an equilateral and equiangular pentagon about a given circle^ 

Let ABCDE be the given circle. 
It is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, 
80 that the circumferences AB, BC, CD, DE, EA are equal ; (iv. 11.) 
and through the points A, B, C, D, E draw Gir, HK, KL, LM, 
MG touching the circle; (in. 17.) 
the figure GHKLM shall be the pentagon required. 
Take the center JP, and join FB, FK, FC, FL, FD. 
And because the straij?ht line KL touches the circle ABCDE m 
the point C, to which FC is draw^n from the center F, 

FC is perpendicular to KL, (ill. 18.) 
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therefore each of the angles at C is a right angle : 
for the same reason, the angles at the points 3, 2> are right angles : 

G 




K c L 

and because FCK is a right angle, 
the square on FK is equal to the squares on FC, CK: (l. 47.) 
for the same reason, the square on FK is equal to the squares on 

FBy JBK: 
therefore the squares on FC, CK are equal to the squares on FB, 
BK; (ax. 1.) 
of which the square on FC is equal to the square on FB ; 
therefore the remaining square on CK is equal to the remaining square 
on BK, (ax. 3.) and the straight line CX" equal to BK: 
and becaase FB is equal to FC, and FK common to the triangles 

BFK, CFK, 

the two BF, FK are equal to the two CF, FK, each to each : 

and the base BK was proved equal to the base KC: 

therefore the angle BFK is equal to the angle KFC, (i. 8.) 

and the angle BKF to FKC: (i. 4.) 

wherefore the angle BFC is double of the angle KFC, 

and BKC double of FKC: 

for the same reason, the angle CFD is double of the angle CFZ, 

and CLI) double of CLF: 

and because the circumference ^C is equal to the circumference CD, 

the angle BFC is equal to the angle CFJD; (in. 27.) 

and BFC is double of the angle KFC, 

and CFD double of CFL ; 

therefore the angle KFCis equal to the an^fle CFL: (ax. 7.) 

and the right angle FCK is equal to the right angle FCL ; 

therefore, in the two triangles FKC, FLC, there are two angles of the 

one equal to two angles of the other, each to each ; 
and the aide FC which is adjacent to the equal angles in each, is com- 
mon to both ; 
therefore the other sides are equal to the other sides, and the third 

angle to the third angle : (i. 26.) 
therefore the straight line KC is equal to CL, and the angle FKC 
to the angle FLC: 

and because KCva equal to CL, 

KL is double of KC 

In the same manner it may be shewn that HK is double of BK : 

and because BK is equal to KC, as was demonstrated, 

and that fiL is double of KC, and HK double of BK, 

therefore HK is equal to KL : (ax. 6.) 

in like manner it may be shewn that QH, QM, ML are each of them 

equal to HK, or KL : 
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Hierefore the pentaff on GHKLMis equiktsraL 
it is also e^uiaagulw: : 
for, since the angle FKCis equal to the angle FLO, 
and that the angle HKZ is double of the angle FKC^ ' 
and KLM double of FLC^ as was before demonstrated ; 
therefore the angle HKL is equal to KLM; (ax. 6.) 
and in like manner it may be shewn, 
that each of the angles KHG, HGM, GML is equal to the angle 

HKL or KLM I 
therefore the five angles GHK, MKL, KLM, LMG, MGHh&ng 
equal to one another, 

the pentagon GHKLM is equiangular : 

and it is equilateral, as was demonstrated ; 

and it is described about the circle ABODE* Q.E«F. 

PROPOSITION Xm. PROBLEM. 
To inscribe a circle in a given equilateral and equiangular penta^im* 

Let ABODE be the given equilateral and equiangular pentagon. 
It is required to inscribe a circle in the pentagon ABCDJS, 

A 

H 




Bisect the angles BOD, ODE by the straight lines OF, DF, (L 9.) 
and from the point F, in which they meet, £aw the straight lines .PB| 
FA,FE: 

therefore since J?Cis e^ual to CZ>, (hypO 
and CF common to the triangles BCF, JjCF, 
the two sides BO, OF are equal to the two DO, OF, each to each ; 
and the angle BOFU e(][ual to the angle DOF*, (constr.) 
therefore the base BFis equal to the base FD, (l. 4.) 
and the other angles to the other angles, to which the equal sides are 
opposite : 

therefore the angle OBFib equal to the angle ODF: 

and because the angle ODE is double of ODF, 
and that ODE is equd to OB A, and ODF to OBF; 

OB A is also double of the angle OBF; 
therefore the angle ABFis equal to the an^le OBF; 
wherefore the angle ^J^Cis bisected by the straight line BF: 
in the same manner it may be^lemonstrTted, 
that the angles BAE, A ED, are bisected by the strtd^ht lines AF, FE, 
From the point F, draw FG, FH, FK, FL, JF!2lfperpendiculaf8 to 
the straight Imes AB, BO, OD, DE, EA : (l. 12.) 

and because the angle HOFis equal to kOF, and tHe right angle 
FSO equal to the right angle FKOi 
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therefore in the triangles FHC, FKC^ there are two angles of the one 

equal to two aii^es of the other, each to each ; 
and the side FC, which is opposite to one of the equal angles in each* 
is common to both ; 
therefore the other sides are equal, each to each ; (1. 26.) 
wherefore the perpendicular ^J7is equal to the perpendicular FK: 
in the same manner it may be demoDstrated, that PL^ FM, FO are 
each of them equal to FJEC, or FK: 

therefore the five straight lines FG, Fff, FK, FL, FMaie equal 
to one another : 
wherefore the circle described from the center F, at the distance of 
one of these five, will pass through the extremities of the other four, 
and touch the straight lines AJB, BC, CD, BF, FA, 

because the angles at the points O, JE, K, L, Mare right angles, 
and that a striught Mme drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle ; (iii. 16.) 
tiierefore each of the straight lines AB, BC, CD, DM, EA touches 
the circle : 
wherefore it is inscribed in the pentagon AB CDF. Q. £. F. 

PROPOSITION XrV. PROBLEM. 

To de$eribe a circle ahcvt a given efuilatertU and equiangular pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to describe a circle about ABCDF, 

A 




Bisect the angles BCD, CDF by the straight lines CF, FD, (i. 9.) 
and from the point F, in which they meet, draw the straight lines FB, 
FA, FE, to the points B, A, E. 
It may be demonstrated, in the same manner as the preceding pro- 
position, 
that the angles CBA, BAE, AED are bisected by the straight lines 
FB, FA, FE, 

And because the angle BCD is equal to the angle CDF, 

and that FCD is the half of the angle BCD, 

end CDF the half of CDF; 

therefore the angle FCD is equal to FDC; (ax. 7.) 

wherefore the side CF is equal to the side FD : (l. 6.) 

in like manner it may be demonstrated, 

that FB, FA, FE, are each of them equal to FC or FD z 

therefore the five straight lines FA, FB, FC, FD, FE, are equal to 

one another ; 
and the circle described from the center F, at the distance of one of 
them, will pass through the extremities of the other four, and be de- 
scribed about the equilateral and equiangular pentagon ABCDE, 
Q.E.F. 



1 
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PROPOSITION XV. PROBLEM. 

To intcribe an equilateral and equiangular hexagon in a given circle. 

Let ABCDEFhe the given circle. 
It IB required to inscribe an equilateral and equiangular hexagon in it 




Find the center G' of the circle ABCDEF^ 

and draw the diameter A OD ; (m. 1.) 

and from D, as a center, at the distance DQ, describe the circle JBO CH, 

join EOf CO, and produce them to the points B, F; 

and join AB, BC, CD, DB, EF, FA : 

the hexagon ^J^CD^jP shall be equilateral and equiangulary 

because Q is the center of the circle ABCDEF^ 

OE is equal to OD : ^ 
and because D is the center of the circle EQCH^ 
DE is equal to DO: 
wherefore OE is equal to ED, (ax. 1.) 
and the triangle EOD is equilateral ; 
and therefore its three an^es EOD, ODE, DEO, are eqtial to one 
another: (l. 5. Cor.) 
but the three angles of a triangle are equal to two right angles ; (i. 32.) 
therefore the angle EOD is the third part of two right angles : 

in the same manner it may be demonstrated, 
that the angle DOCis also the third part of two right angles : 
and because the straight line (rC makes with EB the adjacent angles 
EOC, COB equal to two right angles ; (i. 13.) 
the remaining angle COB is the third part of two right angles : 
therefore the angles EOD, DOC, COB are equal to one another: 
and to these are equal the vertical opposite angles BOA, A OF, FGE : 
(I. 16.) 
therefore the six angles EOD, DOC, COB, BOA, AOF, FGE, 
are equal to one another : 
but equal angles stand upon equal circumferences ; (in. 26.) 
therefore the six circumferences AM, BC, CD, DE, EF, FA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines: 
(in. 29.) 

therefore the six straight lines are equal to one another, 
and the hexagon ABCDEFis eqmlateral. 
It IS also equiangular : 
for, since the circumference AF is equal to ED, 
to each of these equals add the circumference ABCD ; 
therefore the whole circumference FAB CD is equal to the whol« 
EDCBA : 
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and the angle FED stands upon the circumference FAB CD, 
and the angle AFE upon EDCBA ; 
therefore the angle AFE is equal to FED : (in. 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED : therefore the hexagon is equi- 
angular ; and it is equilateral, as was shewn ; 
and it is inscribed in the ^ven circle ABCDEF, Q.E.F. 
Cor. — From this it is mamfest, that the side of the hexagon is 
equal to the straight line from the center, that is, to the semi-diameter 
of the circle. 

And if through the points A, B, C, D, E, F there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon will 
be described about it, which may be demonstrated from what has been 
said of the pentagon: and likewise a circle may be inscribed in a giyen 
equilateral and equiangular hexagon, and circumscribed about it, by a 
method like to that used for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To inscribe an equilateral and equiangular quindecagon in a given cirele. 

Let A BCD be the given circle. 
It is required to inscribe an equilateral and equiangular quindeca- 
gon in the circle ABCD. 




"Let A Che the side of an equilateral triangle inscribed in the circle, (iy.2.) 
and AB the side of an equilateral and equiangular pentagon inscribed 
in the same ; (iv. 11.) 
therefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 
the circumference ABC, being the third part of the whole, contains five ; 
and the circumference AB, which is tne fifth part of the whole, con- 
tains three ; 

therefore BC, their difference, contains two of the same parts : 

bisect 5 C in j&; (ill. 30.) 
therefore BE, EC are, each of them, the fifteenth part of the whole 
circumference ABCD : 

therefore if the straight lines BE, EC be drawn, and straight lines 
equal to them be placed round in the whole circle, (iv. 1.) an equi- 
lateral and equiangular quindecagon will be inscribed in it. Q.E.F. 

And in the same manner ss was done in the pentagon, if through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon will be described about it : and likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and eqidangular 
quindecagon, and circumscribed about it. 



NOTES TO BOOK IV. 



The Fourth Book of the Elements contains some particular cases of 
four general problems on the inscription and the circumscription of tri- 
angles and regular figures in and about circles. Euclid has not giveu 
any instance of the inscription or circiHuscription of rectilineal figures 
in and about other rectilineal figures. 

Any rectilineal figure, of fiye sides and angles, is called a pentag^on ; 
of seven sides and angles, a heptagon ; . of eight sides and angles, an octa- 
eon ; of nine sides and angles, a non«gon ; of ten sides and angles, a 
aecagon ; of eleven sides and angles, an undecagon ; of twelve sides and 
angles, a duodecagon ; of fifteen sides and angles, a quindecagon^ &c 

These figures are included under the general name oi polygons; and 
are called eguilateralf when their sides are equal ; and equianffular^ vrheu 
their angles are equal ; also when both their sides and angles are eqnal, 
they are called regular polygons, 

t^p. III. An objection has been raised to the construction of tlus 
problem. It is scdd that in this and other instances of a similar kind, 
the lines which touch the circle at A^ B^ and C, should be proved to meet 
one another. This may be done by joining JB, and then smce the angles 
KAM^ KBM are equal to two right angles (ni. 18.), therefore the angles 
BAMf ABMKteleaa than two right angles, and consequendy (aac. 12.), 
A M and BAT must meet one another, when produced far enough. Similarly, 
it may be shewn that AL and CX, as also CN and BN meet one another. 

Prop. V. is the same as " To describe a circle passing through three 
given points, provided that they are not in the same straight Ime." 

The corollary to this proposition appears to have been already de- 
monstrated in Prop. 31. Book in. 

It is obvious that the square described about a circle is equal to 
double the square inscribed in the same circle. Also that the circum- 
scribed square is equal to the square of the diameter, or four times the 
square of the radius of the circle. 

Prop. VII. It is manifest thet a square is the only right-angled paral- 
lelogram which can be circumscribed about a circle, but that both a 
rectangle and a square may be inscribed in a circle. 

Prop. X. By means of this proposition, a right angle may be dhdded 
into five equal parts. 

Reference has already been made to the distinction between unaiysit 
and synthesis, and that all Euclid's direct demonstrations are synthetic, 
properly so called. There is however a single exception in Prop. 16. 
J^ook IV, where the analysis only is given of the Problem. The two 
methods are so connected in all processes of reasoning, that it is very 
difficult to separate one from the other, and to assert tiiat this process is 
really synthetic, and that is really analytic. In every operation performed 
in the construction of a problem, there must be in the mind a knowledge 
of some properties of the figure which suggest the steps to be taken in 
the construction of it. Let any Problem be selected from Euclid, and at 
each step of the operaticm, let the question be asked, ** Why tbat step 
is taken }** It will be found that it is because of some known property 
of the required figure. As an example will make the subject m(»:e dear 
to the learner, the Analysis of Euc iv. 10, is taken firom the Appendix, 
pp. 13, 14, to the larger edition of the Euclid, and to which the learner 
is referred for more complete information. 

In Euc. rv. 10, there are five operations specified in the construc- 
tion: — 

(1) Take any straight line AB, 
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(2) DiTide the line AB in C, so that the rectangle AB, BC, may be 
equal to the square on AC, 

t Describe the circle BDE 'with center A and radius AB, 
Place the line BD in that circle, equal to the line AC. 
Join the points A, D, 
y should either of l^ese operations be performed rather than any 
othieTs ? And what -will enable us to forsee that the result of them will 
be such a triangle as was required } The demonstration affixed to it by 
£uclid does undoubtedly prove that these operations must, in conjunction, 
pTodixce such a triangle : but we are furnished in the Elements with no 
obTiouB reason for the adoption of these steps, unless we suppose them 
accidental. To sui^>ose that all the constructions, even the simpler ones, 
are the result of accident only, would be supposing more than could be 
fthei^n to be admissible. No construction of the problem could have 
been devised without a previous knowledge of some of the properties of 
the figure. In fact, in directing the figure to be constructed, we assume 
the possibility of its existence; and we study the properties of such a 
figure on the hypothesis of its actual exiBtence. It is this study of the 
properties of the figure tha^ cofutiitUes the AnalysU of the problem, 

JLet then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADB double of the angle BADy in order to ascertain 
any properties it may possess which would assist in the construction of 
such a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC 
to bisect ADB and meet AB in C, the angle ABC will be equal to CAD ; 
and hence (Euc. i. 6.) the sides AC^ CD are equal to one another. 

Again, since we have three points At C, D, not in the same straight 
line, let us examine the effect oif describing a circle through them : that 
la, describe the circle ACD about the triangle ACD^ (Euc. iv. 5.) 

Then, since the angle ADB has been bisected by DC^ and since ADB 
is double of DAB^ the angle CDB is equal to the angle DAC in the alter- 
nate segment of the circle ; the line BD therefore coincides with a tangent 
to the circle at D, (Converse of Euc. in. 32.) 

Whence it follows, that the rectangle contained by AB^ BC, is equal 
to the square on BD, (Euc. in. 36.) 

But the angle BCD is equal to the two interior op^Misite angles CAD, 
CD A ; or since these are equal to each another, BCD is the double of 
CAD, that is, of BAD, And since ABD is also double of BAD, by the 
conditions of the triangle, the angles BCD, CBD are equal, and BD is 
equal to DC, that is, to ^C 

It has been proved that the rectangle AB, BC, is equal to the square 
on BD ; and hence the point C in AB, found by the intersection of the 
bisecting line DC, is such, that the rectangle AB, BC is equal to the 
square on AC, (Euc. ii. 11.) 

Finally, since the triangle ABD is isosceles, having each of the angles 
ABD, ADB double of the same angle, the sides AB, AD are equal, and 
hence the points B, D, are in the circumfer^ice of the circle described 
about A with the radius AB, And since the magnitude of the triangle 
is not specified, the line AB may be of any length whatever. 

From this '* Analysis of the problem,'' which obviously is nothing 
more than an examination of the properties of such a figure supposed to 
exist already, it will be at once apparent, why those steps which are 
prescribed by Euclid for its construction, were adopted. 

The line AB is taken of any length, becatue the problem does not 
prescribe any specific magnitude to any of the sides of the triangle. 
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The circle BDB is described about A with the distance AB, became 
the triangle is to be isosceles, haying AB for one side, and therefore the 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle AB, BC shall be 
equal to the square on AC, because the base of the triangle must be equal 
to the segment AC, 

And the line AD is drawn, because it completes the triangle, tviro of 
whose sides, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problems 
which have been already constructed, our analysis may be terminated ; 
as was the case where, in the preceding example, we arriyed at the 
division of the line AB in C ; this problem having been already con^ 
Btructed as the eleventh of the second book. 

Prop. xvi. The arc subtending a side of the quindecagon, may be 
found by placing in the circle from the same point, two lines respectively 
equal to the sides of the regular hexagon and pentagon. 

The centers of the inscru)ed and circumscribed circles of any reg^ar 
polygon are coincident. 

Besides the circumscription and inscription of triangles and regular 
polygons about and in circles, some ver^ important problems are solved 
in the constructions respecting the division of the circumferences of 
circles into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hex- 
agon, &c. in a circle, the circumference is divided into three, four, five, 
six, &c. equal parts. In Prop. 26, Book iii, it has been shewn that equal 
angles at the centers of equal circles, and therefore at the center of the 
same circle, subtend equal arcs ; by bisecting the angles at the center, 
the arcs which are subtended by them are also bisected, and hence, a 
sixth, eighth, tenUi, twelfth, &c. part of the circumference of a circle 
may be foimd. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, according 
to the sexagesimal division of a degree ; by the aid of the first corollary 
to Prop. 32, Book i, may be found me numerical magnitude of an interior 
angle of any regular polygon whatever. 

Let 6 denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then nd is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with four 
right angles, are equal to twice as many right angles as the figure has sides, 
that is, ^ IT be assimied to designate two right angles, 

/. nO + 2'>r = nir, 
and n6 = nir ^ 2ir = (» — 2) . «•, 

n (« - 2) 
n 

the magnitude of an interior angle of a regular polygon of n sides. 

By taking n = 3, 4, 5, 6, &c. may be found the magnitude in terms of 
two right angles, of an interior angle of any regular polygon whatever. 

Pythagoras was the first, as Proclus informs us in his commentary, 
who discovered that a multiple of the angles of three regular figtires only, 
namely, the trigon, the square, and the hexagon, can fill up space roimd 
a point in a plane. 

It has been shewn that the interior angle of any regular polygon of » 
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sides in terms of two right angles, is expressed by the equation 

9 = ,«•, 

n 

Xjet 6s denote the magnitude of the interior angle of a regular figure 
of three sides, m which case, n — 3. 

q __ O mm 

Then Oa = — r — .»=-- = one third of two right angles, 

.-. 308 = x, 

and 669 = 2x, 

that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral triangles 
^may be placed so as completely to fill up the space round the point at 
'-vrbich they meet in a plane. 

In a siimlar way, it mar be shewn that four squares and three hexagons 
may be placed so as com^etely to fill up the space roimd a point. 

Also it will appear firom the results deduced, that no other regular 
figures besides these three, can be made to fill up the space round a point; 
for any multiple of the interior angles of any otner regular polygon, will 
be found to be in excess above, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the penta- 
g(»[i, and the hexagon, were the only regular polygons known to the 
Qreeks, capable of being inscribed in circles, besides those which may 
be derived from them. 

M. Gauss in his Disquisitiones Arithmeticse, has extended the number 
by shewing that in general, a regular polygon of 2'* + 1 sides is capable 
of being inscribed in a circle by m^ans of straight lines and circles, in 
those cases in which 2" + 1 is a prime nimiber. 

The case in which n = 4, in 2'* + 1, was proposed by Mr. Lowry of the 
Koyal Military College, to be answered in the seventeenth number of 
Ijeyboum's Mathematical Repository, in the following form: — 

Required a geometrical demonstration of the following method of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right angles to the diameter AB; on OC and 
OB, take OQ equal to the half, and OD equal to the eighth part of the 
. radius ; make DE and DF each equal to DQ, and EG and FJ7 respectively 
equal to EQ and FQ; take OK a mean proportional between OH and 
OQ, and through K, draw KM parallel to AB, meeting the semicircle 
described on OG in ii, draw MN parallel to OC cutting the given circle 
in N, the arc AN is the seventeenth part of the whole circumference. 

A demonstration of the truth of this construction has been given by 
Mr. Lowry himself, and will be found in the fourth volume of Leyboum's 
Repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character. 
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1. What is the general object of the Fourth Book of Euclid ? 

2. What consideration renders necessary the first proposition of the 
Fourth Book of Euclid ^ 

3. When is a circle said to be inscribed within, and circumscribed 
about a rectilineal figure ? 
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4. When is one rectilineal figure said to be inscribed in, and circum- 
scribed about another rectilineal figure ? 

5. Modify the construction of Euc. tv. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectiyely, find the radii 
of the inscribed and circumscribed circle. 

7. Give the conatructiona by which the centers of circles described 
about, and inscribed in triangles are foiuid. In what triangles will thej 
coincide? 

8. How is it shown that the radius of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is one-fourth of the 
equilateral triangle circumscribed about the same circle. 

10. What relation subsists between the square inscribed in» and the 
square circumscribed about the same circle ? 

1 1 . Enunciate Euc. iii. 22 : and extend this property to any insci^ed 
polygon having an even number of sides. 

12. Trisect a quadrantal arc of a circle, and show that every arc 

which is an --, th part of a quadrantal arc may be trisected geometrically : 

m and n being whole numbers: 

13. If one side of a quadrilateral figure inscribed in a circle be pro- 
duced, the exterior angle is equal to the interior and opposite angle of the 
figure. Is this property true of any inscribed polygon having an. even 
number of sides } 

14. In what parallelograms can circles be inscribed ? 

15. Give the analysis and synthesis of the problem: to describe 
an isosceles triangle, having each of the angles at the base double of 
the third angle ? 

16. Shew that in the figure Euc. iv. 10, there are two triangleis pos- 
sessing the required property. 

17. How is it made to appear that the line BD is the side of a regular 
dec€Lg(m inscribed in the larger circle, and the side of a xe^ijX&i pentagon 
inscribed in the smaller circle ? fig. Euc. iv. 10. 

18. In the construction of Euc. iv. 3, Euclid has omitted tK> shew 
that the tangents drawn through the points A and B will meet in some 
point M, How may this be shewn } 

19. Shew that if the points of intersection of the circles in Euclid's 
figure, Book iv. Prop. 10, be joined with the vertex of the triangle and 
with each other, another triangle will be formed equiangular and equal 
to the former. 

20. Divide a right angle into five equal parts. How may an isosceles 
triangle be described upon a given base, having each angle at the base 
one-third of the angle at the vertex ? 

21. What regular figures may be inscribed in a dide by the help of 

Euc. TV. 10 ? 

22. What is Euclid's definition of a regular pentagon } Would the 
stellated figure, which is formed bv joining the alternate angles of a 
regular pentagon, as described in the Jourth fiook, satisfy this definition r 

23. Shew that each of the interior angles of a regular pentagon in- 
scribed in a circle, is equal to three-fifths of two right angles. 

24. If two sides not adjacent, of a regular pentagon, be produced to 
meet : what is the magnitude of the angle contained at the point where 
they meet ? 

25. Is there any method more direct than Euclid's for inscribing 
a regular pentagon in a circle ? 
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26. In what sense is a regular hexagon also a parallelogram ? Would 
the same observation apply to all regular figu];es with an even number of 
sides ? 

27. Why has Euclid not shewn how to inscribe an equilateral triangle 
in a circle, before he requires the use of it in Prop. 16, Book iy. ? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be produced to meet, the angles formed 
by these lines will be equal to four right angles. 

30. Shew that the area of an equilateral triangle inscribed in a circle 
is one-half of a regular hexagon inscribed in the same circle. 

31. If a side of an equUateral triangle be six inches : what is the 
radius of the inscribed circle } 

32. Find the area of a regular hexagon inscribed in a circle whose 
diameter is twelve inches. What is the difference between the inscribed 
and the circumscribed hexagon ^ 

33. Which is the greater, the difference between the side of the square 
and the side of the regular hexagon inscribed in a circle whose radius is 
unity ; or the difference between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle ? 

S4. The regular hexagon inscribed in a circle, is three-fourths of the 
regular circumscribed hexagon. 

35. All the interior angles of an octagon equal to twelve right angles. 

36. ^ What figure is formed by the production of the alternate sides of 
a regular octagon ? 

37. How many square inches are in the area of a regular octagon 
whose side is eight inches ? 

88. If an irregular octagon be capable of having a circle described 
about it, shew that the sums of the angles taken alternately are equal. 

39. Find an algebraical formula for the number of degrees contained 
by an interior angle of a regular polygon of n sides. 

40. What are the three regular figures which can be used in paving 
a plane area ? Shew that no other regular figures but these will fill up 
the space round a point in a plane. 

41. Into what number ot equal parts may a li^ht angle be divided 
geometrically ? What connection has the solution />f this problem with 
the possibility of inscribing regular figures in circles ? 

42. Assuming the demonstrations in £uc. iv, shew that any equila- 
teral figure of 3.2", 4.2", 5.2", or 15.2" sides may be inscribed in a 
circle, when n is any of the numbers, 0, 1,2, 3, &c. 

43. With a pair of compasses only, shew how to divide the circum- 
ference of a given circle into twenty-four equal parts. 

44. Shew that if any polygon inscribed in a circle be equilateral, it 
must also be equiangular. Is the converse true ? 

45. Shew that if the circumference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. Similar polygons are always equiangular : is the converse of this 
proposition true } 

47. What are the limits to the Geometrical inscription of regular 
figures in circles ? What does Geometrical mean when used in this way ? 

48. What IS the difficulty of inscribing geometrically an equilateral 
and equiangular undecagon in a circle ? Why is the solution of this pro- 
blem said to be beyond the limits of plane geometry ? Why is it so difficult 
to prove that the geometrical solution of such problems is impossible i 

k2 



GEOMETRICAL EXERCISES ON BOOK IV. 



PROPOSITION I. THEOREM. 

If an equilateral triangle be inscribed in a circle, the square <^ the uie 
0/ ihe triangle is triple of the square of the radius, or of the tide of the 
regular hexagon inscribed in the same circle. 

Let ABD be an eqidlateral triangle inscribed in the circle ABB, 
of which the center is C, 

A 




Join BC^ and produce BC to meet the circumference in ^, also 
join AJE, 
And because ABD is an equilateral triangle inscribed in the circle; 
therefore AED is one-third of the whole circumference, 
and therefore AE is one-sixth of the circumference, 
and consequently, the straight line AE is the side of a regular hexagon 
(IV. 15.), and is equal to EC, 

And because BE is dotible of EC or AE, 

therefore the square on BE is quadruple of the square on AE, 

but the square on BE is equal to the squares on AB, AE ; 

therefore the squares on AB, AE are quadruple of the square on AE, 

and taking from these equals the square on AE, 

therefore the square on AB is triple of the square on AE 

PROPOSITION II. PROBLEM. 

To describe a circle which shall touch a straight line given in position, and 
pass through two given points. 

Analysis. Let AB be the given straight line, and (7, D the two 
given points. 

Suppose the circle required which passes through the points C, B 
to toucn the line AB in the point E, 

A E F B 




Join C, D, and produce DC to meet AB in F, 

and let the circle be described having the center X, 

join also LE, and draw ZJT perpendicular to CD, 

Then CD is bisected in H, and LE is perpendicular to AB. 
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Also, since from the point J^ without the circle, are drawn two 
straight lines, one of whicn FE touches the circle, and the other FDC 
cats it; the rectangle contained by jPC, FD, is equal to the square of 
JFE. (m. 36.) 

Synthesis. Join C, D, and produce CD to meet AB in F, 
take the point E in FB, such tnat the square on FE, shall be equal 
to the rectangle FD, FC. 

Bisect CD in J?, and draw JTJT perpendicular to CD ; 
then HK passes through the center, (m. 1, Cor. 1.) 
At E draw EG perpendicular to FB, 
then EQ passes throueh the center, Tni. 19.) 
ooDsequently X, the point of intersection oi these two lines, is 
the center of the circle. 
It is also manifest, that another circle may be described passing 
through C, D, and touching the line AB on the other side of the 
point F\ and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less than the angle CFA. 

PROPOSITION in. PROBLEM. 
InBcribe a circle in a given sector of a circle. 

Analysis. Let CAB be the given sector, and let the required circle 
whose center is O, touch the radii in P, Q, and the arc of the sector 
inD. 




E D F 

Join OP, OQ, these lines are equal to one another. 

Join also CO, 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is e^ual to the base OQ ; 

therefore the angle PCO is eoual to the angle QCO ; 
and the angle ACB is oisected by CO : 
also CO produced will bisect the arc AB m D, (in. 26.) 
If a tangent EDF be drawn to touch the arc AB in D ; 
and CA, CB be produced to meet itin E, F: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle. (lY. 4.) 

PROPOSITION IV. PROBLEM. 

ABCD M a recUmgular paraUehgram, Required to draw EG, YQt 
parallel to AD, DC, so that the rectangle £F may be equal to the figure 
£MD, aind EB eqvuad to FD. 

Analysis. Let EQ, FO be drawn, as required, bisecting the rect^ 
angle ABCD. 
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Draw the diagonal BD cutting EG in JSTand FG in K. 
Then BD also bisects the rectangle ABCD\ 
and therefore the area of the triangle KGH\a equal to that of the 
two triangles EHB, FKD. 



E B 



:.^3u 



^ 



V 



Draw GL perpendicular to BD, and join GB^ 
also produce FG to M, and EG to N, 
If the triangle XcS'^be supposed to be equal to the triangle EHB, 
by adding HGB to each, 

the triangles LGB, GEB are equal, and they are upon the same 
base GB, and on the same side of it ; 

therefore they are between the same parallels, 
that is, i£ Lf E were joined, i^ .would be parallel to GBf; 
and if a semicircle were described on GB as a diameter, it would 
pass through the points E, L\ for the angles at E, L are right 
angles : 

also LE would be a chord parallel to the diameter GB ; 
therefore the arcs intercepted between the parallels LE^ GB are 
equal, 
and consequently the chords EB, LG are also equal ; 

but EB is equal to GM, and GM to GN; 
wherefore ZG, GM, GN, are equal to one another ; 
hence G is the center of the circle inscribed in the triangle BDC. 
Synthesis. Draw the diagonal BD. 
Find G the center of the circle inscribed in the triangle BDC; 
through G draw ^(riV parallel to BC, and J^lOf parallel to AB. 
Then EG and FG bisect the rectangle ABCD. 
Draw (^i perpendicular to the diagonal BD, 
In the triangles GLH, EHB, the angles GLH, HEB are equal, 
each being a right angle, and the vertical angles LHG, EHB, also the 
side ZG' is equal to l£e side EB ; 

therefore the triangle LHG is equal to the triangle EHB. 
Similarly, it may be proved, that the triangle GLK is equal to the 
triangle KPD , 
' therefore the whole triangle KGH is equal to the two triangles 
EHB, KFD\ 
and consequently EG, FG bisect the rectangle ABCD. 
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I. 

1. In a given circle, place a straight line equal and parallel to a 
^ven straight line not greater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide ; and the diameter of one is twice the 
diameter of the other. 

4. If a line be drawn from the vertex of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either of 
the angles at the base perpendicular to the opposite side ; the distance 
£rom the vertex to the j^oint of intersection, shall be equal to the radius 
of the circumscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the circumference, it 
ivill be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir- 
cumference, according as the line does or does not cut the base. 

6. The perpendicular from the vertex on the base of an equi- 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. Kequired proof. 

7. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perimeter of any other isosceles triangle inscribed in 
the same cu*cle. 

10. If any two consecutive sides of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of ihe same perimeter. 

12. If two equilateral triangles be ij:scribed in a circle so as to 
have the sides of one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi- 
lateral and eqidangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given equilateral triangle. 

15. To inscribe a regular dodecagon in a given circle, and shew 
that its area is equal to the square of uie side of an equilateral triangle 
inscribed in the circle. 

n. 

1 6. Describe a circle touching three straight lines. 

17. Any number of triangles having the same base and the same 
vertical angle, will be circumscribed by one circle. 

18. Find a point in a triangle from which two straight lines 
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drawn to the extremities of the bate shall contain an angle e<|ual to 
twice the vertical angle of the triangle. Within what limitatites it 
this possible ? 

19. Giy^i the base of a triangle, and the point from which the 
perpendiculars on its three sides are equal; construct the triangle. 
To what limitation is the position of this point subject in order tiiat 
the triangle may lie on the same side of the base ? 

20. From any point B in the radius CA of a given circle whose 
center is C, a straight line is drawn at right angles to CA meeting the 
circumference in 2); the circle described round the triangle CBL 
touches the given circle in D. 

21. If a circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points A, B, C, on the opposite 
sides, and produced to meet the circle in 2>, E, F, respectively, the 
circumferences EF, FD, DE, are bisected in the points A,B, CI 

22. If from the angles of a triangle, lines be drawn to the points 
where the inscribed circle touches the sides ; these lines shall intersect 
in the same point. 

23. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circimiference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in P, a circle described so as to pass through 
P and anv two of the points A, B, C, is equal to the circumscribing 
circle of the triangle. 

25. If perpendiculars Aa, Bb, Cc be drawn from the angular 
points of a triangle ABC upon the opposite sides, shew that they will 
bisect the angles of the triangle a 6 c, and thence prove that the peri- 
meter of a 5 c will be less than that of any other triangle which can 
be inscribed in ABC. 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ABC he A plane triangle, 6rCF its circumscribing circle, 
and GEF a diameter perpendicular to the base AB, then if CF he 
joined, the angle GFC is equal to half the difference of the angles at 
the base of the triangle. 

28. The line joiiiing the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

m. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse. 

30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

31. If a circle be inscribed in aright-angled triangle, the excess 
of the sides containing the right angle above the hypotenuse is equal 
to the diameter of the inscrib^ circle. 
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92. Hating ^TCin the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

S3. ABC is a triangle inscribed in a circle, the line joining the 
middle points of the arcs AB^ AC^ will cut off equal portions of the 
two contiguous sides measured from the angle A, 

IV. 

34. Hating given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
indius of the inscribed circle, required to construct it 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

37. K the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude. 

V. 

08. In a given triangle inscribe a parallelogram which shall be 
eqiud to one-half the triangle. Is there any limit to the number of 
such parallelograms ? 

39. In a given triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
m the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angular point of the inscribed square. 

42. Inscribe an equilateral triangle in a square, (1) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
angular octagon. 

VI. 

44. Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal cirdes 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

47. The square' is greater than any oblong inscribed in the same 
circle. 

48. A circle having a square inscribed in* it being given, to find a 
circle in which a regular octagon of a perimeter equal to that of the 
square, may be inscribed. 

49. Describe a circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the vertical 
angle of which is four times the angle at the base. 

flOr A regular octagon inseribed in a circle is equal to the rectangle 

k5 
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contained by the sides of the squares inscribed in, and oirciunBcribed 
about the circle. 

51. If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the 
side of an inscribed octagon. 

vn. 

52. To describe a circle which shall touch a given circle in a given 
point, and also a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given circles. 

54. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

55. Two points are given, one in each of two given circles ; describe 
a circle passing through both points and touching one of the circles. 

56. Describe a circle touching a straight line in a given point, and 
also touching a given circle. When the line cuts the given circle, 
shew that your construction will enable you to obtain six circles 
touching the given circle and the given line, but not necessarily in the 
given point. 

57. Describe a circle which shall touch twa sides and pass through 
one angle of a given square. 

58. If two circles touch each other externally, describe a circle 
which shall touch one of them in a given point, and also touch liie 
other. In what case does this become impossible? 

59. Describe three circles touching each other and having their 
centers at three given points. In how many different ways may this 
be done ? 

vin. 

60. Let two straight lines be drawn from any point within a circle 
to the circumference : describe a circle, which snail touch them both, 
and the arc between them. 

61. In a given triangle having inscribed a circle, inscribe another 
circle in the space thus intercepted at one of the angles. 

62. Let ABy AC, be the bounding radii of a quadrant ; complete 
the square ABDC qh^ draw the diagonal AD\ then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, another semicircle be described, so as to 
touch the former and the quadrantal are ; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the baae 
and perpendicular together equal to a given line. 

65. Inscribe three circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 

IX. 

66. In the t^. Prop. 10, Book IT, ahew that the base BI> m thei 
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side of a regular decagon inscribed in the lafj^er circle, and the side of 
a regular pentagon inscribed in the smaller circle. 

67. In the fig. Prop. 10, Book iv, produce DC to meet the circle 
in J^, and draw £F; then the angle A^F shall be equal to three times 
the angle BFB. 

68. If the alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joining Hues will itself be a 
regular pentagon. 

69. if ABCDE be any pentagon inscribed in a circle, and A C, 
BD, CE, DA, EB be joined, then are the angles ABEy BOA, CJDB, 
DEC, EAD, together equal to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a regular pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of their s(][uares to three times the square of the radius ; and 
the rectangle contained by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a ^ven square so that four 
angles of the pentagon may touch respectively the four sides of the 
square, 

73. Inscribe a regular decagon in a given circle. 

74. The square described upon the side of a regular pentagon in 
a circle, is equal to the square of the side of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle* 

X. 

75. In a given circle inscribe three equal circles touching each 
oth^ and the given circle. 

76. Shew that if two circles be inscribed in a third to touch one 
another, the tangents of the points of contact will all meet in the same 
point. 

77. 1£ there be three concentric circles, whose radii are 1,2,3; 
determine how many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius is 
2, and touching the interior and exterior circles, and each other. 

78. Shew that nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
circumscribe them. 

XI. 

79. Psroduce the sides of a given heptagon both ways, tfll they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To conrert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum cf the 1st, 3rd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th, 6th, &c. 

82. Of allpolygons having equal perimeters, and the same number 
ei sides, the equilateral polygon has the greatest area. 
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DEFINITIONS. 

I. 

A LESS magnitade is said to be apart of a greater ma^pnitade, when 
the less measures the greater; that is, * when the less is contained a 
certain number of times exactly in the greater.' 

n. 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, * when the greater contains the 
less a certain number of times exactly.' 

m. 

^* Ratio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity." 

IV. 

Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 

V. 

The first of four magnitudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of the first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth : or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth: or, 
if the multiple of the first be greater than that of the second, the mul- 
tiple of the third is also greater than that of the fourth. 

VI. 

Magnitudes which have the same ratio are called proportionals. 

N.B. * When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second, as the third to the fourth.' 

vn. 

When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth ; then the first is said to have to the second a greater 
ratio than the third magnitude has to the fourth : and, on the contrary, 
the third is said to have to the fourth a less ratio than the first has to 
the second. 

vm. 

" Analogy, or proportion, is the similitude of ratios," 
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IX. 
Proportion consuts in three terms at leasts 

X. 

When three magnitudes are proportionals, the first is said to hate 
to third, the duplicate ratio of that whieh it has to the second. 

XI. 

When four magnitudes are continual proportionals, the first is said 
to have to the fourth, the triplicate ratio of that which it has to the 
second, and so on, quadruplicate, &c. increasing the denomination still 
by unity, in any number of proportionals. 

Definition Af to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if ^, B, C, D be four magnitudes of the same kind, the first 
A is said to have to the last D, the ratio compounded of the ratio of A to B, 
and of the ratio of B to C, and of the ratio of C to Z) ; or, the ratio of A to 
D is said to be compounded of the ratios of A to B, B to C^ and C to Z)r 

And if A has to B the same ratio which E has to F; and B to C the 
same ratio that G has to H ; and CtoD the same that K has to L ; then, 
by this definition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E toF, G to H, and Kto L. And the 
same thing is to be understood when it is more briefly expressed by saying, 
A has to D the ratio compounded of the ratios ofEtoFtGto H, and Kto £. 

In like manner, the same things being supposed, if 3f has to Nthe same 
ratio which A has to D ; then, for shortness' sake, M is said to have to N 
the ratio compounded of the ratios of J? to F, G to H, and iCto L, 

XII. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the consequents to one another 

' Geometers make use of the following technical words, to signify cer- 
tain ways of changing either the order or magnitude of proportionals, so 
that they continue still to be proportionals.' 

xm. 

Permntandoo, or altemando by permutation, or alternately. This 
words is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth : aa 
is shewn in Prop. XYI. of this Fifth Book. 

XIV. 

Invertendo, by inversion ; when there are four proportionals, and 
it is inferred, that the second is to the first, as the fourth to the thirdr 
Prop. B. Book v. 
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XV. 

Gomponendo, by composition ; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book y. 

XVI. 

Diyidendo, by division ; when there are four proportionals, and it it 
inferred, that the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. Prc^ It 
Book Y. 

xvn. 

Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the seeond, as the 
third to its excess above the fourth. Prop. E. Book v. 

xvin. 

Ex sequali (sc. distantift), or ex sequo, from equality of distance: 
when there is any number of magnitudes more than two, and as many 
others such that they are proportionals when taken two and two d 
each rank, and it is mferred, that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others : * Of this there 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.' 

XIX. 

Ex sequali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order : and 
the inference is as mentioned in the preceding definition ; .whence thi» 
is called ordinate proportion. It is demonstrated in Prop. 22, Book v. 

XX. 

Ex seouali in proportione perturbat& seu inordinati^ from equality 
in pgrturoate or disorderly proportion*. This term is used when the 
first magnitude is to the second of the first rank, as the last but one is 
to the last of the second rank ; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the second rank: 
and as the third is to the fourth of the first rank, so is the third firom 
the last to the last but two of the second rank ; and so on in a cros» 
order : and the inference is as in the 18th definition. It is demon- 
strated in Prop. 23, Book y. 

AXIOMS. 
I. 

Equimultiples of the same, or of equal magnitudes, are equal to 
one another. 

II. 

Those magnitudes, of which the same or equal magnitudes ai» 
equimultiples, are equal to one another. 

* Prop. 4, Lib* ii. Archimedis de sphera et cylindso^ 
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in 

A multiple of a greater magnitude is greater than the same mul- 
tiple of a less. 

IV. 

That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 
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If any number of magnitudes be equimultipks of as many, each of each .* what 
multiple soever any one of them is of its part, the same multiple shall all the 
^rst magnitudes be of all the other, 

Let any number of magnitudes AB, CD he equimultiples of as 
many others E, F, eaeh of each. 

Then whatsoever multiple ^ J? is of ^, 
the same multiple shall AB and CD together be of J^ and JF* together. 

A G B C H D 



Because AS is the same multiple of S ftatt CD is of JP, 
as many magnitudes as there are in AB equal to JSf so many are 
there in CD equal to F, 

Divide AB mto magnitudes equal to F, viz. AG, GB; 
and CD into CjS, HDj equal each of them to F; 
therefore the nimiber of the magnitudes Clf, HD shall be equal to 
the number of the others A G, GB ; 

and because ^G^ is equal to Ey and CHto F, 

therefore A G and Cff together are equal to j&and jP together : (l. ax. 2.) 

for the same reason, because GB is equal to E, and HD to JP; 

GB and HD together are equal to E and F together : 

wherefore as many magnitudes as there are in ^J9 equal to E^ 

so many are there in AB, CD together, equal to E and i^ together: 

therefore, whatsoever multiple AB is of E, 

the same multiple is AB and CD together, of E and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples 

of as many, each of each ; whatsoever multiple any one of them is 

of its part, the same multiple shall all the first ma^itudes be of all 

the others: 'For the same demonstration holds m any number of 

magnitudes, which was here applied to two.' Q.E.D. 

PROPOSITION II. THEOREM. 

Jf the first magnitude be the same multiple of the second that the third is of 
tJie fourth, and the fifth the same multiple of the second that the sixth is of the 
fourth ; then shall the first together with the fifth be the same multiple of the 
second, that the third together with the sixth is of the fourth. 

Let AB the first be the same multiple of C the second, that DE 

the third is of JP the fourth : 



\ 
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and BG the fifth the same multiple of C the second, that ^JB" the 
sixth is of J* the fourth. 
Then shall A Q, the first together with the fifth, be the same mul- 
tiple of C the second, that DH^ the third together with the sixth, it 
of J^ the fourth. 

A B G D E H 



Because AB is the same multiple of C that DE is of F; 
there are as many magnitudes in AB equal to C, as there are in I}E 

equal to P, 
in like manner, as many as there are in J? G^ equal to C, so many are 
there in EH equal to Fi 
therefore as many as there are in the whole AG eaual to Oj 
so many are there in the whole DH equal to 1' : 
therefore AG\& the same multiple of Cthat DH\s of F; 
that is, A Gf the first and fifth together, is the same multiple of the 
second C, 

that DJET, the third and sixth together, is of the fourth F. 
If therefore, the first be the same multiple, &c. Q.E.D. 
Cob. From this it is plain, that if any number of magnitudes u£B, 
BG, GMhe multiples of another C; 

and as many BE, EX, JSX be the same multiples of F, each of each : 
then the whole of the first, viz. AH, is the same multiple of O, 
that the whole of the last, viz. DL, is of 2^. 
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PBOPOSITION in. THEOREM. 

If the first he ike tame multiple of the second, which the third is of the fourth: 
and if of the first and third there be taken equimnltiples ; tJiese shall be equi- 
multiples, the one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second, that C the 
third is of D the fourth : 

and of A, Clet equimultiples EF, GHhe taken. 

Then EF shall be the same multiple of B, that GH is of J!>. 

E K F OLE 



B- 



Because EF is the same multiple of ^, that G^^is of C, 
there are as many magnitudes in EF equal to A, as there are in GrM 

equal to C: 
let EFhe divided into the magnitudes EK, KF, each equal to AL ; 
and GH into GL, LH, each equal to Ci 
therefore the number of the magnitudes EK^ KF shall be equal ta 
the number of the others GL, XJ9r> 
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sod because A is the same multiple of B^ that C is of D, 

and that EK is equal to A^ and GL equal to C: 

therefore BK is the same multiple of B, that QL is of D : 

ibr the same reason, KF\& the same multiple of B, that LHva of /> : 

and so, if there be more parts in J^JP, QH, eaual to ^, (7: 
therefore, because the first BK is the same multiple of the second J?, 

which the third QL is of the fourth D, 
and that the fifth KF is the same multiple of the second J?, which the 

sixth LK is of the fourth D ; 
J^JPthe first, together with the fifth, is the same multiple of the second 
B, (V. 2.) 
which (7^ the third, together with the sixth, is of the fourth 2>. 

If, therefore, the first, &c. Q.E.I). 

PROPOSITION IV. THEOREM. 

Ifihefir$toffour magnitudet has the tame ratio to the second which the 
third has to the fourth ; then any equimultiples whatever of the first and third 
sfiall have the same ratio to any equimultiples of the second and fourth, viz, * the 
eqtdmultiple of the first shall have the same ratio to that of the second, which the 
equimultiple of the third has to that of the fourth,* 

Let A the first haye to B the second, the same ratio which the third 
C has to the fourth D ; 
and of A and Clet there be taken any equimultiples whatever JE, F; 
and of B and D any equimultiples whatever O, H, 
Then E shall have the same ratio to Q; which F has to H, 



K M- 

E G- 

A_ B- 

C D- 



F H- 

L N- 



Take of E and F any equimultiples whatever K, X, 

and of Of SeLuy equimultiples whatever M, N: 

then because E is the same multiple of A, that JPis of C; 

and of E and J* have been taken equimultiples JT, L ; 

therefore X is the same multiple of -4, that Z is of C: (v. 3.) 

for the same reason, j9f is the same multiple of B, that iVis of 2>. 

• And because, as -4 is to ^, so is Cto D, (hyp.) 

and of -4 and Chave been taken certain equimultiples K, L, 

and of B and i> have been taken certain equimultiples 3f, N\ 

therefore if ^ be greater than M, L is greater than Ni 

and if equal, equal ; if less, less : (V. def. 5.) 

but JT, L are any equimultiples whatever of E, F, (constr.) 

and 3f, N any whatever of (?, JST; 

therefore as J? is to 6, so is 1^ to IT. (v. def. 5.) 

Therefore, if the first, &c. Q.E.D. 

CSOB. Likewise, if the first has the same ratio to the second, which 

the third has to tiie fourth, then also any equimultiples whatever of 



1 



210 EtJCLlD's ELEMENTS. 



the first and third shall have the same ratio to the second and fourthj 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 

Let A the first have to ^ the second the same ratio which the 
third Chas to the fourth D. 

and of A and Clet '£ and Fhe any equimultiples whatever. 
Then E shall be to i as JF'to D. 
Take of ^, jPany equimultiples whatever, K, X, 
and of Bf D any equimultiples whatever Q, Hi 
then it may be demonstrated, as before, that K is the same multiple 
of ^, that i is of C: 

and because .^ is to ^, as Cis to D, (hyp.) 

and of A and C certain equimultiples have been taken viz., K and X; 

and of B and i) certain equimultiples G, H; 

therefore, if JST be greater than O, L is greater than JET; 

and if equal, equal ; if less, less : (v. def. 5.) 

but J^, L are any equimultiples whatever of E, F, (constr.) 

and 6r, H any whatever of B, D ; 

therefore as J^ is to B, so is 2^ to 2). (v. def. 5.) 

And in the same way the other case is demonstrated. 

l'ltOI»OSmOK V. THKOIlEM. 

If one magnitude be the same multiple of another, which a magnitude taken 
from thefint it of a magnitude taken from the other ; the remainder shall be tki 
same multiple of the remainder, that the whole is of the whole. 

Let the magnitude AB be the same multiple of CD, that ^j^ taken 
from the first, is of CF taken from the other. 

The remainder FB shall be the same multiple of the remainder 
FD, that the whole AB is of the whole CD. 

G A E B 

I I 

C P D 



Take AG the same multiple of FD, that AF is of CF: 
therefore AF is the same multiple of CF, that FG is of CJD : (v. 1.) 
but AF, by the hypothesis, is the same multiple of CF, that AB is 
of CD; 

therefore FG is the same multiple of CD that ^^ is of <7D; 

wherefore FG is equal to AB i (v. ax. 1.) 

take from each of tliem the common magnitude AJB; 

and the remainder ^G' is equal to the remainder FJB, 

Wherefore, since AF is the same multiple of CF, that ^ G' is of FB, 

(constr.) 

and that AG has been proved equal to FB ; 

therefore AF is the same multiple of CF, that FB is of FD : 

but AF is the same multiple of CF that AB is of CD : (byp.) 

therefore FB is the same multiple of FD, that AB is of VD 

Therefore, if one magnitude, &c. Q.S.D. 
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PHOPOSITION VI. THEOREM. 

tf two tnagnitudes be equimuUipfes of two others, and if equimultiples of 
these he taken from the first two; the remainders are either equal to these others, 
or equimultiples of them. 

Let the two magnitudes AB, Clk be equimultiples of the two E, i\ 
and let AG^ CJ? taken from the first two be equimultiples of the 

same B, F. 
Then the remainders OB^ HD shall be either equal to E, F, or 
equunultiples of them. 

A G B 



C H D F — 

T i 



First, let GB be equal to Ex 

HD shall be equal to F, 

Make CK equal to F: 

and because -^G' is the same multiple of E, that CHva of F: (byp.) 

and that GB is equal to Ey and CK to F; 

therefore AB is the same multiple of E, that jMTis of Fi 

but AB, by the hypothesis, is the same multiple of J&, that CDh ofF-, 

therefore KHk the same multiple of JP, that CD is of jF*: 

wherefore JOTis equal to CD: (v. ax. 1.) 

take away the common magnitude Cff, 

then the remainder KC is equal to the remainder HD : 

but KC is equal to F: (constr.) 

therefore HD is equal to F. 

Next let GB be a multiple of E, 

Then HD shall be the same multiple of F. 



A 


G 


B 




K 


1 

C 

1 


H 
1 


D 



Make CK the same multiple of F, that GB IsofE: 

and because AG is the same multiple of E, that CHis of F: (hyp.) 

and GB the same multiple of E, that CK is of F; 

therefore, AB is the same multiple of E, that KH is of F: (v. 2.) 

but AB is the same multiple of E, that CD is of jP; (hyp.) 

therefore KHh the same multiple of F, that CD is of F; 

wherefore KH is equal to CD : (V. ax. 1.) 

take away CHfrom both; 

therefore the remainder KC is equal to the remainder HD : 

and because GB is the same multiple of E, that KC is of F, (constr.) 

and that KC is equal to HD ; 

therefore HD is the same multiple of J^, that GB is of ^. 

If, therefore, two magnitudes, &c. Q.E.D. 
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PROPOSITION A. THEOREM. 

1j the first of four magnitudes has the same ratio to the seeondt wAicA (&e 
third has to the fourth ; then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if leu, less. 

Take any equimultiples of each of them, as the doubles of each: 
then, by def. 5th of tnis book, if *the double of the first be greater 
than the double of the second, the double of the third is greater than 
the double of the fourth : 

but if the first be greater than the second, 
the double of the first is greater than the double of the second; 
wherefore also the double of the third is greater than the double of 
the fourth ; 

therefore the third is greater than the fourth : 

in like manner if the first be equal to the second, or less than it, 

the third can be proved to be equal to the fourth, or less than it 

Therefore, if the first, &c. Q. E. D. 

PROPOSITION B. THEOREM. 

ff four magnitudes are proportionals, they are proportionaU a2to when 
taken inversely. 

Let ^ be to J9, as (7 is to D. 
Then also inversely, B shall be to ^, as JD to C 
A B c D 

G E H P 

Take of JS and D any equimultiples whatever £ and F; 

and of A and C any equimultiples whatever G and JET. 

First, let JE be greater than (r, then G is less than JB: 

and because ^ is to ^, as C is to D, (hyp.) 

and of A and C, the first and third, G and H are equimultiples ; 

and of JB and D, the second and fourth, JE and F are equimultiples; 

and that G is less than F, therefore JF£ is less than F; (Y. def. 5.) 

that is, J^is £;reater than H; 
if, therefore, ^ be greater than G, 

Fls greater than H; 

in like manner, if F be equal to G, 

2^ may be shewn to be equal to J7; 

and if less, less ; 

but F, F, are any equimultiples whatever of JS and 2), (constr.) 

and G, H any whatever of A and C\ 

therefore, as j? is to ^, so is i> to C, (v. def. 6.) 

Therefore, if four magnitudes, &c, Q. E.D. 

PROPOSITION C. THEOREM. 

If the first he the same multiple of the second, or the same part of it, that 
the third is of the fourth ; the first is to the second, as the third is to tkt 
fourth. 

Let the first A be the same multiple of the second JB, 
that the third C is of the fourth D. 
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Then A shall be to ^ as C7 is to D. 



Take of A and C any equimultiples whatever JE and JP; 
and of B and D any equimultiples whatever O and ^. 
Then, because A is the same multiple of B that (7 is of D ; (h}^).) 
and that ^ is the same multiple of ^, that jPis of C; (constr.) 
therefore E is the same multiple of B, that F is of I); (y. 3.) 
that is, JE and F are equimultiples of B and 2>: 
but G^ and ^f are equimultiples of B and 2) ; fconstr.) 
therefore, if J? be a greater multiple of B than d' is of ^, 
jFis a greater multiple of i) than jETis of jD ; 
that is, if ^ be greater than G, 
F is greater than JET: 
in like manner, if j& be equal to Q, or less than it, 
jPmay be shewn to be equal to H, or less than it, 
but JE, F are equimultiples, any whatever, of A, C; (constr.) 
and O, ^any equimultiples whatever of B, D; 
therefore ^ is to j&, as C is to 2). (v. def. 5.) 
N^ext, let the first A be the same part of the second B, that the 
ti[urd Cis of the fourth D. 

Then A shall be to J?, as C is to D. 

A ^ c D 

For since A is the same part of B that C is of D, 

therefore B is the same multiple of A, that D is of C: 

wherefore, by the preceding case, ^ is to ^, as 2> is to C; 

and therefore inversely, A is to ^, as Cis to JD. (Y. B.) 

Therefore, if the first be the same multiple, &c. Q.E.I). 

PROPOSITION D. THEOREM. 

ijT the first he to the second as the third to the fourth, and tf the first be a 
multiple^ or a part of the second ; the third is the same multiple, or the same 
^IHsrt of the fourth. 

Let ^beto^as CistoD: 

and first, let ^ be a midtiple of B. 

Then C shall be the same miutiple of D. 

A B C D 

E F 



Take F e^ual to A, 
and whatever multiple A or F is of B, make F the same multiple 
bfi>: 

then, because ^isto^, as CistoJD; (hyp.) 
and of B the second, and D the fourth, equimultipes have been 
taken, F and F; 

therefore ^ is to J?, as Cto F: (y. 4. Cor.) 

but A is e^ual to F, (constr.) 

therefore C is equal to jP: (Y. a.) 
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and Fis the same multiple of Z), that ^ is of J?; (constr.) 

therefore C is the same multiple of 2), that A is of JB. 

Next, let A the first be a part of B the second. 

Then C the third shall be the same part of 2) the fourth. 

Because AiatoB,Ba C is to D ; (hyp.) 

tben, In'versely, J? is to .^, as D to C: (Y. B.) 

A B c D 

but u^ is a part of B, therefore B isB. multiple of A : (hyp.) 

therefore, by the preceding case, 2) is the same multiple of C; 

that is, C IS the same part of D, that ^ is of .a. 

Therefore, if the first, &c. Q. E. D. 

PROPOSITION VII. THEOREM. 

Equal magnitudes have the same ratio to the tame magnitude : and the *(mt 
has the same ratio to equal magnitudes* 

Let A and B be equal magnitudes, and C any other. 
Then A and B shall each of them have the same ratio to C: 
and C shall have the same ratio to each of the magnitudes A and B. 

A B C 



Take of ^ and B any equimultiples whatever D and £, 
and of C any multiple whatever F. 
Then, because 2> is the same multiple of A, that JS is of B, (constr.) 

and that ^ is equal to B : (hyp.) 

therefore D is equal to F; (y. ax, 1.) 

therefore, if 2) be greater than Fj E is greater than F\ . 

and if equal, equal ; if less, less : 

but 2), E are any equimultiples of -k, B, (constr.) 

and P is any multiple of C; 

therefore, as A is to (7, so is B to C. (v. def. 5.) 

Likewise C shall have the same ratio to Ay that it has to B. 

For haying made the same construction, 

D may in like manner be shewn to be equal to F\ 

therefore, if 2^ be greater than x), 

it is likewise greater than E\ 

and if equal, equal; if less, lessj 

but F\s any multiple whatever of Q 

and 2), E are any equimultiples whatever of A^B; 

therefore, C is to -4 as Cis to B, (v. def. 6.) 

Therefore, equal magnitudes, &c. Q.E.D. 



PROPOSITION Vm. THEOREM. 

Of two unequal magnitudes, the greater hat a greater ratio to antf tthtf 
magnitude than the less has : and the same magnitude hat a greater ratio to fAi 
less of two other magnitudes, than it has to the greater. 

Let ABf BChe two unequal magnitudes, of which AB is the greater, 



and let 2) be any other magnitude. 
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Then AB shall have a greater ratio to D than BChsA to D : 
and D shall have a greater ratio to .8 C than it has to AB. 



£ 



Fig.l. 
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If the magnitude which is not the greater of the two AC^ CB, be 
not less than 2). 

take EF,FG, the doubles of ^C, CB, (as in ^g, 1.) 

but if that which is not the greater of the two AC^ CB, be less than D, 

(as in fig. 2 and 3.) this magnitude can be multiplied, so as to 

become greater than jD, whether it be A C, or CB. 

Let it be multiplied until it become greater than D, 

and let the other be multiplied as often ; 

and let EFhe the multiple tnus taken oi AC, 

and FO the same multiple of CB : 

therefore EF and FQ are each of them greater than D : 

and in every one of the cases, 

take ^the double of 2), K its triple, and so on, 

till the multiple of D be that which first becomes greater than FG : 

let L be that multiple of D which is first greater than FOy 

and K the multiple of D which is next less than X. 

Then because L is the multiple of 2), which is the first that becomes 

greater than FG, 

the next preceding mtiltiple K is not greater than FG\ 

that is, FG is not less than JT: 

and since EF is the same midtiple of A C, that FG is of CB ; (constr.) 

therefore FG is the same multiple of CB^ that EG is of AB ; (v. 1.) 

that is, EG and FG are equimultiples of AB and CB ; 

and since it was shewn, that FG is not less than JT, 

and, by the construction, i^i^is greater than D ; 

therefore the whole EG is ^ater than K and D together : 

but K together with 2) is equal to L ; (constr.) 

therefore EG is greater than X ; 

but FG is not greater than L : ^constr.) 

and EGy FG were proved to be equimultiples ofAB, BC\ 

and X is a multiple of 2) ; (constr.) 

therefore AB has to ^ a greater ratio than iC has to 2). (v. def. 7.) 

Also D shall have to ^C a greater ratio t^an it has to AB. 
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For having made the same construction, 

it may be shewn in luLe manner, that X is greater than FG, 

but that it is not ereatw than EQ : 

and Z is a multi^e of D ; (constr.) 

and FOy EG were proved to be equimultiples of CB, AB : 

therefore D has tot CB a greater ratio than it has to AB, (y. def. 7.) 

* Wherefore, of two unequal magnitudes, &c. Q.E.D. 



PROPOSITION IX. THEOREM. 

Moffnitudea which have the same ratio to the tame magnitude are equcHfo 
(me another : and those to which the same magnitude has the same ratio on 
tqwd to one another » 

Let, A, B have each of them the same ratio to C. 
Then A shall be equal to B, 



B 



For, if they are not equal, one of them must be greater than the other : 

let A be the greater : 

then, by what was shewn in the preceding proposition, 

there are some equimultiples of A and B, and some multiple of C, such, 

that the multiple of A is greater than the multiple of C, 

but the multiple of B is not greater than that of C, 

let these multiples be taken ; 

and Jet D, E be the equimultiples of ^, B^ 

and F the multiple of C, 

such that D may be greater than F, but E not greater than JP. 

Then, beeause ^ is to C as ^ is to C, (hyp.) 

and of A, Bf are taken equimultiples, 2), Ef 

and of Cis taken a multiple F; 

and that D is greater than F; 

therefore E is also greater than F: (v. def. 5.) 

but E is not greater than F; (constr.) which is impossible : 

therefore A and B are not unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A and B. 

Then A shall be equal to B, 
For, if they are not equal, one of them must be greater than the other: 

let A be the greater : 

therefore, as was shewn in Prop. vin. 

there is some multiple F of C, 

and some equimultiples E and D of B and A such, 

that F is greater than E^ but not greater than D : 

. and because C is to J^, as C is to ^, (hyp.) 

and that JPthe multiple of the first, is greater than E the multiple of 

the second; 
therefore F the multiple of the third, is greater than 2) the multiple 
of the fourth : (v. def. 6.) 
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but JPis not greater than D (hyp.) ; which is impossible : 

therefore A is equal to B. 
Wherefore, magnitudes which, &c. Q.E.D. 

PROPOSITION X. THEOREM. 

l^iti magnitude which hat a greater ratio than another hoi unfo the 
BOtne tnagnitiufey is the greater of the ttoo ; and that magnitude to tchirh the 
stone has a greater ratio than it has unto another magnitvdef is the less 
of the tux). 

Let A have to Ca ffreater ratio than B has to C; 
then A shall be greater than B, 



A- 



For, because A has a greater ratio to C, than B has to C, 

there are some equimultiples of A and B, 

and some multijjle of C such, (v. def. 7.) 

that the multiple of A is greater than tne multiple of (7, 

but the multiple of JB is not greater than it : 

let them be taken ; 

and let D, ^be the equimultiples of A, B, and JPthe multiple of C\ 

such, that D is greater than F, but E is not greater than Fi 

therefore D is greater than Ei 

and, because D and E are equimultiples of A and B^ 

and that D is greater than E\ 

therefore A is greater than B. (v. ax. 4.) 

Next, let C have a greater ratio to B tnan it has to A, 

Then B shall be less than A. 

For there is some multiple F of C, (v. def. 7.) 

and some equimultiples E and D of B and A such, 

that Fia greater than E^ but not greater than D : 

therefore E is less than D : 

and because E and JD are equimultiples of B and A, 

and that E is less than JD, 

therefore B is less than A. (v. ax. 4.) 

Therefore, that magnitude, &c. Q. E. D. 

PROPOSITION XI. THEOREM. 

Matios that are the same to the same ratiOf are the same to one another. 

Let .4 be to J9 as C is to D ; 
and as C to D, so let E be to F, 
Then A shall be to B, as E to F. 
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Take of -4, C, E, any equimultiples whatever G, H, K; 

L 
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and of B, D, F any equimultiples whatever L, M, K, 
Therefore, since -4 is to ^ as C to J), 
and G, H are taken equimultiples of A, C, 
and i, Jf, of -B, i> ; 
if G' be greater than L, S is greater than M; 
and if equal, equal ; and if less, less. (y. def. 5.) • 
Again, because C is to 2), as ^ is to ^, 
and JET, K are taken equimultiples o{ C, JB; 
and M, N, of 2), F; 
if ^be greater than M, K is p'eater than N\ 
and if equal, equal ; and if less, less : 
but if (? be greater than X, 
it has been shewn that H is ^eater than M; 
and if equal, equal ; and if less, less : 
therefore, if G be greater than X, 
K is greater than JV; and if equal, equal ; and if less, less : 
and G, K are any equimultiples whatever of ^, J^ ; 

and i, iV any whatever of B, F\ 

therefore, as A is to jB, so is E to F, (v. def. 5.) 

Wherefore, ratios that, &c. Q.E.D. 

PROPOSITION XII. THEOREM. 

If any number of magnitudes he proportionals t as one of the antecedeiUs 
is to its consequentf so shall all the antecedents taken together be to ail the 
consequents. 

Let any number of magnitudes A, B, C, 2>, F, F^ be proportionals : 

that is, as ^ is to ^, so C to 2>, and F to F. 
Then as ^ is to ^, so shall A, C,F together, be to B, D, jP together. 

H K 

A C E 

B D F 
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Take of A, C, E any equimultiples whatever (?, J7, JT; 

and of B, D, JPany equimultiples whatever, X, Jf, JV. 

Then, because ^ is to ^, as C is to 2>, and as ^ to P; 

and that (7, H, iTare equimultiples of ^, C, E, 

and X, My N, equimultiples of B, D, F\ 

therefore, if (? be greater than X, 

XT is greater than Jbf , and K greater than iV; 

and if equal, equal ; and if less, less : (y. def. 5.) 

wherefore if (? be greater than i, 

then (y, H, iT together, are greater than X, M, iV together; 

and if equal, equal ; and if less, less : 

but Gj and 6r, XT, J^ together, are any equimiiltiples of A, and A^ C^ 

E together ; 
because if there be any number of magnitudes equimultiples of 
as many, each of each, whatever multiple one of them is of its part, 
the same multiple is the whole of the whole : (v. 1.) 
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for the same reason L, and Z, JKf, N are any equimultiples of B^ and 

B, D, Fi 
therefore as A is to B, so are A, C^ JB together to B, D, jP together. 

(V. def. 5.) 

Wherefore, if any number, &c. Q. E. D. 

PROPOSITION XIII. THEOREM. 

If the first has to the second the same ratio which the third has to the 
fourlhj but the third to the fourth, a greater ratio than the fifth has to the 
.sixth ; the first shall also have to the second a greater ratio than the fifth 
has to the sixth. 

Let A the first have the same ratio to B the second, which C the 
third has to 2> the fourth, but C the third a greater ratio to D the 
iourth, than JE the fifth has to F the sixth. 

Then also the first A shall hare to the second B, a greater ratio 
than the fifth £ has to the sixth F, 



M — G H. 



A C E 

B D F 

N K L 

Because C has a greater ratio to 2>, than F to F, 
there are some equimultiples of C and F, and some of D and F, such 
that the multiple of C is greater than the multiple of 2), but the mul- 
tiple of F is not greater than the multiple of F: (v. def. 7.) 

let these be taken, 

and let 6r, JI be equimultiples of C, F, 

and K, L equimultiples of D, F, such that O may be greater than K, 

but jSnot greater than L : 

and whatever multiple G is of C, take ilf the same multiple of ^ ; 

and whateyer multiple K is of D, take N the same multiple of B : 

then, because ^ is to JB, as Cto Z), (hyp.) 

and oi A and C, JIf and G are equimultiples; 

and of B and JD, N and K are equimultiples ; 

therefore, if Jf be greater than iV, (? is greater than K\ 

and if equal, equal ; and if less, less : (Y. def. 5.) 

but G is greater than K\ (constr.) 

therefore Jtf" is greater than JV: 

but ZTis not greater than L : (constr.) 

and My Hbiq equimultiples oi Aj E\ 

and N, L equimultiples of B, F; 

therefore A has a greater ratio to B, than F has to F. (V. def. 7.) 

Wherefore, if the first, &c. Q.E.D. 

Cor. And if the first have a greater ratio to the second, than th« 
third has to the fourth, but the third the same ratio to the fourtl^ 
which the fifth has to the sixth ; it may be demonstrated, in tike 
manner, that the first has a greater ratio to the second, than the fifth 
has to the sixth. 

l2 
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PROPOSITION XIV. THEOREM. 

If the first has the same ratio to the second which the third has to the fourth; 
then, if the first be greater than the thirds the second shall be greater than Oie 
fourth ; and if equal, equal ; and if less, less. 

Let the first A have the same ratio to the second B Ttrhich the 
third C has to the fourth JD. 

If -4 be greater than C, B shall be greater than -D. (fig, 1.) 

1. 2. 8. 

A '- A A 

B B B 

C C C . 

D D D 



Because A is ^eater than (7, and B is any other magnitude. 

A has to J& a greater ratio than C has to B : (v. 8.) 

but, as 2( is to ^, so is C to 7) ; (hyp.) 

therefore also C has to D a greater ratio than Chas to B; (v. 13.) 

but of tTTo magnitudes, that to which the same has the greater raUo, 

is the less : (v. 10.) 

therefore D is less than B\ 
that is, B is greater than D. 
Secondly, if -4 be equal to C, (fig, 2.) 

then B shall oe equal to D, 
For A is to B, as C, that is, Ato Di 
therefore B is equal to D, (v. 9.) 
Thirflly, if ^ be less than C, (fig. 3.) 

then B shall be less than 2>. 

For C is greater than A ; 

and because Cis to 2), as J[ is to B, 

therefore D is greater than B, by the first case ; 

that is, B is less than D, 

Therefore, if the first, &c. Q.E.D. 

PROPOSITION XV. THEOREM. 

Magnittides have the same ratio to one sinother which their eguimuU^pks 
have. 

• Let AB be the same multiple of C, that DJ^is of 1^ 
Then C shall be to P, as AB is to BE. 

AGHB DELE 



Because AB is the same multiple of C, that DB is of 1^; 
there are as many magnitudes in AB equal to (7, as there are inD^ 
equal to J^: 
let A She divided into magnitudes, each equal to C, viz. A O, OH^ HB; 
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and DJS into magnitudes, each equal to F, viz. DJT, KZ, LEi 
then the number of the first AOj GH, HB, is equal to the number 
of the last DJST, JEX, LE: 

and because AG, GH, JELB are all equal, 
and that DJT, KL, LE, are also equal to one another ; 
therefore AG\&tQ BK,^ GHto KZ, and as HB to ZE: (v. 7.) 
but as one of the antecedents is to its consequent, so are all tne 
antecedents together to all the consecjuents together, (y. 12.) 
wherefore, as ^ (7 is to i> JT, so is ^ B to I>E : 
but AG is equal to Cand BKto F: 
therefore, as C is to jP, so is AB to DE» 
Therefore, magnitudes, &c. Q.E.D. 

PROPOSITION XVI. THEOREM, 

^/our magnitudea of the same kind be proportionals, they thaU also he 
proportvmaie when taken altematefy. 

Let A, B, C, 2) be four magnitudes of the same kind, which are 
proportionals, viz. as ^ to JS, so C to D, 

They shall also be proportionals when taken alternately : 
that is, A shall be to C, as J? to i). 



E G- 

A C- 

B D, 
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Take of A and B any equimultiples whatever E and F: 
and of C and 2> take any equimultiples whatever G and H 
and because E is the same multiple of A, that i^is of B, 
and that magnitudes have the same ratio to one another which 
their eqmmultiples have; (y. 15.) 

therefore ^ is to ^, as ^ is to i^: 

but as ^ is to B so is Cto 2>; (hyp.) 

wherefore as C is to D, so is J? to F: (y. 11.) 

again, because G, Jfare e^uimultidles of C, 2>, 

Sierefore as Cis to JD, so is (? to if: (y. 16.) 

but it was proved that as C is to D, so is E to F; 

therefore, as E is to F, so is Gto H. (y. 11.) 

But when four magnitudes are proportionals, if the first be greater 

than the third, the second is greater than the fourth : 

and if equal, equal; if less, less ; ^y. 14.) 
therefore, if .E be sreater than G, F likewise is greater than H; 

and if e(jual, equal ; if less, less : 

and E, Fare any equimultiples whatever of A,B ; (constr.) 

and G, K any whatever of (7, 2) : 

therefore A is to (/, as B to D. (y. def. 5.) 

If then four magnitudes, &c. Q.E.D. 
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PROPOSITION XVII. THEOREM. 

If magnifudet, taken jomtUff be propcrtumals, they shall also be pro- 
portionals when taken separately : that is, {f two magnitudes together ham 
to one of them, the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these. 

Let AB, BE, CD, DF be the magnitudes, taken jointly which 
»re proporti(M3al8 ; 

that is, as AB to BE, so let CD be to DR 

Then they shall also be proportionals taken separately, 

viz. as AE to EB, so shall CF be to FD. 



M N 
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Take of AE, EB, CF, FD any equimultiples whatever GH, HK, 
LM, MNi 
and again, of EB, FD take any equimultiples whatever KX^ NP. 
Then because GH\s the same multiple of AE, that ^jK'is of EB, 
therefore GHva the same multiple ot AE, that GKh of AB; (v. 1.) 
but GHis the same multiple of AE, that i3f is of CF: 
therefore GK is the same multiple of AB, that ZJIf is of CF. 
Again, because XJf is the same multiple of CF, that MN is of FB; 
therefore LM is the same multiple of CF, that LN is of CD z (y, 1.) 
but XJtf" was shewn to be the same multiple of CF, that GK is ot ^^; 
therefore GKib the same multiple of AB, that ZJVis of CD; 
that is, GK, LN are equimultiples of AB, CD. 
Next, because MK is the same multiple of EB, that MN is of FD; 
and that KX is also the same multiple of EB, that NF is of FD ; 
tiierefore HX is the same multiple of EB, that MP is of FD, (v. 2.) 
And because AB is to BE, as CD is to DF, (hyp.) 
and that of AB and CD, GK and LN are equimultiples, 
and of EB and FD HX and MP are eq^uimultiples ; 
therefore if GK be greater than HX, then LNib greater than MP; 
and if equal, equal ; and if less, less : (v. def. 6.) 
but if G'jff'be greater than KX, 
then, by adding the commonpart HK to both| 
GK is greater than HX^; (i. ax. 4.) 
wherefore also LN is greater than MP ; 
and bj taking away iOTfrom both, 
LMis greater than NP: (i. ax. 6.) 
therefore, if GHhe greater than KX, 

LM is greater than NP. 
In like manner it may be demonstrated, 

that if Gff be equal to KX, 

LM is equal to NP ; and if less, less : 

but GH, LM are any equimultiples whatever of AE, CF, (constr.) 

and KX, NP are any whatever of EB, FD : 

therefore, as AE is to EB, so is CJ* to FD. (v. def. 6.) 

If then magniti^s, &c. Q. £, D. 
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PROPOSITION XVm. THEOREM. 

if magnitudes, taken separately, be proportionals, they shall also be 
proportionals ivhen taken jointly: that is, tf the first be to the second, as 
the third to the fourth, the first and second together shall be to the second^ 

th£ third and fourth together to the fourth. 

Let AJ2, EB, CF, FD be proportionals ; 

that is, as AH to EB, so let OFbe to FJD. 

Then they shall also be proportionals when taken jointly ; 

that la^aaABtQ BE, so shall CD be to DF. 

G KOH L NPM 



ABB C FD 

Take of AB, BE, CJD, DF any equimultiples whatever GH, HK 
LM, MJNT; 
and again, of BE, DP take any equimultiples whatever KO, JS'P : 
and because XO, NP are equimultiples of BE, DF; 
and that XH, NMaxe likewise equimultiples of BE, I>F; 
therefore if KO, the multiple of BE, be greater than KH, which 

is a multiple of the same BE, 
then KP, the multiple of DF, is also greater than NM, the mul' 
tiple of the same DF*, 

and if KO be equal to KH, 
NP is equal to NM; and if less, less. 
First, let KO be not greater than KH; 

therefore NP is not greater than NM\ 

and because GH, HK, are equimultiples of AB, BE, 

and that AB is greater than BE, 

therefore GHib greater than HK', (v. az« 3.) 

but KO is not greater than jEJJ; 

therefore GH is greater than KO. 

In like manner it may be shewn, that LMv& greater than NP. 

Therefore, if KO be not greater than KH, 
then GH, the mtdtiple of AB, is always greater l^an KO, the 

multiple of j9^; 
and likewise LM, the multiple of CD, is greater than NP, the 
multiple of DF. 

Next, let KO be greater than KH\ 
therefore, as has been shewn, NP is greater than NM. 

Q K HO L N M P 
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And because the whole GH is the same multiple of the whole 
AB,ih9XHK\AotBE, 

therefore the remainder GK is the same multiple of the remainder 
AE that GH is of AB, (v. 6.) 

which is the same that XJtf is of CD, 
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In like manner, because ZMia the same multiple of CD, tliat M2f 
is of BE, 

therefore the remainder XiV is the same multiple df the remaiad^ 

CF, that the whole LM is of the whole CD : (v. 5.) 
but it was shewn that LM is the same multiple of CD, that GK 

isofAJS; 
therefore GK is the same multiple of AJS, that LN' is of CF; 
that is, GK, LN are equimultiples of AB, CF. 
And because KO, NP are equimiutiples of BE, DF, 
therefore if &om KO, NP there be taken KH, NM, which are 

likewise equimultiples of BE, DF, 
the remainders HO, MP are either equal to BE, DF, or equi- 
multiples of them. (v. 6.) 

First, let JTO, MP be equal to BE, DF: 

then because AE is to EB, as CFto FD, (hyp.) 

and that GK, ZiVare equimultiples o£AE, VF; 

therefore GK is to EB, as LN to FD : (v. 4. Cor.) 

but SO is equal to EB, and MP to FD ; 

wherefore (?J5ris to JTO, as iiVto MP; 

therefore if GK be greater than SO, LNia greater than MP; (y. A.) 

and if equal, equal ; and if less, less. 

But let SO, MP be equimultiples of EB, FD. 

Then because AE is to EB, as CF to FD, (hyp.) 

6EH0 LNMP 
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and that otAE, CFaxe taken equimultipleB GK, LN; 

and ofEB, FD, the equimmtiples MO, MP; 
if GK be greater than SO, LN is greater than MP ; 
and if equal, equal ; and if less, less ; (y. def. 5.) 
which was likewise shewn in the preceoing case. 
But if GShe greater than KO, 
taking KS from bolJi, GK is greater than SO ; (l. ax* 5.) 
wherefore also XiVis greater than MP; 
and consequently adding iV!af to both, 
LM is greater than NP : (l. ax. 4^ 
therefore, if G'JETbe greater than KO, 
LMia greater than NP. 
In like manner it may be shewn, that if G'^be equal to KOi 
LM is equal to NP ; and if less, less. 
And in the case in which KO is not greater than KS, 
it has been shewn that GS is always greater than KO, 
and UkewisG Xitf greater than NP: 
but GSf LM are any equimultiples whatever of AB, CD, (oonstr.) 
and KO, NP are any whatever of BE, DF; 
therefore, as AB is to BE, so is CD to DF. (y. def. 5.) 
If then magnitudes, &c Q. £. D. 
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PROPOSITION XIX. THEOREM. 

If a whole magnitude be to a whole, at a magnitude taken from the first 
to a magnitude taken from the other; the remainder shall be to the 
remainder a* the whole to the whole* 

Let the whole AJB be to the whole CD, as AJS a magnitude taken 
firom AB is to CFsl magnitude taken from CD. 
Then the remainder £3 shall be to the remainder JF!D, as the whole 
AJB to the whole CJ). 

A E B 

C F D 



Because AB is to CD, as AE to CF: 

therefore alternately, BA is to AJE, as DC to CF: (v. 16.) 

and because if magnitudes taken jointly be proportionals, they are 

also proportionals, when taken separately ; (v. 17.) 

therefore, as BJE is to JSA, so is BF to FC; 

and alternately, as BF is to I>F, so is FA to FC: 

but, as AF to CF, so, by the hypothesis, is AB to CD ; 

therefore also BF the remainder is to the remainder DF, as the whole 

AB to the whole CD. (y. II.) 

Wherefore, if the whole, &c. Q.E.D. 
CJoR. — If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other ; the remainder shall 
likewise be to the remainder, as the magnitude taken from the first 
to that taken from the other. The demonstration is contained in the 
preceding. 



PROPOSITION E. THEOREM. 

If four magnitudes be proportionals, they are also proportionals by com 
version ; that is, the first is to its excess above the second, as the third to its 
eacess abeve the fourth. 

Let AB be to BF, as CD to DF. 
Then BA shall be to AF, as DC to CF. 

A E B 



F D 



Because AB is to BF, as CD to DF. 

therefore by division, AF is to FB, as CF to ID; (v. 17^ 

and by inversion, BF is to FA, as DF is to CF; fv. B.J 

wherefore, by composition, BA is to AF, as DC is to CF. (v. 18) 

If tiierefore four, &c. Q.E.D. 

l5 
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PKOPOsrnoN xx. theorem. 

If there be three magmittdett and other three, whichj taken two and two, haee 
the same ratio,' then if the first be greater than the third, the fourth shaU he 
greater than the sixth ; and if equal, equal', and if lest, less. 

Let A, B, C be three magnitudes, and 2>, E, F other three, which 
taken two and two have the same ratio, 

yiz. as ^ is to J?, so is D to J?; 

and as B to C, so is J^ to F. 

If A be greater than C, D sh^ be greater than Fi 

and if equal, equal ; and if less, less. 



B 
£ 



Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio than 
the less has to it; (V. 8.) 

therefore A has to B a greater ratio than C has to B : 

but as 2) is to J?, so is -4 to B', (hyp.) 

therefore D has to -E a greater ratio than C to J? : (v. 13.) 

and because ^ is to C, as J? to J*, 

by inversion, Cis to J?, as jPis to ^: (v. B.) 

and D was shewn to have to J? a greater ratio than C to ^ : 

therefore D has to ^ a greater ratio than J^'to ^: (v. 13. Cor.) 

but the magnitude which has a greater ratio than another to the same 

magnitude, is the greater of the two ; (y. 10.) 

therefore D is greater than F, 
Secondly, let A be equal to C • 

Then D shall be equal to F, 



A B c- 

D E F- 



Because A and Care equal to one another, 

-4 is to J?, as Cv&io Bx (v. 7.) 

but A is to ^, as jD to J?; (hyp.^ 

and Cis to B, as JPto E; (hyp.) 

wherefore D is to ^, as ^Pto ^; (v. 11. and v. B.) 

and therefore D is equal to F (v. 9.) 

Next, let A be less than C 

Then 2> shall be less than F, 



A B C 

D E F- 



For (7 is greater than A ; 

•nd as was shewn in the first case, Cisto^, asjPto^ 

and in like manner, jB is to ^, as ^ to jD ; 

therefore jPis greater than D, by the first case; 

that is, D is less than F. 

Therefore, if there be three, &c. Q. £.zil 
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PKOPOSinON XXI. THEOREM, 

If there be three maffniitidea, and other three, which have the same ratio 
tnksn two and two, hut in a cross order; tJien if the Jvrst magnitvde he 
greater than the third, the fourth shall he greater than the sixth \ and if 
egttal, equal, and if less, less. 

Let A, JB, Che three magnitudes, and D, JE, JP other three, vhich 
have the same ratio, taken two and two, but in a cross order, 

Tiz. as ^ is to ^ so is j& to F, 

and as J9 is to C, so is JD to £. 

JfAhe greater than C, D shall be greater than JP; 

and if equal, equal ; and if less, less. 



A B C- 

D E F- 



Because A is ^eater than C, and £ is any other magnitude, 

A has to J^ a greater ratio than C has to ^ : (y. 8.) 

but as JSto FfBOisA to £i (hyp.) 

therefore JE has to ^F a greater ratio than C to ^ : (v. 13.) 

and because ^ is to C, as 2) to j&; O^yp*) 

by inversion, C is to ^, as i^ to 2> : 

and JE was shewn to haye to ^ a greater ratio than C has to JB ; 

therefore E has to J* a greater ratio than JE has to D : (y. 13. Cor.) 

but the magnitude to wmch the same has a greater ratio than it has 

to another, is the less of the two : (y. 10.) 

therefore F is less than D ; 
that is, D is greater than F, 
Secondly, Let A be equal to C; 

D shall be equal to F, 



A B- 

D B- 



Because A and Care equal, 

ul is to ^, as C is to ^ : (y. 7.) 

but A is to B, as F to F; (hyp.) 

and C is to J9, as ^ to JD; 

wherefore ^ is to JF*, as £ to i>; (y. 11.) 

and therefore D is eaual to F. (y. 9.) 

Next, let A be less than C: 

D shall be less than F. 



B c- 

B F- 



For C is greater than A ; 

#nd as was shewn, C is to J?, as j^ to D, 

and in like manner ^ is to ^, as JPto E\ 

therefore JPis ^eater than JD, by case first; 

that IS, jE> is less than J?. 

Therefore, if Uiere be three, &c . Q.E.D. 
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PROPOSITION XXII. THEOREM. 

If there he any number of magnitudes, and as many others, vohich taien 
i%oo and two in order, have the same ratio ; the first shall have to the last of 
the first magnitudes, tfte same ratio which the first has to the last of the 
others, N,B, T^is is usually cited by the words <* ex sequali," or '*ex 
»quo." 



First, let there be three magnitudes A, B, C, and as many othen 
2>, Ef Ff "which taken two and two in order, have the same ratioi 
that is, such that ^ is to ^, as jD to J^; 
and as ^ is to (7, so is ^ to jF. 
Then A shall be to C, as D to F. 



G K M 

A B C- 

D E F 

H L N- 



Take of A and D any equimultiples whatever Q and Hi 

and of B and E any equimultiples whatever K and L j 

and of (7 and l^any whatever Jf and Ni 

then because ^ is to J?, as D to J^, 

and that G, J? are equimultiples of ^i 2), 

and K, L equimultiples of B, E\ 

therefore as O' is to jST, so is ^to Z: (v. 4.) 

for the same reason, ^E* is to ilf as X to i\r: 

and because there are three magnitudes G, K, M, and other three 

H, L, N, which two ana two, have the same ratio ; 

therefore if O be greats than Jtf", H is greater than JV; 

and if equal, equal ; and if less, less ; (v. 20.) 

but G, H are any equimultiples whatever of Ay 2>, 

and M, -AT are any equimultiples whatever of C, F; (constr.) 

therefore, as -4 is to C, so is D to F, (v. def. 5.) 

Next, let there be four magnitudes A^ B, C, 2), 

and other four E, F, G, J7, which two and two have the same zatuv 

viz. as ^ is to B, so is J9 to F\ 

and as ^ to C, so iF'to G\ 

and as (7 to D, so G to H. 

Then A shall be to D, as .E to IT* 



A.B.C.D 
E.F.G.H 



Because A, B, Care three magnitudes, and E^ F^ O other threes 
which taken two and two, have the same ratio ; 

therefore by the foregoing case, u^ is to C, as j& to Oi 

but C is to I), as Glato H; 
wherefore again, by the first case ^ is to 2), as J5^ to Si 
and so on, whatever be the number of magnitudes* 
Therefore, if there* be any number, &c. Q*E. D. 
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PROPOSITION XXm. THEOREM. 

If there he any number of moffnitudes, and a» many others, which 
taken two and two in a cross order y have the same ratio ; the first shall have 
to the last of the first magnitudes the same ratio which the first has to the 
iast of the others, N.B, This is usually cited by the words '* ex equali 
in proportione perturbatd ;" or '* ex lequo perturbato." 

First, let there be three magnitudes A, B, C, and other three D, 
JB, JF, which taken two and two in a cross order have the same ratio, 

that is, such that A is to JB, as JE to Fi 

and as J9 is to C, so is 2) to J?. 

Then A shall be to C, as D to J*. 

G H L 
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N- 



Take of A, B, D any equimultiples whatever O, J7, JT; 
and of (7, E, Fbhj equimultiples whatever i, JIf, JV: 
and because 6, Jfare equimultiples of ^, B, 
and that magnitudes have the same ratio which their equimultiples 
have; (v. 16.) 

therefore as ^ is to ^, so is G^ to Hi 
and for the same reason, as ^ is to F, so is JIf to N: 
but as ^ is to ^, so is JEf to jP; (hyp.) 
therefore as 6? is to ^, so is Jkf to iV: (v. 11.) 
and because as ^ is to (7, so is JD to E^ (hyp.) 
and that JET, K are equimultiples of J9, D, and L, iSt of C, E; 
therefore asjETistoX, sois^to 3f : (y. 4.) 
and it has been shewn that O h to H, as M to N: 
therefore, because there are three magnitudes O, H, L, and other 
three K, JBf, N, which have the same ratio taken two and two in a 
cross order; 

if G^ be greater than L, K is greater than Ni 

and if equal, equal ; and if less, less : (Y. 21.) 

but G, K are any equimultiples whatever of ^, D\ (constr.) 

and X, N any whatever of C, F; 

therefore as ujt is to ^ so is 2) to JFl (y. def. 5.) 

Next, let there be four magnitudes A, B, C, Jb, and other four J?, 

Fy G, Hy which taken two and two in a cross order have the same 

ratioi 

viz. ^ to ^, as G' to jET; 

J&to C, asl^to 6?; 

and CtoD, as^to Jl 

Then A shall be to D, as J? to J7. 



A.B.C.D 
E.F.Q.H 



Because A^ B, Care three magnitudes, and jP, G, JET other three, 
which taken two and two in a cross order, have t!xe same ratio ; 
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by the first case, ^ is to C, as Fto H\ 

but Cis to D, as j& is to JF*; 

wherefore again, by the first case, ^ is to D, as ^ to JJ; 

and so on, whatever be the number of magnitudes. 

Therefore, if there be any number, &c. Q. £. D. 

PROPOSITION XXIV. THEOREM. 

If the first hat to the second the same ratio which the third has to the fourth i 
and the fifth to the second the same ratio which the sixth hat to the fonrth; the 
first and fifth together shall have to the second, the same ratio which ttie thiri 
and sixth t<^ether have to the fourth. 

Let AS the first haye to Cthe second the same ratio which DE 
the third has to F the fourth ; 

and let BO the fifth have to C the second the same ratio which 
^JJthe sixth has to ^the fourth. 

Then AO, the first and fifth together, shall have to C the second, 
the same ratio which DS, the third and sixth together, has to J^ the 
fourth. 

A BO D E H 



I 



Because BQ is to C, as ^J7to F; 

by inversion, Cis to ^G', as JF'to BffijY, B.) 

and because, as AB is to C, so is DF to F; (hyp.) 

and as Cto BG, so is i^to FH; 

ex sequali, AB is to BO, as JDF to FH: (t. 22.) 

and because these magnitudes are proportionals when taken separatelj, 

they are likewise proportionals when takenjointfy; (y. 18.) 

therefore as A O is to GB^ so is Dm to JiF: 

but BS OB to C, so is HF to F: (hyp.) 

therefore, ex arauali, as A O is to C, so is Dm to F. (y. 22.) 

Wnerefore, if the first, &c. q.£. d. 
Gob. 1. — If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of composition. 
Cob. 2. — ^The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank hSs to the 
second magnitude the same ratio that the corresponding one of the 
second rank has to a fourth magnitude : as is manifest 

PROPOSITION XXV. THEOREM. 

If four magnitudes of the same kind are proportionals, the greatest and 
least qjr them together are greater than the other two together. 

Let the four magnitudes AB, CD, F, Fhe proportiona]a> 

VIZ. AB to CD, asFtoF; 
and let AB be the greatest of them, and couequently F the least 
(y. 14. and A.) 



L 
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Then AB together vith i^ shall be greater than CD together with E. 

A OB c H D 



£- 



Take AO equal to E, and CH'eq^ual to JFl 

Then because as ^^ is to CD, so is J? to 2^, 

and that ^ 6^ is equal to E, and CH equal to JP, 

therefore AB is to CD, us A O to CHi (y. 11, and 7.) 

and because AB the whole, is to the whole CD, as Jl& is to CH, 

likewise the remainder OB is to the remainder HD, as the whole AB 

is to the whole CD : (y. 19.) 

but ^^ is greater than CD ; (hyp.) 

therefore QB is greater than HD*, fv. a.) 

and because AO\r equal to E, and CH\jo E; 

AG and i^ together are equal to CJJand E together: fl. ax. 2.) 

therefore if to the unequal magnitudes OB, JSD, of wnich OB is 

the greater, there be added equal magnitudes, yiz. to OB the two AO 

and F, and CJSTand E to JBTI); 

AB and F together are greater than CD and E, (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q.E.Dw 

PROPOSITION F. THEOREM. 

Hatiot which are compounded of the same ratios, are the same to one another. 

Let ^ be to B, as 2> to E; and B to C, as E to F. 
Then the ratio which is compounded of the ratios of A to B, and B 
to C, 
which, by the definition of compound ratio, is the ratio of A to C, 
shall be the same with the ratio of JD to JP, which, by the same 
definition, is eompounded of the ratios 6t Dto E, and EU> F, 



A.B.C 

d.e.f 



Because there are three magnitudes A, B, C, and three others 2>, E, F, 
which, taken two and two, in order, haye the same ratio ; 

ex »quali, ^ is to C, as 2) to jP. (y. 22.) 
Nextylet^betojB, as^toi^, and^to C;asI>tojS: 



A.B.C 
D.E.F 



theref(n:e, «r eBquali in proportione pertwbata, (y. 23.) 

A is to C, as D to J^; 
that is, the ratio of ^ to C, which is eompounded of the ratios of 
Ato B, and B to C, is the same with the ratio of D to F, which is 
eompoonded of the ratios q{ Dto E, and j^ to ^. 

And in like manner the proposition may be demonstrated, whai- 
•ver be the number of zatioe in either case. 
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PROPOSITION G. THEOREM. 

If several ratios be the same to several ratiaSf each to each ; the ratis 
which is compounded of ratios which are the same to the first ratios, eoA 
to each, shall be the same to the ratio compounded of ratios which are tht 
same to the other ratios, each to each. 

Let A he to B, M JE to F; and C to D, as Gto Hz 

and let A be to J?, as ^ to X ; and C to i), as Z to M, 

Then the ratio of JT to Jf, 

by the definition of compound ratio, is compounded of the ratios 

of K to L, and L to M, which are the same with the ratios of A to B 

and C to 2>. 

Again, as ^ to JP, so let iVbe to 0; and as G' to jET, so let O be to P. 
Then the ratio of JV to P is compounded of the ratios of iVto 0, 
and to P, which are the same with the ratios of ^ to J*, and O to 
If: 

and it is to be shewn that the ratio of JT to Jf, is the same with 
the ratio of iV to P ; ^ 

or that K 18 to M,BA NU} P. 



A.B.C.D. E.L.M 
E.P.G.H. N.O.P 



Because JT is to X, as T^ to B, that is, as JS to F, that is, as) i^ to 0: 

and as X to Jf, so is ^C to D, and so is G to XT, and so is) O to P: 

ex aequali, -K" is to J[f, as iVto P. (y. 22.) 

Therefore, if several ratios, &c. Q. E. D. 

PROPOSITION H. THEOREM. 

If a ratio which is compounded of several ratios be the same to a ratio whidi 
is compounded of several other ratios ; and if one of the first ratios, or the 
ratio which is compounded of several of them, be the same to one of the last 
ratios, or to the ratio which is compounded of several of them ; then the re* 
maining ratio of the first, or, if there be more than one^ the ratio compounded 
of the remaining ratios, shall be the same to the remaining ratio of the hut, 
or, if there be more than one, to the ratio compounded of these remaining ratiosm 

Let the firstratios be those of ^ to B, B to C, Cto 2>, 2> to ^,aiid 
JB to F; 

and let the other ratios be those of G' to XT, XT to JT, JT to X, and 
XtoJlf: 

also, let the ratio of ^ to P, which is compounded of the first ratios, 
be the same with the ratio of & to Jf, which is compoxinded of tiuB 
other ratios ; 

and besides, let the ratio of A to D, which is compounded of the 
ratios of ^ to P, P to (7, Cto D, be the same with the ratio of 6^ to 
jK, which is compounded of the ratios of O to XT, and Jffto K. 

Then the ratio compounded of the remaining first ratios, to ynt, of 
the ratios of D to P, and P to F, which compounded ratio is the ratio 
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of 1> to F, shall be the same with the ratio of K to M, which is com- 
pounded of the remaining ratios of jK" to i, and L to M of the other 
ratios. 



A.B.C.D.E.F 



^Because, by the hypothesis, ^ is to JD, as 6^ to K^ 

by inversion, JD is to ^, as f to G'; (v. B.) 

and as -4 is to F, so is O to M\ (hyp.) 

therefore, ex sequali, D is to J^, as JT to M, (V. 22.) 

If, therefore, a ratio which is, &c. Q. e.d. 



PROPOSITION K. THEOREM. 

If there he any number of ratios, and any number of other ratios^ such, that 
the ratio which ia compounded of ratios which are the same to the first rattoSf 
each to each, is the same to the ratio which is compounded of ratios wh^ 
are the samct each to each, to the last ratios; and if one of the first ratios, or the 
roHo tohich is compounded of ratios which are the same to several of the first 
ratios, each to each, be the same to one of the last ratios, or to the ratio which 
is compounded of ratios which are the same, each to each, to several of the kut 
ratios ; then the remaining ratio of the first, or, if there be more than one, 
the ratio which is compounded of ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio of the 
last, or, if there be more than one, to the ratio which is compounded qf ratios 
which are the same each to each to these remaining ratios* 

Let the ratios of A to B, C tx) D, F to F, he the first ratios : 
and the ratios of (7 to J7, ^to Z, Mto N, O to P, Q to F, he the 

other ratios 1 
and let ^ be to ^, as iS' to T; andCtoD,ft8 Tto V; and^toJP, 

as FtoZ^: 
therefore, by the definition of compound ratio, the ratio of StoXiB 
compounded of the ratios of S to T, Tto V, and F'to X, which are 
the same to the ratios of ^ to ^, C Xjo D, F Xjo F \ each to each. 
Also, as 6^ to jET, so let Yheto Z; and JT to X, as Z to a ; 
JtftoiV, asato&; OtoP, asfttoc; and Qto F, Mcto d: 
therefore, by the same definition, the ratio of Y to dia compounded 
of the ratios of Tto Z, Z to a, a to b,b to c, and e to ^, which are the 
same, each to each, to the ratios of Gto M, Fto Z, Mto N, to P 
and Q to JR : 

therefore, by the hypothesis, jS^ is to X, as Yto d» 
Also, let the ratio of A to B, that is, the ratio of 8 to T, which is 
one of the first ratios, be the same to the ratio of « to ^, which is com- 
pounded of the ratios of « to /, and f tog, which, by the hypothesis, 
are the same to the ratios oif Gto M, and JT to X, two of the other 
ratios; 

and let the ratio of A to / be that which is compounded of the ratios 
of A to A;, and ktol, which are the same to the remaining first ratios^ 
ymof CtoD, mdF to Fi 
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also, let the ratio of m to p, be that which is tompounded of tiie 
ratios of m to n, n to o, and oiop, which are the same, each to each, 
to the remaining other ratios, viz. of ilf to iV, O to P, and Q to 22, 

Then the ratio of A to / shall be the same to the ratio of m to p; or 
h shall be to /, as m to p. 
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Because is to/, as (G' to JT*, that is, as) T'to Z; 

and/ is to ^, as (X to X, that is, as) Z to a ; 
therefore, ex aequali, e is to_^, as Ttoa: fv. 22.) 
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and by the hypothesis, ^ Is to j&, that is, iS' to jT, as to ^ ; 
wherefore iS^is to T, as JTto a; (V; H*) 
and by inversion, Tis to iSi as o to JT: (v. B.) 
• but iS' is to X, as F to i) ; (hyp.) 

therefore, ex sequali, Tis to X, as a tod: 
also, because A is to A;, as jf C to D, that is, as) Tto Vi (hyp.) 
and A; is to I as (j^ to i^, tliat is, as) F to X; 
therefore, ex sequali, A is to /, as J* to X: 
in like manner, it may be demonstrated, that misto/?, asatot^; 
and it has been shewn, that Tis to X, as a to <?; 
therefore A is to I, as m to p. (v. 11.) Q. e. D. 
The propositions G and K are usually, tor the sake of brevity, ex- 
pressed in the same terms with propositions F and H : and therefore 
It was proper to shew the true meaning of them when they are eo 
expressed ; especially since they are very frequently made use of by 
geometers. 
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Ih the first four Books of the Elements are considered, only the 
absolute equality and ine<^nality of Geometrical magnitudes. The Fifth 
Sook contains an exposition of the principles whereby a more definite 
comparison may be instituted of the relation of magnitudes, besides their 
fiiniple equality or inequality. 

The doctrine of Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable that if the subject 
^were read simultaneously in the Algebraical and Geometrical form^ ^e 
iuTestigations of the properties, under both aspects, would mutuallj 
assist each other, and both become equally comprehensible ; also their 
distinct characters would be more easily perceived. 

Def. T, II. In the first Four Books the word part is used in the same 
sense as we find it in the ninth axiom, ** The whole is greater than its 
port :'* where the word part means any portion whaterer of any whole 
magnitude : but in the Fifth Book, the word part is restricted to mean 
that portion of magnitude which is contained an exact number of times 
in the whole. For instance, if any straight line be taken two, three, four, 
or any number of times another straight line, by £uc. i. 8 ; the less line 
is called a part, or rather a submultiple of the greater line ; and the ^;reater, 
a multiple of the less line. The multiple is composed of a repetition of 
the same magnitude, and these definitions suppose that the multiple may 
be diTided into its parts, any one of which is a measure of Uie multiple. 
And it is also obvious that when there are two magnitudes, one of wluch 
is a multiple of the other, the two magnitudes must be of the same kind, 
that is, they must be two lines, two angles, two surfaces, or two solids : 
thus, a triangle is doubled, trebled, &c., by doubling, trebling, &c. the 
base, and completing the figure. The same may be said of a parallelo- 
gram. Angles, arcs, and sectors of equal circles may be doubled, trebled, 
or any multiples found by Prop, xxvi— xxix. Book in. 

Two magnitudes are said to be commenaurable when a third magnitude 
of the same kind can be found which -will measure both of them ; and 
this third magnitude is called their common measure : and when it is the 
greatest magnitude which will measure both of them, it is called the 
greatest common metuure of the two magnitudes : also when two magni- 
tudes of the same kind have no common measure, they are said to be 
incommetuurable. The same terms are also applied to numbers. 

Unity has no magnitude, properly so called, but may represent that 
portion of every kind of ma^itude which is assumed as the measure of 
all magnitudes of the same kmd. The composition of unities cannot pro- 
duce Geometrical magnitude ; three units are more in nunUfcr than one 
imit, but still as much different from magnitude as unity itself. Numbers 
may be considered as quantities, for we consider every thing that can be 
exactly measured, as a quantity. 

Unity is a common measure of all rational niunbers, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same through- 
out the whole of any partictQar process. Euclid has not fixed the magni- 
tude of any unit of length, nor made reference to any unit ef measure of 
angles, surfeu^es, or volumes. Hence arises an essential difference between 
number and magnitude ; unity, being invariable, measures all rational 
numbers ; but though any quantity be assui^ed as the imit of magnitude, 
it is impossible to assert that this assumed unit will measure all other 
magnitudes of the same kind. 
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All whole numbers therefore are commensiirable ; for unity is their 
common measure : also all rational fractions proper or improper, are ooitt* 
mensurable ; for any such fractions may be reduced to other equiralefll 
fractions having one common denominator, and that fraction whose d^ 
nominator is the common denominator, and whose numerator is unitj; 
will measure any one of the fractions. Two ma^itudes haTing a commoa 
measure can be represented by two numbers which express the number of 
times the common measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exacUy represented by 
any two whole numbers or fractions whatever ; as, for instance, the side 
of a square is incommensurable to the diagonal of the square. For, it ramf 
be shewn numerically, that if the side of the square contain one unit of 
length, the diagonal contains more than one, but less than two units of 
length. K the side be divided into 10 units, the diagonal contains more 
than 14, but less than 15 such units. Also if the side contain 100 unitB, 
the diagonal contains more than 141, but less than 142 such units. It is 
also obvious, that as the side is successively divided into a greater number 
of equal parts, the error in the magnitude of the diagonal wiU be fliTTniTiiff>tf^| 
continually, but never can be entirely exhausted ; and therefore into what- 
ever number of equal parts the side of a square be divided, the diagonal 

' will never contain an exact number of such parts. Thus the diagonid and 
side of a square having no common measure, cannot be exactly repre- 
sented by any two numbers. 

The term equimtUtiple in Geometry is to be understood of magnitudes 
of the same kind, or of different kinds, taken an equal niunber of times, and 
implies only a division of the magnitudes into the same number of equal 
parts. Thus, if two given lines are trebled, the trebles of the lines are 
equimultiples of the two lines : and if a given line and a given triangle be 
trebled, the trebles of the line and triangle are equimultiples of the line 
and triangle : as (vi. 1. fig.) the straight line HC and the triangle AHC 
are equimultiples of the Ime BC and the triangle ABC : and in the same 
manner, (vi. 33. fig.) the arc EN and the angle EHN are equimultiples of 

■ the arc EF and the angle EHF, 

Def. III. Aoyov e<rri iuo /ueyeOcov ofAoytvoov i; Kara vriKucorifr'a V'pot 
d:X\t]\a TTota <rxE<r(s. By this definition of rcUio is to be understood the con- 
ception of the mutual relation of two magnitudes of the same kind, as two 
straight lines, two angles, two surfaces, or two solids. To prevent any 
misconception, Def. iv. lays down the criterion, whereby it may be known 
what kinds of magnitudes can have a ratio to one another ; namely, 
Aoyov cxcc '3r/)o$ a\\T|\a fieyidti Xeyerai, d SuvaTai voWaitXatrial^ofiafa 
d\\n\u)u vir£/ocxcti/. ** Magnitudes are said to have a ratio to one another, 
which, when they are multiplied, can exceed one another ;" in other words, 
the magnitudes which are capable of mutual comparison must be of the 
same kuid. The former of the two terms is called tiie antecedent ; and the 
latter, the consequent of the ratio. If the antecedent and C(Hisequent are 
equal, the ratio is called a ratio of equality ; but if the antecedent be greater 
or less than the consequent, the ratio is called a ratio of greater or of less 
inequality. Care must be taken not to confound the expressions *< ratio 
of equality" and '* equality of ratio :" the former is applied to the terms 
of a ratio when they, the antecedent and consequent, are equal to one 
another, but the latter, to two or more ratios, when they are equal* 

Arithmetical ratio has been defined to be the relation which one number 
bears to another with respect to qnatiiy ; the comparison being made by 
considering what multiple, part or parts, one number is of tiie other* 
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An arithmetical ratio, therefore, is represented by the quotient which 
arises from dividing the antecedent by the consequent of tiie ratio ; or by 
tflbue fraction which has the antecedent for its numerator and the consequent 
^r its denominator. Hence it will at once be obvious that the properties 
of arithmetical ratios will be made to depend on the properties of fractions. 

It must ever be borne in mind that the subject of Geometry is not 
Aumber, but the magnitude of lines, angles, surfaces, and solids ; and its 
object is to demonstrate their properties by a comparison of their absolute 
and relative magnitudes. 

Also, in Geometry, multiplication is only a repeated addition of the same 
magnitude ; and division is only a repeated subtraction, or the taking of a 
laes magnitude successively from a greater, until there be either no re- 
mainder, or a remainder less than die magnitude which is successively 
subtracted. 

The Geometrical ratio of any two given magnitudes of the same kind 
-will obviously be represented by the magnitudes themselves ; thus, the 
ratio of two lines is represented by the lengths of the lines themselves ; 
and, in the same manner, the ratio of two angles, two surfaces, or two 
solids, will be properly represented by the magnitudes themselves. 

In the definition of ratio as given by Euclid, all reference to a third 
mi^nitude of the same geometrical species, by means of which, to compare 
the two, whose ratio is the subject of conception, has been carefully 
avoided. The ratio of the two magnitudes is their relation one to the other, 
without the intervention of any standard unit whatever, and all the pro- 
positions demonstrated in the Fifth Book respecting the equality or {n«- 
quality of two or more ratios, are demonstrated independently of any know- 
ledge of the exact numerical measures of the ratios ; and their generality 
includes all ratios, whatever distinctions may be made, as to the terms of 
them being commensurable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the 
same kind must be used ; but the ratio of two magnitudes may be measured 
by every thing which has the property of quantity. Two straight lines 
will measure the ratio of two triangles, or parallelograms (vi. 1. fig.) : and 
two triangles, or two parallelograms will measure the ratio of two straight 
lines. It would manifestly be absurd to speak of the line as measuring 
the triangle, or the triangle measuring the Ime. (See notes on Book ii.) 

The ratio of any two quantities depends on their relative and not their 
absolute magnitudes ; and it is possible for the absoltUe magnitude of two 
quantities to be changed, and their relative magnitude to continue the 
sanxe as before ; and thus, the same ratio may subsist between two given 
magnitudes, and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the 
ratios are the same in number as the magnitudes themselves. It has how« 
ever two advantages ; first, it enables us to pass from one kind of magnir 
tude to another, and thus, independently of any numerical measure, to 
institute a comparison between such magnitudes as cannot be directly 
compared with one another : and secondly, the ratio of two magnitudes 
of the same kind may be measured by two straight lines, which form se 
simpler measure of ratios than any other kind of magnitude. 

But the simplest method of all would be, to express the measure of the 
ratio of tu)o magnitttdes by one; but this cannot be done, unless the two 
magnitudes are commensurable. If two lines AB, CD, one of which AB 
contains 12 units of any length, and the other CD contains 4 units of the 
same length ; then the ratio of the line AB to the line CD, is the same as the 
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ratio of the nnmber 12 to 4. Thus, two numbers may represent the nUt 
of two lines when the lines are commensurable. In the same manner, tw 
numbers may represent the ratio of two angles, two surfiices, or two solidb- 

Thus, the ratio of any. two magnitudes of the same kind may be et 
pressed by two numbers, when the magnitudes are commensurable. 9f 
this means, the consideration of the ratio of two magnitudes is changed to 
the consideration of the ratio of two numbers, and when one numbers 
divided by the other, the quotient will be a aingie number, or a/ractiatt 
which will be a mecuntre of the ratio of the two numbers, and therefore of 
the two quantities. If 12 be divided by 4, the quotient is 3, which mea« 
sures the ratio of the two numbers 12 and 4. Again, if besides the ratio 
of the lines /IB and CD which contain 12 and 4 units respectively, we con- 
sider two other lines EFand GH which contain 9 and 3 units respectirely ; 
it is obvious that the ratio of the line EF to GH is the same as the ratio 
of the number 9 to the number 3. And the measure of the ratio of 9 to 
3 is 3. That is, the numbers 9 and 3 have the same ratio as the nimiben 
12 and 4. 

But this is a numerical measure of ratio, and can only be applied strictly 
when the antecedent and consequent are to one another as one number to 
another. 

And generally, if the two lines AB, CD contain a and b units respec- 
tively, and q be the quotient which indicates the number of times Hie 
number b is contained in a, then q is the measure of the ratio of the two 
numbers a and b : and if EF and GH contain c and d units, and the number 
d be contained q times in c i the number a has to b the same ratio as the 
number c has to d, 

'i'his is the numerical definition of proportion, which is thus expressed 
in Euclid's Elements, Book vii, definition 20. <* Four numbers are pro- 
portionals when the first is the same multiple of the second, or the same 
part or parts of it, as the third is of the fourth.'* This definition of thie 
proportion of four numbers, leads at once to an equation : 

for, since a contains b, q times ; ~ cs ^ • 



and since c contains d, q times i % = Q** 

a 

therefore 1=3 which is the fundamental equation upon which all the 
d 

reasonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes is equal 
to the product of the means. 

For if a, 5, c, d be proportionals, ox a \ b i\ c x d, 

a 6 

Multiply ^ese equals by bd, 

abd cbd 

•"• T" "^ T ' 

or, ad ss bCf 

that is, the product of the extremes is equal to the product of the means. 
And conversely. If the product of the two extremes be eqiul to th« 
product of the two means, the four numbers are proportionals. 

For if a, 6, c, d, be four quantities* 
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such that ad ss be, 

/■ g 
Q^en diTiding these equals by bd, therefore i—'^t 

and a\b iieid, 

tat the first number has the same ratio to the second, as the third has to 

tixe fourth. 

a b 
ltes*b, then odf » 6" ; and conversely j£ad si bl^: then r » ^* 

These results are analogous to Props. 16 and 17 of the Sixth Book. 
Sometimes a proportion is defined to be the equality of two ratios. 
Def. ym declares the meaning of the term analogy or proportion. The 
r&tio of two lines, two angles, two surfeu^es or two solids, means nothing 
more than their relative magnitude in contradistinction to their absolute 
ma^^tudes ; and a similitude or likeness of ratios implies, at least, the two 
ratios of the four magnitudes which constitute the analogy or proportion. 
Def. DC states that a proportion consists in tiiree terms at least; the 
meaning of which is, that the second magnitude is repeated, being made 
the consequent of the first, and the antecedent of the second ratio. It is 
also obvious that when a proportion consists of three magnitudes, all three 
are of the same kind. Def. vi appears only to be a further explanation 
of what is implied in Def. viii. 

Def. V. rroportion having been defined to be the nmilitude ofraiioi^ 
or more properly, the equality or identity ofreUioSf the fifth definition lays 
down a criterion by which two ratios may be known to be equal, or four 
magnitudes proportionals, without invoWmg any inquiry respecting the 
four quantities, whether the antecedents of the ratios contain or are con- 
tained in their consequents exactly ; or whether there are any magnitudes 
ivhich measure the terms of the two ratios. The criterion only requires, 
that the relation of the equimultiples expressed should hold good, not 
merely for any particular midtiples, as the doubles or trebles, but for any 
multiples whatever, whether large or small. 

This criterion of proportion ma^r be applied to all Geometrical magni- 
tudes which can be mtUtiplied, that is, to aU which can be doubled, trebled, 
quadrupled, &c. But it must be borne in mind, that this criterion does 
not exhibit a definite measure for either of the two ratios which constitute 
the proportion, but only, an imdetermined measure for the sameness or 
equality of the two ratios. The nature of the proportion of Geometrical 
maffuitudes neither requires nor admits of a numerical measure of either 
of me two ratios, for this would be to' suppose that all magnitudes are 
commensurable. Though we know not the definite measure of either of 
the ratios, further than that they are both equal, and one may be taken as 
the measure of the other, yet particular conclusions may be arrived at by 
this method : for by the test of proportionality here laid down, it can be 
proved that one magnitude is greater than, equal to, or less than another : 
that a third proportional can be found to two, and a fourth proportional 
to three straight lines, also that a mean proportional can be found be- 
tween two straight lines : and further, that which is here stated of 
straight lines may be extended to other Geometrical magnitudes. 

The fifth definition is that of equal ratios. The definiUon of ratio itself 
(defs. 3, 4) contains no criterion by which one ratio may be known to be 
equal to another ratio : analogous to that by which one magnitude is 
known to be equal to another magnitude (Euc. z. Ax. 8). The preceding 
definitions (3, 4) only restrict the conceptionof ratio within certain limits. 
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but lay down no test for comparison, or the deduction of propeorties. A9 
Euclid's reasonings were to turn upon this comparison of ratios, ani 
hence it was x^ompetent to lay down a criterion of equaUtj and inequali^ 
of two ratios between two pairs of magnitudes. In short, his effectvoe d^ 
finition is a definition of proportionals. 

The precision with which this definition is expressed, considering ths 
number of conditions inyolved in it, is remarkable. like all complete 
definitions the terms (the subject and predicate) are convertible : thati% 

(a) If four magnitudes be proportionals, and any equimultiples be 
taken as prescribed, they shall have the specified relations with respect 
to *' greater, greater," &c. 

(6^ If of four magnitudes, two and two of the same G-eometricil 
Species, it can be shewn that the prescribed equimultiples being takeo, 
the conditions imder which those magnitudes exist, must be such as to 
fulfil the criterion "greater,' greater, &c."; then these four magnitudes 
shall be proportionals. 

It may be remarked, that the cases in which the second part of the 
criterion (** equal, equal") can be fulfilled, are comparatiyely few: namelj 
those in which the given magnitudes, whose ratio is under consideration, 
are both exact multiples of some third magnitude — or those 'which are 
called commenturttble. When this, however, is fulfilled, the other two will 
be fulfilled as a coruequenee of this. When this is not the case, or the 
magnitudes are itwommensttrablef the other two criteria determine the pro- 
portionality. However, when no hypothesis respecting commensur- 
ability is mvolved, the contemporaneous existence of the three cases 
(*« greater, greater ; equal, equal ; less, less") mu^t be deduced ft'om the 
hypotheticiu conditions under which the magnitudes exist, to render the 
criterion valid. 

With respect to this test or criterion of the proportionality of four 
magnitudes, it has been objected, that it is utterly impossible to make 
tried of all the possible equimultiples of the first and third magnitudes, 
and also of the second and fourth. It may^e replied, that the point in 
question is not determined by making such trials, but by shewing from 
the nature of the magnitudes, that whatever be the multipliers, if the 
multiple of the first exceeds the multiple of the second magnitude, the 
multiple of the third toill exceed the multiple of the fourth magnitude, 
and if equal, will be equal ; and if less, toiU be less, in any case which 
may be taken. 

The Arithmetical definition of proportion in Book yn,Def. 20, even 
if it were equally general with the Geometrical definition in Book v, Def. 
5, is by no means universally applicable to the subject of Geometrical 
magnitudes. The Geometrical criterion is founded on multiplicatiou,. 
which is always possible. When the magnitudes are commensurable, the 
multiples of the first and second may be equal or unequal ; but when the 
magnitudes are incommensurable, any multiples whatever of the first and 
second must be unequal; but the Arithmetical criterion of proportion is 
founded on divisiou, which is not always possible. Euclid has not shewn 
in Book v, how to take any part of a line or other magnitude, or that tiie 
two terms of a ratio have a common measure, and therefore the numerical 
definition could not be strictly applied, even in the limited way in which 
it may be applied. 

JNumber and Magnitude do not correspond in all their relations ; and 
hence the distinction between Geometrical ratio and Arithmetical ratio; 
the former is a comparision Korrd irt)\MOTi}Ta, according to quantity, but 
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the latter, accordizig to quotity. The former gives an undetermined, 
: , th.oagh definite measure, in magnitudes ; bat the latter attempts to 
i give the exact Talue in numbers. 
.« The fifth book exhibits no method whereby two magnitudes may be 

determined to be commensurable, and the Geometrical conclusions de- 
: due^ from the multiples of magnitudes are too general to furnish a 

numerical measure of ratios, being all independent of the commensura- 

biHty or incommensurability of the magnitudes themselves. 

• It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and 
lieihce, recourse must be had to the forms and properties of numbers. 

: AH numbers and fractions are either rational or irrational. It has been 
seen that rational numbers and fractions can express the ratios of Geo- 
metrical magnitudes, when they are commensurable. Similar relations 
of incommensurable magnitudes maff be expressed by irrational numbers, 
if the Algebraical expressions for such numbers may be assmned and 
employed in the same manner as rational numbers^ The irrational 
expressions being considered the exact and definite, though undeter- 
mined, values of the ratios, to which a series of rational numbers may 
successively approximate. 

Though two incommensurable magnitudes have not an assignablenume- 
rical ratio to one another, yet they have a certain definite ratio to one 
another, and two other magnitudes may have the same ratio as the first 
two : and it wiU be found, that, when reference is made to the numerical 
value of the ratios of four incommensurable magnitudes, the same irra- 
tional number appears in the two ratios. 

The sides and diagonals of squares can be shewn to be proportionals, 
and though the ratio of the side to the diagonal is represented Geome- 
trically by the two lines which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal to the 
side is numerically as V 2 to 1 ; and if the side of another square contain 
h units, the ratio of the diagonal to the side will be found to be in the 
ratio of V 2 to 1. Again, &e two parts of any number of lines which 
may be divided in extreme and mean ratio will be found to be respectively 
in the ratio of the irrational number *J 5^\ to 3— V^. Also, the 
ratios of the diagonals of cubes to the diagonals of one of the faces will 
be found to be in the irrational or incommensurate ratio of V 3 to V 2. 

Thus it will be found that the ratios of all incommensurable magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used as the numerical measures of ratios in tiie same 
manner as rational numbers and fractions. 

• It is |iot however to such enquiries, nor to the ratios of magnitudes 
-when expressed as rational or irrational numbers, that Euclid's doctrine 
of proportion is legitimately directed. There is no enquiry into what a 
ratio is in numbers^ but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one arc the same as 
the ratios between corresponding parts of the other. Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry 
is:-^whether the diagonals of two squares have &e same ratio as the 
sides of the squares? Or whether the side of one square has to its 
diagonal, the same ratio as the side of the other square has to its diagonal ? 
Or again, whether in Euc. vi. 2, when BC and 2>£ are parallel, the line 
BD has to the line DA, the same ratio that the line CE has to the line 

M 
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AE ? There is no purpose on the part of Euclid, to assign either of tii^se 
ratios in numbers: but only to prore that their universal samenesR is 
inevitably a consequence of the original cmiditions according to which 
the diagrams were constituted* There is, consequently, no introduction 
of the idea of incommensurables : and indeed, with such 9n object as 
Euclid had in view, the simple mention of tliem would have been at least 
irrelevant and sup^uous. If however it be attempted to apply numeri- 
cal considerations to pure geometrical investigations, incommensurables 
wiU soon be apparent, and difficulties will arise which were not foreseen. 
Euclid, however, effects his demonstrations without creating this arti- 
ficial difficulty, or even recognising its existence. Had he assumed a 
standard unit of length, he would have involved the subject in numeri- 
cal considerations; and entailed upon the subject of Geometry the 
almost insuperable difficulties which attach to all such methods. 

It cannot, however, be too strongly or too frequently imprcissed upon 
the learner's mind, that all Euclid's reasonings are independent of the 
numerical expositions of the magnitudes concerned. That the enquiry 
as to what numerical function any magnitude is of another, belongs not 
to Pure Geooustry, but to another Science. The consideration of any 
intermediate standard unit does not enter into pure Geometi'y; into 
Algebraic Geometry it essentially enters, and indeed constitutes the funda- 
mental idea. The fonner is wholly free from numerical considerations ; 
the latter is entirely dependent upon them. 

I>ef. VII is analogous to Def. 6, and lays dovm the criterion whereby 
the ratio of two magnitudes of the same kind may be known to be greater 
or leas than the ratio of two other magnitudes of the same kind. 

Def. XI includes Def. x. as three magnitudes may be continued pro- 
portionals, as well as four or more than four. In continued proportionals, 
all the terms except the first and last, are made successively the conse- 
quent of one ratio, and the antecedent of the next ; whereas in other 
proportionals this is not the case. 

A series of numbers or Algebraical quantities in continued proportion* 
is called a Geometrical progression^ from the analogy they bear to a series 
of Geometrical magnitudes in continued proportion. 

Def. A. The term compound ratio was devised for the purpose of 
avoiding circumlocution, and no difficulty can arise in the use of it, if 
its exact meaning be strictly attended to. 

With respect to the Geometrical measures of compound ratios, three 
straight lines may measure the ratio of four, as in I^rop. 23, Book vi. 
For Kto L measures the ratio of BC to CG, and L to M measures the 
ratio of DC to CE; and the ratio of K to Mis that which is said to be 
compounded of the ratios of £ to Z^, and L to M, which is the same as the 
ratio which is compounded of the ratios of the sides of the parallelograms. 

Both duplicate and triplicate ratio are species of compound ratio. 

Duplicate ratio is a ratio compounded of two equal ratios ; and in the 
case of three magnitudes which are continued proportionals, means the 
ratio of the iirst to a third proportional to the first and second. 

Triplicate ratio, in the same manner, is a ratio compounded of three 
equni ratios ; and in the case of four magnitudes which are continued 
proportionals, the triplicate ratio of the first to the second means the 
ratio of the first to a lourth proportional to the first, second, and third 
magnitudes. Instances of the composition of three ratios, and of tripli- 
cate ratio, will be found in the eleventh and twelfth books. 

The product of the fractions which represent or measure the ratios 
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of numbers, cozresponds to the coinpositio& of Geometzical ratios of 
magnitudes. 

It has been shewn that the ratio of two numbers is represented by a 
fraction whereof the numerator is the antecedent, and the denominator 
the consequent of the ratio ; and if the antecedents of two ratios be 
.multiplied together, as also the consequents, the new ratio thus formed 
is said to be compounded of these two ratios ; and in the same manner, 
if there be more than two. It is also obyious, that the ratio compounded 
of two equal ratios is equal to the ratio of the squares of one of the ante- 
cedents to its consequent ; also when there are three equal ratios, the 
Ttttto compounded of the three ratios is equal to the ratio of the cubes of 
mtj one of the antecedents to its consequent. And further, it may be 
obsenred, that when several numbers are continued proportionals, the 
ratio of tiie first to the last is equal to the ratio of the product of all the 
antecedents to the product of all the consequents. 

It may be here remarked, that, though the constructions of the pro- 
positions in Book v are exhibited by straight lines, the enunciations are 
expressed of ma^tude in general, and are equally true of angles, 
triangles, parallelograms, arcs, sectors, &c. 

The two following axioms may be added to the four Euclid has given. 

Ax. 5. A part of a greater magnitude is greater than the same part 
of a less magnitude. - 

Ax. 6. That magnitude of which any part is greater than the same 
part of another, is greater than that other magnitude. 

The learner must not forget that the capital letters, used generally by 
Suclid in the demonstrations of the fifth Book, represent the magnitudes^ 
not any numerical or Algebraical measures of them : sometimes however 
the magnitude of a line is represented in the usual way by two letters 
iirhich are placed at the extremities of the line. 

Prop. I. Algebraically. 

Let each of the magnitudes A, B, C, &c. be equimultiples of as many 
a, bf c, &c. 

that is, let ^ = m times a = ma, 

B =i m times h = mb, 

C = m times c s= mo, &c. 

First, if there be two magnitudes equimultiples of two others, 

Then A -\- B =: ma + mb == m (^a ■{- b) = m times (a + b), 

Hence J -^ B ia the same multiple of (a + 6), as il is of a, or B of 5. 

Secondly, if there be three magnitudes equimultiples of three others, 

then A + B + C =5 ma -^ mb -{-mc = m(a + b + c) 

= m times (a + 6 + c), . 

Hence ^ + -B + C is the same midtiple of (a + J + <?); 

as ^ is of a, B of b, and C of c. 

Similarly, if there were four, or. any number of magnitudes. 
Therefore, if any number of magnitudes be equimultiples of as many, 
each of each ; what multiple soever, any one is of its part, the same 
multiple shaU the first magnitudes be of all the other. 

Prop.ii. Algebraically. 

liCt A^ the fcrst magnitude, be the same multiple of a, the second, 
1^ A^ the third, is of a^ the fourth ; and A^ the fifth the same multiple 
of a, the second, as -^^ the sixth, is of a* the fourth. 

m2 
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That is, list Ai^ifn times a, = wa^^ 

^s = m times a^ = ma^t 

A^—n times a, = na,, 

^f = n times a^ = na^, 

Then by addition, ^^ + -^6 = ^^ + '^ = (m+n) at = (m+n) times a^ 

and ^8 + -^j = mo^ + na^ = (m+n) a^ = (w+n) times a^. 

Therefore ^, + -^5 is the same multiple of a,, as -^3 + i^^ is of a^. 
That is, if the first magnitude be the same multiple of the second, as 
the third is of the fourth, &c. 

CoK. If there be any number of magnitudes J^^ ^,, A^ &c. multiples 

of another a, such that A^ = may A^ = na^ A^ = pat &c. 

And as many others S,, B^y B^, &c, the same multiples of another b, 

such that Bj = mb, B^ = «5, B3 = pb, &c. 

Then by addition, Ai + A^ + A3 + &c. = jwa -f «« + jaa + &c. 

= (w + » 4- p + &c.) o = (»» + fH- p + &c.) times a : 

and 5, + B, + B3 + &c. = mb + nb + pb -^ &o. =r (m -f- n -f -/> + &c.) ft 

= (m + n + p + &c.) times 6 : 

that is A^ + A2 + As + &c. is the same multiple of a, that 

Bi + B, + B, + &c. is of 6. 

Prop. HI. Algebraically. 

Let Ai the first magnitude, be the same multiple of a, the second, 

as A^ the third, is of a^ the fourth, 

that is, let Ay^^m times a, = ma^ 

and A% ^m times a^ =■ ma^. 

If these equals be each taken n times, 

then nAi = mna^ = mn times a„ 

and n^, = mna^ = mn times a^, 

or n^|, n^, each contain a^, a^ respectively mn times. 
Wherefore nAi^ nA^ the equimiiltiples of the first and third, are 
i-espectively equimultiples of a, and a^, the second and fourth. 
Prop, IV. Algebraically. 

Let ^1, a,, A^ a^, be proportionals according to the Algebraical 
definition : 

that is, let il, : 0, : : ilg : a^ 

then — c= -5 , 

tn 
multiply these equals by — , f» and n buing any integers, 

m/#, mA^ 
na^ "" n«4 * 

or m^j : na, : : mA^ : na^. 

That is, if the first of four magnitudes has the same ratio to the 
second which the third has to the fourth ; then any equimultiples what- 
ever of the first and third shall have the same ratio to any equimultiples 
0f the second and fourth. 
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The Corollary is contained in the proposition itself : 

for if n be unity, then tnj^ : Oj :: m^, : a^ ; 

and if m be unity, also Ai : na, :: ^s : na^, 

Prop. V. Algebraically. 

liCt Ji be the same multiplle of ai, 

that J^ a part of Ji, is of a,, a part of oi. 
Then ^^ — .^, is the same multiple of a^ — o, as ^t is of a| : 

For let Ai = m times a^ = mo^, 

and Js = m times at = ma^ 

then i#i — -<#2 ** *»*i "" "•^ =s IB («! — oj = »i times (aj — Cj)* 

that is if 1 — ^2 ^s ^® ^^ same multiple of (a^ — a^) as ^j is of a,. 

Prop. VI. Algebraically, 

Let Ji, A^ be equimultiples respectiyely of Oi, a, two others, 

that is, let Ai^m times a^ =a tna^, 

A2 = m times a, = fna2» 

Also if Bj^ a part of ^^ = n times a^ = nai^ 

and £, a part oi A^^ n times a, &= na^» 

Then by taking equals from equals, 

.'. -<f , - JBj = moi " na^ = {m " n) a^^ =^ {m — n) times aj, 

A2 — B^ = ma^ — noj = (w — n) Oj = (»» — n) times Oj • 

that is, the remainders Ai — £], ^3 — B^ are equimultiples of a^, aj, 

respectively. * 

And if m - n = 1, then ii^ — fi^ = Oj, and if, — £3 = o^ : 
or the remainders are equal to a^, 02 respectively. 

Prop. A. Algebraically. 

Let Alt a^ A^ a^ be proportionals, 
01 A^xa^ii A^i a^t 

^ — dl 



then '^' - " 



^1 5- « 1 ♦^ -^S 



And since the fraction —^ is equal to —, the following relations 

a, 04 

only can subsist between Ai and a,; and between A^ and 04. 

Pirst, if Ai be greater than a,; then A^ is also greater than a^: 
Secondly, if ^ « be equal to ct^ » then A^ is also equal to a^ : 
I'hirdly, if Ai oe less than a, ; then Aa is also less than a^ : 

^ A» 

Otherwise, the fraction —^ could not be equal to the fraction ^ . 
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and if 1 be divided by each of these equals, 
1 JL ^ - 1 -^ 

and therefore a^: Ai :i a^: A^, 

Prop. c. " lliis i« freqtipntly made use of by geometers, and is necessary 
to the 5th and 6th Propositions of the 10th Book. Clavius, in his notes 
subjoined to the 8th def. of Book 5, demonstrates it only in numbers, by 
help of some of the propositions of the 7th Book ; in order to demonstrate 
the property contained in the dth definition of the 5th Book, when applied 
to numbers, from the property of proportionals contained in the 20th def. 
of the 7th Book : and most oi'the commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 20th def. 
of the 7th Book, are also proportionals according to the 5th def. of the 
5th Book. But this is easily made out as follows : 

First, if At B, C, />, be* four magnitudes, such that A is the same 
multiple, or the same part of J5, which Cis of D: 

Then A, B^ C, 2>, are proportionals: 

this is demonstrated in proposition (c). 

Secondly, if AB contain the same parts of CD that EF does of GH ; 

in this case likewise AB is to CDt as EF to GH, 

A B E F 



H 



Let CiTbe a part of CD, and GL the same part of GH; 

and let AB be the same multiple of CK^ that JSFis of GL : 

therefore, by Prop, c, of Book v, AB is to CK, as EF to GL : 

and CD, GH, are equimultiples of CK, GL, the second and fourth ; 

wherefore, by Cor. Prop. 4, Book v, AB is to CD, as EF to GH. 

And if four magnitudes be proportionals according to the 6th def. of Book v, 

they are also proportionals according to the 20th def. of Book vii. 

First, if i4 be to 5, as C to i) ; 
then if A be any multiple or part of .£, C is the same multiple or 
part of jD, by Prop, d, teook v. 

Next, if AB be to CD, as EF to GH : 
then if AB contain any part of CD, EF contains the same part of GH : 

A B E F 

— • M 



for let CKhe a part of CD, and GL the same part of GH, 

and let AB be a multiple of CK: 

EF is the same multiple of GL: 

take M the same multiple of GL that AB ib of CK; 

therefore, by Prop, c, Book v, AB is to CK, asMto GLt 

and CD, GH, are equimultiples of CK, GL ; 

wherefore, by Cor. Prop. 4, Book v, AB is to CD, as 3f to GH, 

And, by the hypothesis, AB is to CD, as EF to GH; 

therefore M is equal to EF by Prop. 9, Book v, ^ 

and consequently, EF is the same zxiultiple of GL that AB is of CK.*' 
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This is the method by which Simson shews that the Geometrical 
definition of proportion is a consequence of the Arithmetical definition, 
and conversely. 

It may howeyer be shewn by employing the equation -r = ^ > and taking 

mi^ mc any equimultiples of a and e the first and third, and nb, nd any 
equimultiples of h ana d the second and fourth. 

Alid conversely, it may be shewn ex abntreU), that if four quantities 
are proportionals accordmg to Uie fifth definition of the fifth book of 
£uclid« they are also proportionab according to the Algebraical definition. 

The ituaent must however bear in mincU that the Algebraical defini • 
nition is ^ot equally applicable to the Geometrical demonstrations con- 
tained in the sixth, eleventh, and twelfth Books of Euclid, where the 
GeometriclU definition is employed. It has been before remarked, that Geo- 
metry is thefecienoe ot magnitude and not of number ; and though a sum and 
a difference of two ma^itudes can be represented Geometrically, as well 
as a multiple Of any given magnitude, there is no method in Geometry 
whereby the quotient of two magnitudes of the same kind can be ex- 
pressed. The idea of a quotient is entirely foreign to the principles of 
the Fifth Book, As are also any distinctions of magnitudes as being com- 
mensurable or incommensurable. As Euclid in Books vn — x has treated 
of the properties of proportion according to the Arithmetical definition 
and of their appli&tion to Geometrical magnitudes ; there can be no 
doubt that his mtention was to exclude all reference to numerical mea- 
sures and quotients in his treatment of the doctrine of proportion in the 
Fifth Book ; and in his applications of that doctrine in the sixth, eleventh 
and twelfth books of tae Elements. 

Prop. C. Algebraically. 

Let A^^ a„ ^,, a^ be four magnitudes. 
First let A^ = ma, and J^ = ma^ : 

llien Ai : a, :: A^ : a.. 

A 

For siAce A^ = ma,, .*. m = — i ; 



«t 



An 



»4 



aiid j/3 = ma^ .'. m 

Ilfence ^ =. :^, 
as a^ 

and Aiia^iiA^i a^. 

Secondly. Let Ai = •■* «,, and A^ = — a^: 

fn m 

Then, as before, — i = — , and — 2 = -- ; 

a^ m a* 1 



Hence — ^ « -^ 



a, a^ 



and All a^ii A^i a^. 
Prop. D. Algebraically. 

Let Aif a„ A^, a^ \)e proportionalis, 
CT Aiia^:: J^i a^. 
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First let i4| be a multiple of a,, or ^^ ^ m times a^ a moi* 

Then shall if, s ma^t 
For since Ai : a, :: A^ : a^, 

• * — ^ • 
a, a^ 

but since Ai = ma,, 
ma, -^^a ^* 

and i#3 = ma^* 
Therefore the third A^ is the same multiple of a^ the fourth.. 

Secondly. If ^j =s — a„ then shall A^ = — a^* 

tn m 

v^ • Ai A« 
For smce — ^ = — ^ ; 

ana Ai = —ct^ .*. — = — # 
tn a^ n 

^3 1 , . 1 

/. — = — , and -4, = —04! 
a^ m * m 

wherefore, the third A^ is the same part of the fourth 04. 
Prop. Yii. is so obvious that it may be considered axiomatic. Also 
Prop. Till, and Prop. ix. are so simple and obvious, as not to require 
algebraical proof. 

Prop. X. Algebraically. 

Let A^ have a greater ratio to a, than A^ has to a. 

Then A. > A,. 

A 

For the ratio of ^, to a is represented by ~ , 

' and the ratio of ^ to a is represented by ~ , 

_ , Al Am 

and smce — > — ^ ; 
a a 

It follows that Ai > A^, 
Secondly. Let a have to ^, a greater ratio than a has to Ai, 

Then A^ < Ai. 

o 

For the ratio of a : ^, is represented by -j- , 

and the ratio of a : ^j is represented by -j , 

A I 

and smce -7- > -r- • 

diyiding these unequals by a, 
1 1 

and multiplying these unequals by A^ . A^ 
.*. Ai > ^j,, 
or A3 < A^, 
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Prop. XI. Al^ebraicaij[j. 

Let ^e ratio of ^4^ ^ a, be the same as the ratio of A. : a., 
and tiie ratio of 4^ : a^ be the same as the ratio of A^ : a* 
ITien the ratio of 4i : a, shall be thfe same aa the ratio of ^ : a . 

Por since Ax\a^\\ A^\ n^ ' *' 

. A As 
and since ^s : «« : : ^s : o^ 

Hence — i = -5 , 

and Aiia^i: A^ia^ 
Prop. XIX, Algebraically. 

Let Alt 02* -^s* *4i -'b* ^e ^© proportionals^ 

so that ^1 : 02 :: ^ : a^ :: ^, : o.. 

Then shaU ^i : a, :: ^j + ^s + ^^ : Oj, + ii^+ «,, 

For smce ^i : a, :: ^, : a^ :: ^^ : a„ 

• ^* — ^ _ i*» 

' * «§ «4 «• ' 

Oy a* 

also it 102 = H^v 
Hence il. (a, + «* + «,) =» o, M, + -4, + JJ, by addition, 
and dividing these equals by flj (^ + ^ + «»)» 

02 02 + 04 + 0« 

and ul, : 02 : : ^1 + -4s + -4^ : 02 + 04 + 0.. 
Prop. XIII. Algebraically. 
Let -4,, 02 -4„ 04, u4j, 0,, be six magnitudes, such that -4, : 02 :: -4, : 0^, 
but that tiie ratio of .43 : 04 is greater than the ratio of ^ : 0^. 
Then the ratio of A^ i a, shc^ be greater than the ratio of A^ : a^ 

For since .4| : 0, : : Jl, : 04 .•. — i = :_2 ^ 

A A 
but since .4, : 04 > -4» : 0. /. -1 > -1 . 

A A. ""' "' 
Hence — i > 



«9 «• 



That is, the ratio of il, : 02 is greater than tfiie ratio of A^ : 0,. 
Prop. XIV. Algebraically. 

Let Ay 0a, ^,, 04 be proportionals. 
Then if .4, > ^„ then 0, > 04, and if equal, equal ; and if less, less. 

For since ul| : 02 : : .4, : 04, 

. A A^ 



02 04 

m5 
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Multiply these equals by -j ; 

and because these fractions are always equals 

if ^1 be > A^t then a^ must be greater than a^ 

for if a, were not greater than 04, 

the fraction J could not be equal to -3^ ; 

which would be contrary to the hypothesis. 
In the same manner, 

if ^1 be = .^3, then a, must be equal to 04, 
and if ^1 be < uig, a, must be less than 04. 
Hence, therefore, if &c. 
Prop. ZY. Algebraically. 

Let Alt e?3 be any magnitudes of the siu&e kind, 

Then Ai'. agi: mA^ : ma^ ; 

mAi and 17102 being any equimultiples of ^^ and a,. 

For^» = ^, 

and since the numerator and denominator of a fraction may be mul- 
tiplied by the same number without altering the ^alue of the fraction, 

di tnA^ 

and Ai : 03 :: mA^ i mo,. 
Prop. XVI. Algebraically. 

Let Ai, o,, ^,, 04 be four magnitudes of the same kind, which are 
proportionals, 

All Of^:: A^ia4, 

Then these shall be proportionals when taken alternately, that is. 

All A^:: 02 1 04. 

1?0T since ^1 : a, : : -^ : 04 ' 

then-» ^^. 

Multiply these equals by -^, 

. ;^ __ "a 
A^ «4 

and A^i A^xxa^ : 04. 
Prop. XTii. Algebraically. 

Let A^ + Oj, o,, Ai + 04, 04 be proportionals, 

then A^y a^ A^ 04 shall be proportionals. 
For since ^^ + a, : a, : : ^3 4- 04 : 04 
. Ai + Og ^ ^a + 04 
«a "■ 04 

or^ + 1 «i!3+l, 
«a 04 
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and taking 1 from each of tiie8« equals, 

Prop, xviii, is the converse of Prop, xvii. 

The following is Euclid's indirect demonstration. 

Let AE, EBt CF, FD be proportionals, 

that is, as ^£ td EB, so let CF be to FD : 

then these shall be proportionals also when taken jointly ; 

that is, as 2f J? to BE, so shall CD be to DF\ 

A E B 

C Q F D 



For if the ratio of AB to BE be not the same as the ratio of CD to DF; 
the ratio of AB to BE is either greater than, or less than the ratio of 
CD to DF. 

First, let AB hare to BE a less ratio than CD has to DF ; 
and let DQ be tidteh so that AB has to BE the same ratio as CD to /)Q : 
and since magnitudes when taken jointly are proportionals, 
they are also proportionals when taken separately ; (y. 17.) 
therefore AE has to EB the same ratio as CQ to QD ; 
but, by the hypothesis, AE has to EB the same ratio as CF to FD ; 
therefore the ratio of CQ to QD is the same as the ratio of CF to FD, (v. 1 1 . ) 
And when four ma^tudes are proportionals, if the first be greater than 
the second, the third is greater than the fourth ; and if equal, equal ; ^nd 
if less, less ; (y. 14.) but CQ is less than CF, 

therefore QD is less than FD ; which is absurd. 
Wherefore the ratio of AB to BE is not less than the ratio of CD to DF ; 
that is, AB has the same ratto to BE as CD has to DF, 
Secondly. By a similar mode of reasoning, it may likewise be shewn, 
that AB has the same ratio to BE as CD has to DF, if AB be assumed to 
have to BE a greater ratio than CD hte to DF, 
Prop, xyiii. AlgelM'aically. 

Let Jiia^i: A^ : o^. 

Then ^i + o^ : a, : : ^0 + <^4 : ^^i* 
For since Ai : a^ i: A^ : a^, 



«« «/ 



and adding 1 to each of these equals ; 

.•.^^ + l-^'-M, 

-4, + a» A3+ a* 
or, •— *— — — ■ , 
at 04 ' 

ftii!d il;i -f dg : a, : i A^+ a^: Oi. 

Prop. xiz. Algebiraically. 

Iiet the whole Ai have the same ratio to the whole ^^2* 
as oi taken from the first, is to <7, taken horn the second, 

that is, let ^ : ^3 • • <h • ^r 
Then ili — aj : jl^ — % : : ^li : ^3. 
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For since Aii A^iith.*^ 
• —1 = 5. 

■ ^* "*' 
Multiplying these equals by -^» 

Ai A^ a\ Ai 

^ »1 «2 *1 

or — iss— £, 
«! 02 

and subtracting 1 from each of these equalB, 
and multiplying these equals by -: — ^ — » 

and ii} ~ Oj : ^, — Oj • * ^1 • '^s* 
Cor. If J| : il, : : a^ : a^ 

Then il, - aj : J, ^ o^ : : ai : Oy is found proved in the preceding 

process. 
Prop. £. Algebraically. 

Let Aiia^ii Aiiai, 

Then shall Ai : Ai — 02 n Ay i A^ ^ 04. 

For since Ai : a, : : i^, : ««, 

• • ""^ -*• "~* » 

subtracting 1 from each of these equals 

• di - 1 = -la «. 1 



or 



""'a a""* 



02 .04 

Dividing the latter by the former of ihese equals, 

■^1 flfa ^8 *<*4 
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or -4l_ 3. ^3 . 

and Ai : Ai ^ a^ii A^ : Aq -^ a^. 

Prop. XX. Algebraically. 

Xiet Ai, A^f A^oe three magnitudes, and Oi, 03, 031 other three, 

such that Ai : Ai zi Oi i Oit 
and ^ :\^3 : : 03 : 03 : 
if ^1 > ^3, then shall % > Oj, 

and if equal, equal ; and if less, less. 
Since -4i : ^ : : Oj ; 02, /. -ji « - , 

also since ^ : .43 : : Oj : 03, * .*. -r? = -? , 
and multiplying these equals, 

-4j ^s «s «s 



• t 



-A3 ''^ 

and since the fraction -~ is equal to -^ : 

^3 «j 

and that Ai> A^i 

It follows that Oi is > 03. 

In the same way it may be shewn 

that if ^1 = A^t then % = 03 ; and if ^^ be < ^3, then Oy <a^. 

Prop. XXI. Algebraically. 

Let Alt A2, ^3, be three magnitudes, 

and Oi, Oj, a^ three others, 

such that All A2 :: Oz*' <h* 

and ^ : ^3 : : Oi : Oj. 

If Ai > A^ then shall a^ > 03, and if equal, equal ; and if less, less. 

For since Aii A2 i: (h: thy /. — i =a — , 

A2 Oz 

and since Ant A^ :: Oii cht .*. -r =» — . 

^3 Oj 

Multiplying these equals, 

Ai A2 €lo Oi 
A -^3 Oj Oj 

or-i«-i; 

and sinca the fraction -7- is equal to -^ • 

^3 »s 

and that -4i > A^. 

It follows that also a^ > 03. 

Similarly, it may be shewn, that if Ai — ^3, then 0^ » Og ; 

and if ^1 < A^^ also a^ < 03. 
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Prop. XXII. Algebraically. 

Let ^1, Af, A^ be three magnitudes, 

and «!, 021 Og other three, 

such that All A2 :: Oi', <iif 

y and ^ : ^3 : : 02 : 03. 

Then shall Ai : ^3 : : a^ : Oj. 

For since Ji : ^ : : Oi : Oj* .*• -r = ~ » 
and since A^i A*:: a^i aA, /. -^ = — . 

-^3 O4 

Multiply these equals, 

^ ^3 02 Og 



^1 a, 

-^3 «3 






and All A2:: a^ : 


03. 




Next if there be four magnitudes, and other four such that 


^1 : -^a : : a^ : 02. 






4j : -43 :: 02 : 03, 






-43: -44 1:03: 04: 






Then shall Ai : ^ : : o^ : 04. 




For since ^1 : ^ : : o^ : 02, . 






4, : ^5 : ; 03 : 03, 




«8 


-^3 : ^4 : : 03 : 04, 


. ^3 
"A, 


O4 


Multiplying these equals, 




** jiij .43 A^ a^ 


02 

— X 
»3 


«3 


^ 04 . 







and All A^ II (III a^ 

and similarly, if there Were more than four magnitudes. 

Prop. xxui. Algebraically. 

I^t Ai, Aji, A^ be three magnitudes 

and Oi, 02, 03 other threfe, 

such that AiiA^iiOi'^* 

and A2t A^ii Oil Oi* 
Then shall Ai : ^3 : : o^ : 03. 

For since -4i : -42 : : 0.^ : 03, .-. -J = ^ , 

and since il* : .^3 : : Ot : 02, /. •— = — . 

A^ a^i 
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Multiplying these equals, 

and All A^i; ctiia^. 
If there were four magnitudes, and other foui 
such that All A^iia^ia^ 
AiiA^iia^ia^ 

A^iA^iiOj^iOi, 
Then shall also Ay : A^n m: a^, 

Por since Ai lA^r.a^; a^, .-.4^-5 

A^iAsiia^ia^ .*. 4^ = - , 

•^3 Os 

Multiplying these equals^ 

■ * A A ^ ^T ~" — X — X — - 

^2 -^S -^^ 1O4 O3 <% 

and similarly, if there be more than four magnitudes 
Prop. XXIV. Algebraically. 

Let -4i : Oj : : ^3 : a^, 

and A^xa^wA^x a^, 

Then shall ^1 + ^a : 03 :: ^3 + ^, : a^. 

Por since ^ : o^ :: ^3 : a^ ,», ^ = ^ 

A A 

and since ^t : 413 : : ^ : a^, /. -i = ^ 
Diyide the former by the lattet of these equals, 

or ^ X ^ - -» jr -* 

. ^ _ -^ 

adding 1 to each of Uiese equals, 
• ^ + 1 = — ' 4. 1 

AT ^^ "^ ^» « -^3 + A 
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and 4i = 4L. 

Multiply these equals together, 
Ai-h A^ At Ai + A^ At 

or t^L+4» = .^Jti. 
a, a^ 

and /. ill + -^5 : oj : : ilg + -<*« • »4- 

Co&. 1. Similarly may be shewn, that 

Ai — M : Oz *' A^ — At : a^. 

Prop. XXV. Algebraically. 

Let All 02 •'' A^: a^, 

and let Ai be thd greatest, and consequently a^ the least. 

Then shall Ai •\- a^ > a^ •{- A^, 

Since ^1 : Os :: ^3 : a^, 

• • — — ^ -^ I 

«a »4 

Multiply these equals by -~ , 

subtract I from each of these equals, 
A^ ai 





^0 




Multiplying these equals by. "^^ - , 
. Ai^ Aq A^ 


" «,• 


-04 


«»• 


but 


d = 
«» 






-4. 


^1 



but ill > O}, V ill is the greatest of the four magnitudes, 

/.- also ill - uls > «2 - »4i 

add 43 + ^4 to each of these equals, 
.-. ill + a4 > 02 + ila. 

" The whole of the process in the Piffch Book is purely lo^cal, that is, 
the whole of the restilts are yirtually contained in the definitionB, in the 
manner and sense in which metaphysicians (certain of them) imasine aU 
the results of mathematics to be contained in their definitions and hypo- 
theses. No assumption is made to determine the truth of any conse- 
quence of this defimtion, which takes for granted more about number or 
magnitude than is necessary to understand the definition itself. Th« 
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latter being once understood^ its results are deduced by inspection — of 
itself only, -without the necessity of looking at any thing else. Hence, 
a great distinction between the filth and the preceding books presents 
Itself. The first four are a series of propositions, resting on different fun- 
idamental assumptions ; that is, about different kinds of magnitudes. 
7he fifth is a definition and its developement ; and if the analogy by which 
names have been given in the precedmg Books had been attended to, the 
{MTopositions of that Book would have been called corollaries of the difini- 
tion,** — Connexion of Number and Magnitude^ by Professor De Morgan, p.56. 
The Fifth Book of the Elements as a portion of Euclid's System of 
Geometry ought to be retained, as the doctrine contains some of the most 
important characteristics of an effectiye instrument of intellectual Educa- 
tion. This opinion is fayoured by Dr. Barrow in the following expressive 
terms : *< There is nothing in the whole body of the ISlements of a more 
subtile invention, nothing more solidly established, or more accurately 
handled than the doctrine of proportionals." 



QUESTIONS ON BOOK V. 

1. Explain and exemplify the meaning of the terms, multiple, ttA- 
muUiple, equimtdtiple, 

2. W^t operations in Geometry and Arithmetic ore analogous ? 

3 . "What are the dlfterent meaninss of the term measure in Geometry ? 
When are Geometrical magnitudes said to have a common measure? 

4. When are magnitudes said to have, and not to have, a ratio to one 
another? What restriction does this impose upon the magnitudes in 
regard to their species f 

6. When are magnitudes said to be conmiensurable or incommensur- 
able to each other ? Do the definitions and theorems of Book v, include 
inconmiensurable quantities ? 

6. What is meant by the term geometrical ratio f How is it represented ? 

7. Why does EucHd give no independent definition of ratio ? 

8. What sort of qnantities are excluded from Euclid's idea of ratio, 
and how does his idea of ratio differ from the Algebraic definition ? 

9. How is a ratio represented Algebraically f Is there any distinction 
between the terms, a ratio of equality , and equality of ratio? 

10. In what manner are ratios, in Geometry, distinguished from each 
other as equal, greater, or less than one another? What objection is 
there to the use of an independent definition (properly so called) of ratio 
in a system of Geometry f 

1 1 . Point out the mstinction between the geometrical and algebraical 
methods of treating the subject of proportion. 

12. What is the geometrical definition of proportion ? Whence arises 
the necessity of such a definition as this ? 

1 3. Shew the necessity of the qualification " any tohatevef^* in Euclid's 
definition of proportion. 

14. Must magnitudes that are proportional be all of the same kind ? 

15. To what objection has Euc. v. def. 5, been considered liable ? 

16. Point out the connexion between tfie more obvious definition of 
proportion and that given by Euclid, and illustrate clearly the nature of 
the advantage obtained by which he was induced to adopt it. 

17. Why may not Euclid's definition of proportion be superseded in 



1 
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a system of treom^lry by the following: <*Foiir quaaitities are pi 
tionals, when the first is the same multiple of the second, or the 
part of it, that the third is the fourth ?" 

18. Point out the defect of the following definition: ** Four magu-.j 
tudes are proportional when equimultiples may be taken of the first 
the third, and also of the second and fourth, such that the multiples 
the first and second are equal, and also those of the third and fourth." 

19. Apply Euclid's definition of proportion, to shew that if four quaa-l 
titles be proportional, and if the first and the third be divided into liie| 
dame arbitrary number of equal parts, then the second and fourth, willeitlier 
be equimultiples of those parts, or will lie between the same two suc- 
cessive multiples of them. 

20. The Geometrical definition of proportion is a consequence of tke 
Algebraical definition ; and conversely. 

21. What Geometrical test has Euclid given to ascertain that four 
quantities are not proportionals ^ What is the Algebraical test ? 

22. Shew in the manner of Euclid, that the ratio of 15 to 1 7 is greats 
than that of 11 to 13. 

23. How far may the fifth definition of the fifth Book be regarded as 
iCn axiom ? Is it convertible ? 

24. Def. 9, Book v. ** Proportion consists of three terms at least' 
How is this to be understood ? 

25. Define duplicate ratio. How does it appear from !Euclid thhX the 
duplicate ratio of two magnitudes is the same as that of their squares ? 

26. When is a ratio compoimded of any number of ratioS ? What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 5 to 6 ? 

27. By what process is a ratio found equal to the composition of two 
or more given ratios ^ Give an example, where straight lines are the , 
magnitudes which express the given ratios. 

28. What limitation is there to the alternation of a GeometriaU ^o- 
portion ? 

29. Explain the construction and sense of the phrases, ex tequali, 
and ex aquali in proportione perturbata, used in proportions. 

30. Exemplifjr the meaning of the word homologous as it is uded ia 
the Fifth Book of the Elements. 

31. Why, in Euclid v. 11, is it necessary to prove that ratios which 
are the same with the same ratio, are the same with one another ? 

32. Apply the Geometrical criterion to ascertain, whether the four 
lines of 3, 5, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to Euclid's definition, 
that the magnitudes 4, 5, 7, 9, are not proportionals. 

34. Give the Algebraical proofs of Props. 1 7 and 1 8, of the Fifth Book. 

3 6. What is necessary to constitute an exact definition ^ In the de- 
mon stration of Euc. V. 18, is it legitimate to assume the converse of the 
fifth definition of that Book ? Does a mathematical definition, admit of 
proof on the principles of the science to which it relates ^ 

36. Explain why the properties proved in Book v, by means of straight 
lines t are true of any concrete magnitudes, 

37. Enunciate Euc. v. 8, and illustrate it by numerical examples. 

38. Prove Algebraically Euc. v. 25, 

39. Shew that when four magnitudes are proportionals, they cannot, 
when equally increased or equally diminished by any other magnitude, 
continue to be proportionals. 

40. What groimds are there for the opinion that Euclid intended to 
exclude the idea of numerical measures of ratios in his Fifth Book. 

41 . What is the obiect of the Fifth Book of Euclid's Elements ? 



BOOK VI. 



\ 

DEFINITIONS. 



I. 



SiHiLAB TectiHneal figures are those which hate their several 
angles equal, each to each, and the sides about the equal angles pro- 
portionals. 





n. 

" Keciprocal figures, viz. triangles and parallelograms, are such as 
have their sides about two of meir angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first.'' 

m. 

A straight line is said to be cut in extreme and mean ratio, when 
the whole is to the greater segment, as the greater segment is to the 

MA9U* 

IV. 

The ahitude of any figure is the straight line drawn fr<Hn its vertex 
perpendicular to the base. 




PROPOSITION I. THEOREM. 

TVtoA^fo* and paraUdogrttma of the aame mliititdB are one to the other as 
their bases. 

Let the triangles AJBC, A CD, and the parallelograms EC, CF, 
have the same altitude, 

viz. the perpendicular drawn from the point A to BD or BD pro- 
duced. 
As the base BC is to the base CD, so shall the triangle ^J9C be to 
the triangle -4 Ci>, 

and the parallelogram EC to the parallelogram CF. 
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E A F 




HGB C D fi. L 



Produce BD both ways to the points JT, L, 
and take any number of straight lines jBw, GH, each equal to 

base BC\ {J, 3.) 
and DKy XL, any number of them, each equal to the base CD ; 

and join AO, AH, AK, AL, 

Then, because CB, BG, GH, are all equal, 

the triangles AHG, AGB, ABC, are all equal : (l. 380 

therefore, whatever multiple the base MC\s of the base 6C, 

the same multiple is the triangle AHC of the triangle ABC: 

for the same reason whatever multiple the base ZC is of the base CI 

the same multiple is ^e triangle ALC of the triangle ADCi 

and if the base HC be equal to the base CL, ' 

the triangle ^J7C is also equal to the triangle ^XC: (1.38.) 

and if the base JJC be greater than the base CL, 
likewise the triangle AHC is greater than the triangle ALC', 

and if less, less ; 
therefore since there are four magnitudes, 
viz. the two bases BC, CB, and the two triangles ABC, ACB; 
and of the base BC, and the triangle ABC, the first and third, taxf 
equimultiples whatever have been taken, 

VIZ. the base HC and the triangle AHC; 
and of the base CB and the triangle A CB, the second aiid fovrU^ 
have been taken any equimultiples whatever, 

viz. the base CL and the triangle ALC; 
and since it has been shewn, that, if the base HC be greater thn 
the base CL, 
the triangle AHC is greater than the triangle ALC; 
and if equal, equal ; and if less, less ; 
therefore, as the base ^Cis to the base CB, so is the triangle ABC 
to the triangle A CB. (v. def. 5.) 
And because the parallelogram CJS is double of the triangle ABC 
(1. 41.) 1 

and the parallelogram CF double of the triansle ACB, 
and that magnitudes have the same ratio which their equimultiplei 
have; (v. 15.) ' 

as the triangle ABC is to the triangle A CB, so is the paraUdograiq 

JEC to the parallelogram CF; 
and because it has been shewn, that, as the base J^Cis to the ban 

CB, so is the triangle ABC to the triangle ACB ; 
and as the triangle ABC 18 to the triangle ACB, so is the paralle< 

logram EC to the parallelogram CF\ 
therefore, as the base ^C is to the base CB, so is the parallelogna 
^Cto the parallelogram CF. (V. 11.) 

Wherefore, triangles, &c. Q.E.D. 
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Cob. From this it is plain, that triangles and parallelograms that 
ka^e equal altitudes, are to one another as their hases. 

Let the figures be placed s^ as to have their bases in the same 
itraight line ; and havmg drawn perpendiculars from the vertices of 
die triangles to the bases, the straight line which joins the vertices is 
larallel to that in which their bases are, (i. 33.J because the perpen- 
iiculars are both equal and parallel to oneanotner. (i. 28.) Then, if 
le same construction be made as in the proposition, the demonstration 
will be the same. 

PROPOSITION n. THEOREM. 

If a itraight line he dravm parallel to one of the aides of a triangle 
it thaU cut the other sides, or these produced^ proportionally : ami conversely ,' 
if the sides, or the sides producedy he cut proportionally, the straigJU line 
iphieh joins the points of section shall be parallel to the remaining side of the 
triangle. 

Let DJB be drawn parallel to BC, one of the sides of the triangle ABC, 
Then BD shall be to DA, as CE to JEA. 






Join BJS, CD, 
Then the triangle BDJS is equal to the triangle CDE, (I. 37.) 
because they are on the same base DE, and between th^ same 
parallels DJS, BC; 

but ADE is another triangle ; 
and equal magnitudes have the same ratio to the same magnitude; 

(v. 7.) 
therefore, as the triangle BDE is to the triangle ADE, so is the 
triangle CDE to the triangle ADEi 
Wt as the triangle ^DJ? to the triangle ^1)J?, so is j?2> to 2>^, (VI. 1.) 
because, having the same altitude, viz. the perpendiculcur drawn 
from the point E to AB, they are to one another as their bases ; 
and for the same reason, as die triangle CDE to the triangle ADE, 
sols CE to EA: 

therefore, as BD to DA, so is CE to EA, (v. 11.) 
Next, let llie sides AB, AC of the triangle ABC, or these sides 
iroduced, be cut proportionally in the points D, E, that is, so that 
9D may be to DA as CE to £A^ and join DE, 

Then DE shall be parallel to BC. 

The same construction being made, 

because as BD to DA, so is CE to EA ; 

and as BD to DA, so is the triangle BDE to the triangle ADE; (yi, 1.) 

and as CE to EA, so is the triangle CDE to the triangle ADE; 

therefore the triangle BDE is to the triangle ADE, as the triangle 

CDE to the triangle ADE; (v. 11.) 
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that is, the triangles BDE, CDE have the same ratio to the triangk 
ADEi 
therefore the triangle BDE is equal to the triangle CDE: (v. 9.) 

and they are on the same hase DEi 
hut equal triangles on the same hase and on the same side of it, 
hetween the same parallels ; (i. 39.^ 

therefore DE is parallel to j5C 
Wherefore^ if a straight line, &c. 
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If the angle of a triangle he divided into two equal angles^ hy a straight 
line which also cuts the base ; the segments of the base shall have the sam 
ratio which the other sides of the triangle have to one another : and eat' 
versely^ if the segments of the base have the same ratio which the other sHU 
of the triangle have to one another ; the straight line drawn from the vertttik 
the point of section^ divides the vertical attgle into two equal mmglc9, I 

Let ABC he a triangle, and let the angle BAChe divided into twfr 
equal angles hythe straight line AD. i 

Then BD shall be to DC, as BA to AC. 




Through the point Cdraw CE parallel to BA, (l. 31.) 

and let BA produced meet CE in E, 

Because the straight line A C meets the parallels AD, EC\ 

the angle ACE is equal to the Alternate angle CAD: (l, 29.) 

but CADf by the hypothesis, is equal to the angle BAD ; 

wherefore BAD is equal to the axigle ACE. (ax. 1.) 

Again, because the straip:ht line BAE meets the parallels AD, EC, 

the outward ang:le BAD is equal to the inward and opposite asgk 

AEC: (L 29.) 
but the angle A CE has been proved equal to the angle BAD; 

therefore also A CE is equal to the angle AEC, (ax. 1.) 
and consequently, the side AE is equal to the side AC: (l. 6.) 
and because AD is drawn parallel to EC, one of the sides of the tri- 
angle BCE, 

therefore BD is to DC, as BA to AE: (vi. 2.) 
but ^^ is equal to AC; 
therefore, as BD to DC, so Ls BA to AC. (v. 7.) 
Next, let BD be to DC, as BA to AC, and join AD. 
Then the angle BA C shall be divided into two equal angles by the 
straight line AD. 

The same construction being made; 
because^ as BD to DC, so Ls BA to A C; 
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and as BI) to DC, so is BA to AE, because AD is parallel to EC-y 
(VI. 2.) 

therefore BA is to AC, mBA to AE: (v. 11.) 
consequently AC is equal to AE^ (v. 9.) 
i and therefore the angle AEC is equal to the angle ACE: (i. 5.) 
ut the angle AEC is equal to the outward and opposite angle BAD; 
and the angle ACE is equal to the alternate angle CAD: (i. 29.) 
prherefore also the angle BAD is equal to the angle CAD ; (ax. 1.) 
that is, the angle BA C is cut into two equal angles by the straight 
line AD. 

Therefore, if the angle, &c. Q. E. D. 

PKOPOSITION A. THEOREM. 

If the outward angle of a triangle made by pruducing one of ita aides, 
9 divided into two equal angles, by a straight line, which ako cuts the base 
foduced ; the segments between the dividing line and the extremities of the 
asBy have the same ratio which the other sides of the triangle have to otie 
nother : and conversely, if the segments of the base prodttced have the same 
ttiio which the other sides of the triangle have; the straight line drawtifrom 
%e vertex to the point of section divides the outward angle of the triangle 
nto two equal angles. 

[jet ABC he a triangle, and let one of its sides BA be produced to E; 

and let the outward angle CAE be divided into two equal angles by 

the straight line AD which meets the base produced in D. 

Then BD shall be to DC, as BA to AC. 




Through Cdraw CF parallel to ^Z) : (l. 31.) 

and because the straight line -4 C meets the parallels AD, FC, 

the angle ACFi% equal to the alternate angle CAD: (l. 29.) 

. but CAD is equal to the angle DAE-, (hyp.) 

therefore also DAE is equal to the angle A CF. Tax. 1 .) 

Again, because the straight line FAE meets the parallels AD, FC, 

tne outward angle DAE is equal to the inward and opposite angle 

CFA : (I. 29. ) 

but the angle ACFh^s been proved equal to the angle DAE; 

therefore also the angle A CF is equal to the angle CFA ; (ax. 1 .) 

and consequently tne side AFis equal to the side AC: (l. 6.) 

and because AD is parallel to FC, a side of the triangle BCF, 

therefore BD is to DC, as BA to AF: (vi. 2.) 

but AFis equal to AC; 

therefore, as BD is to DC, so is BA to AC. (v. 7.) 

Next, let BD be to DC, as BA to A C, and join AD. 

The angle CAD, shall be equal to the angle DAE. 

The same construction being made, 

because BD is to i>(7, as BA to AC; 
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and that BB is also to DC, as BA to AF; (vi. 2.) 

therefore BA is to -4 C, as BA to AFi (v. 11.) 

wherefore ACi% equal to AF^ (v. 9.) 

and the angle AFC equal to the angle A CF: (i. 5.) 

but the angle AFC is equal to the outward angle FAD, (i. 29.) 

and the angle A CF to the alternate angle CAD ; 

therefore also BAD is equal to the angle CAD. (ax. 1.) 

Wherefore, if the outward, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 

The aides about the- equal angles of equiangular triangles are proportionals ; 
and those which are opposite to the equal angles are homologotia sides, that is^ 

'ire the antecedents or consequents of the ratios. 

I 

Let ABC, DCFhe equiangular triangles, having the angle ABC ! 
tqual to the angle DCF^ and the angle ACB to the angle DJEC; and I 
jonsequently the ^gle BA C equal to the angle CDF. (i, 32.) 
The sides about the equal angles of the triangles ABC, DCJSabaJl 

be proportionals ; 
and those shall be the homologous sides which, are opposite to the 
equal angles. 




<j X 



Let the triangle DCF be placed, so that its side CF may be canr 
tiguous to BC, and in the same straight line with it. (l. 22.) 

Th'3n, because th e angle BCA is equal to the angle CFZ), O^JV) 

add to each the angle ABC; 
therefore the two angles ABC, BCA are equal to the two angles 

ABC, CFD: (ax. 2.) 
but the angles ABC, BCA are together less than two right angles ; 

(I. 17.) 
refore the angles ABC, CFD are also less than two right angles : 
wherefore BA, FD if produced will meet : (I. ax. 12.) 
let them be produced and meet in the point F: 
then because the an^e ABC is equal to the angle DCF, (hyp.) 

BF is parallel to CD ; (l 28.) 

and because the angle A CB is equal to the angle DEC, 

AC\& parallel to FEi (l. 28 ) 

therefore FA CD is a parallelogram ; 

and consequently AF\s equal to CD, and AC to FD : (l. 34.) 

and because A Cis parallel to FE, one of the sides of the triangle FBE, 

BA is to AF, as ^Cto CEx (vi. 2.) 

but AF is equal to CD ; 

therefore, as BA to CD, so h BC to CFi (v. 7.) 

and alternately, as AB to BC, so is DC to CF; (v. 16.) 
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again, because CD is parallel to BF, 

as BC to CE, so is FD to DE : (vi, 2.) 

but FD is equal to A C; 

therefore, as ^Cto CE, bo ia AC to DE; (v. 7.) 

and alternately, as BC to CA, so CE to ED : (v. 16.) 

tlierefore, because it has been proved that^£ is to ^C, as DC to CE, 

and as BC to CA, so CE to EDy 

ex flequali, BA is to A C, as CD to DE. (v. 22.) 

Therefore the sides, &c. Q.E.D. 

PROPOSITION V. THEOREM. 

Jf the Mm of two triangles, about each of their angles, be proportionals, 
the triangles shall be equiangular; and the equal angles shall be those which 
tire opposite to the homologous sides. 

Let the triangles ABC, DEF ha.\e their sides proportionals, 
so that AB is to BC, as DE to EF; 
and ^Cto CA, as ^J^to FD; 
and consequently, ex cequaU, BA to AC, as ED to DF. 
Then the triangle ^^C shall be equiangular to the triangle DEF, 
and the angles which are opposite to the homologous sides shall be 
equal, viz. the angle ABC equal to the angle DEF, and BCA to 
^JFD, and also B AC to EDF. 



A 




Be G 

At the points E, F, in the straight Hne EF, make the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA : (i. 23.) 
wherefore the remaining angle EOF, is equal to the remaining 
an^hBAC, (1.32.) ^ . ' ^ * 

Md the tnangle OEFib therefore equiangular to the triangle ABC: 
consequently they have their sides opposite to the equal angles pro- 
portional : (VI. 4.) 

wherefore, as AB to BC, so is OE to EF; 

but as AB to BC, BO is DE to EFi (hyp.) 

therefore as DE to EF, so GE to EF-, (v. 11.) 

that is, DE and GE have the same ratio to EF, 

and consequently are equal, (v. 9.) 

For the same reason, DFia equal to FG : 

and because, in the triangles DEF, GEF, DE is equal to EG, and 

EF 19 common, 
the two sides DE, EF&re equal to the two GE, EF, each to each; 
and the base DF is equal to the base GF; 
therefore the angle DEF is equal to the angle GEF, (i. 8.) 
and the other angles to the other angles which are subtended by the 
equal sides j (i. 4.) 

therefore the angle DFE is equal to the angle GFE, and EDF to 
EGF. ° 



N 
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and because the angle D^jPis equal to the angle GEF, 

and 6rJ?2^ equal to the angle ABC; (constr.) 

therefore the angle ABC\& equal to the angle DEFi (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFE^ 

and the angle at A equAl to the angle at D : 

therefore the triangle ABC is equiangular to the triangle DJSF, 

Wherefore, if the sides, &c. Q.E.D. 

PROPOSITION VI. THEOREM, 

If two triangles have one angle of the one eqttal to one angle of the other, 
and the sides about the eqttal angles proportionals, the triangles shall be 
equiangular, and shaU /lave those angles equal which are opposite to tht 
homologous sides. 

Let the triangles ABC, DBFh&Ye the angle BA Cm the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals J that is, BA to AC, sls ED to DF, 

Then the triangles ABC, DJ^i^shaU be equiangular, and shall ha?e 
the angle ^5 C equal to the angle DEF^ and -4 CZ? to DFJS. 
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B C 

At the points JD, F, in the straight line DF, make the angle FBG 
equal to either of the angles BA C, EDF; (l. 23.) 

and the angle DFO equal to iJie angle ACB : 
wherefore the remaining angle at J? is equal to the remaining angle 
at G : (I. 32.) 
and consequently the triangle jDG^i^is equiangular to the triangle^^C; 
therefore as BA to -4 C, so is GB to JDF: (yi. 40 
but, by the hypothesis, ^ BA to AC, bo is ED to DF; 
therefore as ED to DF, so is GD to DF-, (v. 11.) 
wherefore ED is equal to DG; {v, 9.) 
and DJF'is common to the two triangles EDF, GDFz 
therefore t^e two sides ED, DFoxe equal to the two sides OD, DF, 
each to each ; 

and the angle EDF is equal to the angle GDFf (constr.) 
wherefore the base EPis equal to the base FG, (I. 4.) 
and the trianele EDF to the triangle GDF, 
and the remaining angles to the remaining angles^ each to each, 
which are subtended by the equal sides : 

therefore the angle DFG is equal to the angle DFE^ 

and the an^le at (? to the anele at E; 

but the angle DFG is equal to the angle ACB; (constr.) 

therefore the angle ACB is equal to the angle DFE; (ax. 1.) 

and the angle BACia equal to the angle EDF: (hyp.) 
wherefore also the remaining angle at B is equal to the remaining 

angle at E-, (i. 32.) 
therefore the tnangle ABCh equiangular to the triangle DEF. 
Wherefore, if two trianjsrles. &c. Q.E.D. 
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PROPOSITION Vn. THEOREM. 

I/two irianglet have one angle of the one equal to one angle of the other, 
and the aides abottt two other angles proportionals ; then, if each of the 
remaining angles he eitHlbr less, or not less, than a right angle, or if one of 
them be a right angle; the triangles shall be equiangular, and shall have those 
angles equal about which the sides are proportionals, 

liet the two triangles ABC, DJ^JPhave one angle in the one equal 
to one angle in the other, 

viz. the angle BA C to the angle JEJDF, and the sides about two other 
angles ABC, 2>^ J* proportionals, 

so that ^^ IS to BC, as DEUiEF\ 
and in the first case, let each of the remaining angles at C, F be less 
than a right angle. 

The triangle ABC shall be equiangular to the triangle DBF, 

viz. the angle ABC shall be equal to the an^le DBF, 

and the remaining angle at C equal to the remaining angle at F. 



A 
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B C 

For if the angles ABC, DBF he not equal, 

one of them must be greater than the other : 

let ABC be the greater, 
and at the point B, in the straight line AB, 
make the angle ABQ equal to the angle DBF; (l. 23.) 
and because the angle at A is equal to the angle at D, (hyp.) 

and the angle ABG to the angle DBF; 
the remaining angle A OB is equal to the remaining angle DFB: 

(I. 32.) 

therefore the triangle ABG is equiangular to the triangle DBF: 

wherefore as AB is to BG, so is DB to BF: (vi. 4.) 

but as DB to BF, so, by hypothesis, is AB to BC^ 

therefore as AB to JBC, so is AB to BG: (v. 11.) 

and because AB has the same ratio to each of the lines BC, BG, 

BC 18 equal to BG ; (V. 9.) 
and therefore the angle BOCis equal to the angle BCG : (I. 5.) 
but the angle BCG is, by hypothesis, less than a ri?ht angle ; 
therefore also the angle BGC is less than a right angle ; 
and therefore the adjacent angle AGB must be greater than a right 

angle; (1. 13.) 
but it was proved that the angle AGB is equal to the angle at F; 
therefore the angle at F is greater than a right angle ; 
but, by the hypothesis, it is less than a right angle ; which is absurd. 
Therefore the angles ABC, DBF axe not unequal, 

that is, they are equal : 

and the angle at A is equal to the angle at D : (hyp.) 

wherefore the remaining angle at C is equal to the remaining angle at 

F: (I. 32.) 

therefore the triangle ABC is equiangular to the triangle DBF. 

y. 2 
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Next, let each of the angles at C, Pbe not less than a right angle. 
Then the triangle ABC diall also in this case be equiangular to the 
triangle DBF. 

A 

E F 

The same construction being made, 

it may be proved in like manner that BCis equal to BO, 

and therefore the angle at C equal to the angle BGCi 

but the angle at C is not less than a right an^le ; (hyp.) 

therefore the angle BGCis not less than a nght Bugie : 

wherefore two angles of the triangle BGCoxe together not less than 

two right angles : 

which is impossible; (L 17.) 
and therefore the triangle ABC m&y be proved to be equiang^ar to 

the triangle DBF, as in the first case. 
Lastly, let one of the aagles at C, F, viz. the angle at C, be a right 
angle : in this case likewise the triangle ABCohaH be equiangular 
to the triangle DBF. 
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For, if they be not equiangular, 
at the point B in the straight line AB make the angle ABG equal 

to the angle DBF; 
then it may be proved, as in the first case, that BGis equal to ^C: 
and therefore the angle BCG equal to the angle BGC: (l 5.) 
but the angle BCG is a right angle, (hyp.) 
ther^ore the angle BGC is also a right angle; (ax. 1.) 
whence two of the angles of Uie triangle BGC axe together not less 
than two right angles; 

which is impossible : (I. 17.) 

therefore the triangle ABC is equiangular to the triangle DBF. 

Wherefore, i(|Reo triangles, &C. Q.E.D* 

PROPOSITION Vm. THEOREM. 

In a rigkt'Gngled triangle^ if a perpendicular he dravon from the right- 
migle to the base; the triangUi on each side of it are similar to the wkok 
triangle, and to one another. 

Let ^^Cbe a right angled-triangle, having the right angle BAC\ 
and from the point A let AD be drawn perpendicular to the base BC 

Then the triangles ABD, uiDC shall be similar to the whole tri- 
angle ABC, and lo one another 
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Because the angle jBACia equal to the angle ADB, each of them 
being a rieht angle, (ax. 11.) 

ind&at the angle at ^ is common to the two triangles ASC, ABD ; 
the remaming angle ACB is equal to the remaining angle BAD ; 
(I. 32.) 

therefore the triangle ^^Cis equiangular to the triangle ABD, 
and the sides ahout their equal angles are proportionals ; (YI. 4.) 

wherefore the triangles are similar : fvi. def. 1.) 
in the like manner it may 1& demonstrated, mat the triangle ADC 

is equiangular and similar to the triangle ABC. 
And the triangles ABD, A CD, heing both equiangular and similar 
to ALBCf are equiangular and similar to each other. 

Therefore, in a right-angled, &c. Q.E.D. 
GbK. From this it is manifest, that the perpendicular drawn from 
the right angle of a right-angled triangle to the base, is a mean propor- 
tional between the segments of the base ; and also that each of the 
aides is a mean proportional between the base, and the segment of it 
adjacent to that side : because in &e triangles BDA, ADU; BD is to 
DA, SB DA to DC; (TI. 4.) 

and in the triangles wi^C,JDB^; ^Cis to J9u4, as ^^ to 3D: (vi.4.) 
and in the triangles ABC, ACD; BCisto CA,bb CAto CD. (vi.4.) 

PKOPOSinON IX. PROBLEM. 
From a given straight line to cut off any part required* 

Let AB be the given straight line. 
It is required to cut off any part from it. 




Prom the point A draw a straight line A C, making any angle with AB; 

and in ^ & take any point 2), 
and take -4Cthe same multiple of AD, that AB is of the part 
which is to be cut off from it ; 

join BC, and draw DB parallel to CB. 

Then AJE shall be the part required to be cut off. 

Because ED is parallel to BC, one of the sides of the triangle ABC, 

as CD hto DA, so is BBtoBA; (vi. 2.) 

and by composition, CA is to AD, as BA to AB: (v. 18.) 
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but CA is a multiple of AD ; (constr.) 
therefore BA is the same multiple kaAE; (v. D.) 
whatever part therefore AD is o£ AC, AJS is the same part of AB: 
wherefore, from the straight line AB the part required is cut oS. 

Q.E.F. 

PROPOSITION X. PROBLEM. 

To divide a given straight line similarly to a given divided straight Itns^ 
that is, into parts that shall have the same ratios to one anotJier tohich the 
parts of the divided given straight line have. 

Let AB\iQ the straight line given to be divided, and A C the divided 
line. 

It is required to divide AB similarly U) AC. 

A 




Let -4 C be divided in the jjoints D, E\ 
and let AB, AC ha placed so as to contain any ane^le, and join JBC, 
aiid through the points D, E draw DF^ -E(r parallels to BC. (l. 31.) 
Then AB shall be divided in the points F, G, similarly to AC*- 
Through D draw DHK parallel to AB : 
therefore each of the figures, FS, HB is a parallelogram ; 
wherefore DH\a equal to FG, and HKto GB: (l 34.) 
and because HF is parallel to JtC, one of the sides of the triangle 
t DKC, 

as CF to FD, so is KHto SDi (VI. 2^ 
but ^JEfis equal to BG, and HD to GF; 
therefore, as CF is to FD, so is J? 6? to GFi (V. 7.) 
again, because FD is parallel to GF, one of the sides of the triangrle 
AGF, 

as FD is to DA, so is GF to FA: (vi. 2.) 
therefore, as has been proved, as CF is to FD, so ia BQ to G^, 
and as FD is to DA, so is GF to FA : 
therefore the given straight line AB is divided similarly to ^C Q.S.F. 

PROPOSITION XL PROBLEM. 

To/lnd a third proportional to two given straight Unes» 

^ Let AB, AC he the two given straight lines. 
It is required to find a third pr6portion^ to AB, AC. 

A 

B 
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Let AB) A Che placed so as to contain any angle : 
' produce AB, ^ C to the points i>, J&; 
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and make BD equal to AC; 
join JBC, and through D, draw X>^jparallel to BC. (l. 31.) 

Then CJE shall be a third proportional to AB and A C, 
Because ^Cis parallel to DB, a side of the triangle ABE, 
ABiB to BD, as ACto CEi (YL 2.) 
but BD is equal ix> AC; 
therefore as AB is to AC, so is ^Cto CB. (v. 7.) 
Wherefore, to the two given straight lines AB, AC, a third pro- 
portional CB is found. Q.E.F. 



PROPOSITION Xn. PROBLEM. 
Tojind a/mtrth pruporHonai to three given etnUght Knea» 

Let A, B, Che the three given straight lines. 

It is required to find a fourth proportional to A, B, C, 

Take two straight lines DB, DF, containing any angle JEDF: 

and upon these meke DO equal to A, OB equal to B, and DH equal 

to C; (L 3.) 

D A 




join OH, and through B draw ^2^ parallel to it (i. 31.) 

Then ITF shall be the fourth proportional to A, B, C. 

Because OS is parallel to BF, one of the sides of the triaugle DBF, 

DO is to OB, as DHto HF; (vi. 2^ 
but Dfi' is equal to ^, G'J^ to J9, and DJf to C; 
therefore, as^istoJ?, soisCto HF. (v. 7.) 
IVberefor^ to the three given straight lines A^ B, C, a fourth 
proportional B[F is found, a e. f. 

PROPOSITION Xm. PROBLEM. 

Tbfnd a meanjMroportional hetioe&n two gwen etraight Hnea, 

Let AB, BChe the two given straight lines. 
It 19 required to find a mean proportional between them. 
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Place ABf BCin a straight line, and upon AC describe the semi- 
circle ADC, 

and from the point B draw BD at right angles to ^C (I. 11.) 
Then BD shall be a mean proportional between AB and BC. 

Join AD, DC. 
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And because the angle ADC in a semicircle is a right angle, (m. 31 
and because in the right-angled triangle ADC, BD ia drawn hoi 

the right angle perpendicular to the base, 
DB is a mean proportional between AB, JBCihe segments of 

base : (vi. 8. Cor.J 
therefore between the two given straight lines AB^ J9C, a mc 

proportional DB is found. Q.E.F. 



PROPOSITION XIV. THEOREM. 

Equal paraUelograms, which have one angU of the one equal to 
angle of the other, haxte their sides about the equal angles reeifiroeaUg 
portionai : and conversely, parallelograms that have one angle of the 
equal to one angle of the other, and their sides about the equal angles 
procaUy proportioned, are equal to one another. 

Let AB, BChe equal parallelograms, which haye the angles at 
equal. 

The sides of the parallelo^ms AB, BC about the equal angle 
shall be reciprocally proportional ; 

that is, DB shall be to BB, as OB to BF. 




Let the sides DB, BE be placed in the same straight line ; 
wherefore also FB, J^G' are in one straight line : (l. 14.) 
complete the parallelogram FE. 
And becaase the parallelogram AB is equal to ^C^ and that FB 
is another pandlelogram, 

AB is to FE, as BCUi FE: (v. 7.) 
but as AB to FE so is the base DB to BE, (yi. 1.) 

and as ^Cto FE, so is the base OB to BF; 
therefore, as DB to BE, so is OB to BF. (v. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional 
Next, let the sides about the equal angles be reciprocally proportionalt 

viz. as DB to BE, so OB to BF: 
the parallelogram AB shall be equal to the parallelogram BC. 
Because, as DB to BE, Boh OB to BF; 
and as DB to BE, so is the parallelogram AB to the parallelogram 
FE; (VI. 1.) 
and as OB to BF, so is the parallelogram Ji^Cto the parallelogram FEi 
therefore as AB to FE, so JBCto FE: (v. ll.J 
therefore the parallelogram AB is equal to the parallelogram BC 
(V. 9.) 

Therefore equal parallelograms, &c. Q.E.D. 
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PKOPOsrnoN xv. theorem. 



"Equal triangUs which have one angle of the one equal to one angle of 

'the other, have their sides about the equal angles reciprocally proportional : 

and conversely t triangles fohich have one angle in the one equal to one angle 

'4n the other, and their sides about the equal angles reciprocally proportional, 

equal to one another. 



Xet ABC, ABE he equal triangles, which have the angle BAC 
equal to the angle DAE. 

Then the sides about the equal angles of the triangles shall he re- 
.cipTocally proportional ; 

that is, CA shall be to ADi as EA to AB. 




Let the.triangles be placed so that their sides CA^ AD be in one 
straight line ; « 

wherefore also EA and AB are in one straight line ; (i. 14.) 

and join BD, 
Because the triangle ABC is equal to the triangle ADE^ 
and that ABD is another triangle ; 
therefore as the triangle CAB, is to the triangle BAD, so is the 

triangle AED to the triangle DAB; (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base CA 

to the base AD, (vi. 1.) 
and as the triangle EAD to the triangle DAB, so is the base EA 
to the base AB ; (vi. 1.) • 
therefore as CA to AD, so is EA to AB: (v. 11.) 
wherefore the sides of the triangles ABC, ADE, about the equal 

angles are reciprocally proportioDal. 
Next, let the sides of the triangles ABCf ADE about the equal 
angles be reciprocally proportional, 

Tiz. CA to AD as EA to AB. 
Then the triangle ABCshaM he equal to the triangle ADE, 

Join BD as before. 
Then because, as CA to AD, so is EA to AB ; (hyp.) 
and as CA to AD, so is ^e triangle ABC to the triangle ^^i): 

(VI. 1.) 
and as EA to AB, so is the triangle EAD to the triangle BAD ; 
(VI. 1.) 

therefore as the triangle BA C to the triangle BAD, so is the.tri- 

axigle EAD to the triangle BAD; (v. 11.) 
that is, the triangles BA C, EAD have the same ratio to the tri- 
angle J5-4Z): 
wherefore the triangle ABCis e<yial to the triangle ADE* (v. 9.) 
- Therefore, equal tnangles, &c». Q.E.D. . 

N^5 
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PROPOSITION XVI. THEOREM. 

Jf fimr straight lines he proportionals, the rectangle contained 6y tte 
extremes is equal to the rectangle contained by the means : and amvendj/, 
if the rectangle contained by the extremes be equal to the rectangle dm- 
iained by the means, the four straight lines are proportionals. 

Let the four straight lines AB, CD, E, JPbe propoitionalsy 
viz. as AB to CD, so ^ to JP. 
The rectangle contained by AB, F, shall be equal to the rectangle 
contained by CD, JE. 
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From the points A, Cdraw AG, CJfat right angles to AB, CD: 
(1.11.) 

and make AO equal to F, and CH" equal to F; (l. 3.) 

and complete the parallelograms B&, DH, (l. 31.) 

Because, as AB to CD, %o\aF\x> F; 

and that E is equal to C&, and Fto AG; 

ABisto CDda CHtoAG: (v. 7.) 

therefore the sides of the parallelograms BG, Djq about the equal 

angles are reciprocally proportional; 
but parallelograms which have their sides about equal angles reci- 
procally proportional, are equal to one another; (vi. 14.) 
therefore the parallelogram ^G' is equal to the parallelogram Dff: 
but the parallelogram ^G' is contained by the straight lines AB, JP; 

because AG is equal to F; 
and the parallelogram jD^is contained by CD and E; 
because Cffis equal to E; 
therefore the rectangle contained by the straight lines AB, F, is 

e^ual to that which is contained by CD and E, 
And if the rectangle contained by the straight lines AB, F, be 
equal to that which is contained by CD, E; 

these four lines shall be proportional, 
viz. AB shall be to CD, fisEtoF. ' 
The same construction being made, 
because the rectangle contained by the straight lines AB, F, is 
equal to that which is contained by CD, M, 
and that the rectangle BGva contained by AB, F^ 
because ^6!' is equal to F; 
and the rectangle DH hy CD, E; because CKia equal to E; 
therefore the parallelogram BGh equal to the parallelogram Dff; 
(ax. 1.) 

and ihey are equiangular : 
but the sides about the equal angles of equal parallelograms are 
reciprocally proportional : (vi. 14.) 

wherefore, as AB to CD, so is CBCto AG. 
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But Off is ^ual to U, and AO to J^; 

therefore as AJB is to CD, so is J? to jP. (t. 7.) 

Wherefore, if four, &o. Q.E.D. 

PROPOSITION XVn. THEOREM. 

If three stfa^M lines be prqportionaia, the rectangle contained by the 
extremes ie egual to the square on the mean ; and conversely, if tJie rectangle 
contained by the extremes be egtud to the square on the meati, the three 
straight Zmm are proportionals. 

t Let the three straight lines A, B, C be proportionals, 

viz. as ^ to P, so ^ to C 
The xeotaagle contained by A, C shall be equal to the square on B, 



A- 

B- 
D- 




Take 2> equal to B. 
And because as ul to j&, so J9 to C, and that B is equal to 2); 

A is to J9, as D to C: (V. 7.) 
but if four straight lines be proportionals, the rectangle contained 
by the extremes is equal to that which is contained by the means ; 
(VI. 16.) 

therefore the rectangle contained hy A, C \& equal to that con- 
tained by J?, i) : 

but the rectangle contained by B, D, is the square on B, 

because B is equal to i> : 
therefore the rectangle contained by A, C, is equal to the square on B. 
And if the rectangle contained by A, C, be equal to the square on By 

then A shall be to B,SiS B to C. 

The same construction being made, 

because the rectangle contained by A, Cia equal to the square on B, 

and the square on B is equal to the rectan^e contained oy B, D, 

* because B is equal to x); 

therefore the rectangle contained by Ay C, is equal to that contained 

hyB,Di 
but if the rectangle contained bj the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals : (yi. 16.) 

therefore ^ is to .^^.as Dto C: 

but B is equal to D ; 

"wherefore, as .^ to ^, so J? to C 

Therefore, if three straight lines, &c. Q.B.D. 

PROPOSITION XVm. PROBLEM. 

Upon a given straight Une to describe a rectilineal JSgure similar, and 
simUarly situated, to a given rectiUnealJlgtire, 

Let AB be the giyen straight line, and CDEF the given rectilineal 
figure of four sides. 
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It is required upon the ^yen straight line ABiXi describe a rectili- 
neal fig\ire umilar, and similarly situated, to CBEF* 

H 





Join DF^ and at the points A, B in the straight line AB, maie the 
angle BAG eaual to the angle at C, (L 23.) 

and the anele ABG equal to the angle CBF\ 
therefore the remaining angle A OB is equal to the remaining anglft 
CFD : (i. 32 and ax. 3.) 
therefore the triangle FCD is equiangular to the triangle GAB. 
Again, at the points G^ By in the straight line GB, make the angl^ 
JB6?ir equal to the angle DFE, (i. 23.) 

and the angle G'^jff equal to FDE\ 
therefore the remaining angle GHB is equal to the remaining angltf 

FEDy 

and the triangle FDE ecjui^ngular to the triangle OBHi 
then, because the angle AGB is equal to the angle CFD, and BGE 
to DFE, 
the whole angle AGHU equal to the -whole angle CFE\ (ax. 2.) 
for the same reason, the angle ABH is equal to the angle CDEx 
also the angle at ^ is equal to the angle at C7, (constr.) 
and the angle GHB to FED: 
therefore the rectilineal figure ABHG is equiangular to CDEF: 
likewise these figures have their sides about the equal angles pro* 
portionals ; 

because the triangles GA B, FCD being equiangular, 

J?^ is to AG, as Ci>to CF\ (vi. 40 

and because ^6r is to GB, as C^ to FD j 

and B&GBhtQ GH, so is FD to FE, 

by reason of the equiangular triangles BGH, DFE, 

therefore, ex aequali, ^6? is to GET, as OF to FE. (v. 22.) 

In the same manner it may be proved that AB Ik to ^JJ, as CD 

to DE: 

and GH is to HB, as FE to ED. (vi. 4.) 
Wherefore, because the rectilineal figures ABEG^ CDEF are 
equiangular, 

and have their sides about the equal angles proportionals, 
they are similar to one another, (vi. def. 1.) 
Next, let it be required to describe upon a given straight line AB^ 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure DKEF of five sides. 

Join DEy and upon the given straight linw AB describe the rectili- 
neal figure ABHG similar, and similarly atuated, to the quadrilateral 
figure CDEF, by the former case : 

and at the points B, H, in the straight line BH^ make the angle 
HBL equal to the angle EDK, 

and the angle BHL equal to the angle DEK\ 
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tlxerefore the remaining anele at L is equal to the remaining angle 
at K. (I. 32, and ax. 3.) 

And because the figures ABSO, CDEF are similar, 
the angle GHB is equal to the angle FED : (yi. def. 1.) 
and BhL is equal to DEK; 
-wherefore the whole angle GHL is eoual to the whole angle FEK : 
for the same reason the angle ABL is equal to the angle CDKi 
therefore the five-sided figures AOHLB, CFEKD are equiangular : 
and because the figures A OHB, CFED are similar, 
GHis to SB, as FE to ED\{yi. def. 1.) 
butasJGTBto J7X, sois^Dto JkJT; (vt. 4.) 
therefore, ex sequali, G'JJis to JJX, as FE to EK\ (v. 22.) 
for the same reason, AB is to BL, as CD to DKx 

and -BX is to XJT, as DK to KE, (vi. 4.) 
because the triangles BLHj DKE are equiangular : 
therefore because the five-sided figures A OHL^y CFEKD are equi- 
angular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six sides may be described 
upon a given straight line similar to one given, and so on. Q. e.f. 

PROPOSITION XIX. THEOREM. 

Similar triangles are to one another in the duplicate ratio of their Aomo- 
logoue sides. 

Let ABC, DEFhe similar triangles, having the angle B equal to 
the angle E, 

and let AB be to BC, as DE to EF, 
so that the side BCm^v be homologous to EF. (v. def. 12.) 
Then the triangle ABC^dM have to the triangle I)EF the dupli- 
cate ratio of that which ^C has to EF. 
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Take BG a third proportional to BC, EF, (vi. 11.) 
so that BCmsLj be to EF, as ^JP'to BG, ana join GA, 
Then, because as AB to BC, so DE to jEF*, 
alternately, AB is to DE, as BC to EF: (v. 16.) 

but as iCto EF, so is EF to BG ; (constr.) 

therefore, as AB to DE, so is EF to BG : (v. 11.) 

therefore the sides of the triangles ABG, DEF^ which are about the 

equal angles, are reciprocally proportional : 
but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to one another: (vi. 16.) 

therefore the triangle ABG is equal to the triangle DEF: 
and because as J9Cis to EF, so ^^to BG ; 
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and that if three straight lines be proportionals^ the first is said to 
have to the third, the dupEcate ratio ofthat which it has to the second: 
(▼. def. 10.) 

therefore J^Chas to BO the duplicate ratio ofthat which j^Chas to BFi 
but as ^Cis toJ^G', so is the triangle udl^Cto the triangle^ J? G^ ; (tlI.) 
therefore the triangle ABC has to the triangle ABO, the duplicate 
ratio ofthat which J? C has to EF: 
but the triangle ABO is equal to the triangle DJBF; 
therefore also the triangle ^^Chas to the triangle DEF, tlie dupli- 
cate ratio of that which JSChas to EF. 

Therefore similar triangles, &c. Q. E.D, 
Cob. From this it is manifest, that if three straight lines be pro- 
portionals, as the first is to the third, so is any triangle upon the first, 
to a similar and similarly described triangle upon the second. 

PROPOSITION XX. THEOREM. 

Similar polygons may be divided into the same number of nmiiar tri- 
angles, having the same ratio to one another that the polygons have ; and ike 
polygons have to one another the duplicate ratio of that which their homth 
logous sides have. 

Let ABODE, FOHKL be similar polygons and let AB be the 
side homologous to FG : 

the polygons ABODE, FOHKL may be divided into the same 
number of similar triangles, whereof each shall have to each the same 
ratio which the polygons have ; 

and the polygon ABODE shall have to the polygon FOHKL the 
duplicate ratio ofthat which the side AB has to the side FG. 

p 
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Join BE, EC, GL, LH. 
And because the polygon ^j&CZ)^ is similar to the polygon FOHKL, 
the angle B2.E is equal to the angle GFL, (vi. def. 1.) 
and 5^ is to AE, as OF to FL: (vi. def. 1.) 
therefore, because the triangles ABE, FOL have an angle in one, 
equal to an angle in the other, and their sides about these equal angles ' 
proportionals, 

the triangle ABE is equian^lar to the triangle FOL : (ti. 6.) 
and therefore similar to it ; Tvi. 4.) 
wherefore the angle ABE is equal to me angle FGL : 
and, because the polygons are similar, 
the whole angle ABO is equal to the whole angle FGH; (vi. def. 1.) 
therefore the remaining angle EBOia equal to the remaining angle 
LGH: (I. 32. and ax. 3.) 

and because the triangles ABE, FOL are similar, 
/ EB is to BA, as LO to OF; (vi. 4.) 
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and also, because the polygons are similar, 
^^ is to BC, 9aFQU> GS; (VI. def. 1.) 
therefore, ex cequali, EB Ib to BC, as LO to QS; ^v. 22.) 
tliat is, tiie sides about the equal angles JBBC, LOMvre proportionals ; 
therefore, the triangle JBBC Is equiangular to the triangle LOJEC, 

(vi. 6.) and similar to it ; (TI. 4!) 
for the some reason, the triangle ECD likewise is similar to the tri- 
angle LHKi 
therefore the similar poljgons ABODE, FQHKL are divided intp 
the same number of similar triangles. 

Also these triangles shall have, eaeh to each, the same ratio which 
the polygons have to one another, 

the antecedents being ABE, EBC, ECD, and the consequents 
FQL,LOH,LHKi 

and the ])olygon ABODE shall have to the polygon FQHKL the 

duplicate ratio of that which the side AB has to the homol^ous 

side FQ, Because the trianele ABE Ib similar to the triangle FQL, 

ABEYoAiXi FGL, the duiuicate ratio of that which the side ^^has 

to the side QL : (vi. 19.) 
for the same reason, the triangle BEO has to GLS the duplicate 

ratio of that which BE has to GL : 
therefore, as the triangle ABE \& to the triangle FGL, so is the 

trianffle BEO to the triangle GLH. (v. 11.) 
Again, because the triangle ISBO is similar to the triangle LGH, 
EBOhas to LGIT, the duplicate ratio of that which the siae EO has 

to the side LH: 
for the same reason, the triangle EOD has to the triangle LHK, the 
duplicate ratio of that wmch EO has to LHi 
therefore, as the triangle EBO is to the triangle LGS, so is the tri- 
angle EOD to the triangle LE[Ki (v. 11.) 

but it has been proved, 
that the triangle EBO is likewise to the triangle LGH, as the tri- 
angle ABE to the triangle FGL : 
therefore, as the triangle AbEXjo the triangle FGL, so is the trian^e 
j^J^Cto the triangle LGH, and the triangle MOD to the triangle LHKi 
and therefore, as one of the antecedents is to one of the consequents, 

so are all the antecedents to all the consequents : {y. 12.) 
that is, as the triangle ABE to the triangle JFGL, so is the polygon 
ABODE to the polygon FGffKL : 
but the triangle ABEhsB to the triangle FGL, the duplicate ratio of 

that which the side AB has to the nomologous side FG*, (vi. 19.) 
therefore also the polygon ABODE has to the polygon FGHKL the 
duplicate ratio of tnat which AB has to the homologous side FG. 

Wherefore, similar polygons, &o. Q. E. D. 
Cor. 1. In like manner it may be proyad, that similar four-sided 
figures, or of any number of sides, are one to another in the dujjlicate 
ratio of their homologous sides : and it has already been proved in tri- 
angles : fyi. 19.) therefore, uniyersaUy, similar rectilineal figures are to 
one a^otner in the duplicate ratio of their homologous sides. 

Gob. 2. And if to AB, FG, two of the homologous sides, a third 
proportional ilf be taken; (yi. 11.) 





B 



280 Euclid's elements. 

AB has to JIf the duplicate ratio of that which AB has to F6: 
(v. def. 10.) 
but the fbur-sided figure or polygon upon AB^ has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which AB has to FG: (VL 20. Cor. 1.) 

therefore, as AB is to M, so is the figure upon AB to the figure 
u-pon FG:{Y. 11.) 

which was also proved in triangles : (vi. 19. Cor.) 
therefore, universally, it is manifest, that if three straight lines be 
proportionals, as the first is to the third, so is any rectilineal figure 
upon the first, to a similar and similarly described rectilineal figure 
upon the second. 

PROPOSITION XXI. THEOREM. 

Rectilineal ^figures which are similar to the same rectilineal ^gure^ an 
dUo similar to one another. 

Let each of the rectilineal figures Ay Bhe similar to the rectilineal 
figure C 

The figure A shall be similar to the figure B. 

A 

Because A is similar to C, 
they are equiangular, and also have their sides about the equal 
angles proportional : (vi. def. 1.) 

again, because B is similar to C, 
they are equiangular, and have their sides about the equal angles 

proportionals : (vi. def. 1.) 
therefore the figures ^, ^ are each of them equiangular to C, and 
have the sides about the equal angles of each of them and of C pro- 
portionals. 

Wherefore the rectilineal figures A and B are equiangular, 

il. ax. 1.) and have their sides about the equal angles proportionals: 
v. 11.) 

therefore A is similar to B, (n, def. 1.) 
Therefore, rectilineal figures, &c. q.e.d. 

PROPOSITION XXll. THEOREM. 

If four straight lines he proportionals, the similar rectilineal figwm 
similarly described upon them shall also be proportionaU : and conversdjft 
if the similar rectilineal figures similarly described upon four atraigM lines 
be proportionals, those straight lines shall be proportionals. 

Let the four straight lines ABy CD, EF, OJBTbe proportionals, 

viz. AB to CD, as EF to GH; 
and upon AB, CD let the similar rectilineal figures £!AB, iCDbe 

similarly described ; 
and upon EF, GHthe similar rectilineal figures IfF, NEC, in like 
manner : 
the rectilineal figure KAB shall be ta LCD, as MF to iVJET. 
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k BCD EPGH P^ iJ 

To AB, CD take a third |)roportional X; (TI. 11.) 

and to UF, OH a third proportional O : 

and hecause AB is to CD as ^i^to GIT, 

therefore CD is to -T, as OH to O; (V. 11.) 

wherefore, ex secjuali, as AB to X, so JBF to O : (v. 22.) 

but as AB to X, so is the rectilineal figure KAB to tiie rectilineal 

%are LCD, 
and as ^P to O, so is the rectilineal figure MF to the rectilineal 
figure NH: (vi. 20. Cor. 2.) 
tiierefore, as KAB to LCD, so is JIfF to JVSl (V. lU 
And if the rectilineal figure KAB be to LCD, as -JfF to JVjET; 
the straight Une AB shall be to CD, as ^i^to OH 
Make as ^P to CD, so JSLPto P-K, (Ti. 12.) . 
and upon Pit describe the rectilineal figure SB similar and simi- 
lany situated to either of the figures MF, NHi (vx. 18.) 
theU) because as AB to €d, so is EF to PR, 
and that upon AB, CD are described the sinular and similarly 
situated rectilineals KAB, LCD, 
and upon .EJF*, PR, in like manner, the similar rectilineals MF, SB ; 
therefore KAB is to LCD, as JfFto SB : 
but by the hypothesis KAB is to LCD, as MFto NH\ 
and therefore the rectilineal JIfF having the same ratio to each of the 
two NH, SB, 

these are e^ual to one another ; (v. 9.) 
they are also similar, and similiarly situated ; 

therefore OH is equal to PB : 

and because as ^ J? to CD, so is ^JF*to PB, 

and that PB is equal to OH; 

AB is to CD, mJEF to OH (v. 7.) 

If therefore, four straight lines, &c. Q.B.D. 

PROPOSITION XXm. THEOREM. 

Equiangular parallelograma have to one another th6 ratio which is 
compounded of the ratios of their sides. 

Let A C, CF be equiangular parallelograms, having the angle ^ CD 
equal to the an^le ECO. 

Then the ratio of the parallelogram ^C to the parallelogram CF, 
shall be the same with the ratio wnich is compounded of the ratios of 



their sides. 
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Let BC, CQ be placed in a straiglit line ; 

therefore DC and CE are also in a straight line ; (l. 14.) 

and complete the parallelogram DG\ 

and taking any straight line K, 

make as BCio CO, so A to L ; (vi. 12.) 

and as DC to CE, so make L to M\ (vi. 12.) 

therefore, the ratios of K to L, and L to M, are the same widi the 

ratios of the sides, 

viz. of J5(7to CG, and 2>Cto CEi 
but the ratio of JT to ilf is that which is said to be componnded of 
the ratios oi KijQ L, and L to M-, ( v. def. A.) 
therefore K has to ilf the ratio compounded of the ratios of the sides : 
and because as J? C to CO, so is tne parallelogram AC to the paral- 
lelogram CH', (yi. 1.) 

but as BCix) CO, so is JT to X; 
therefore Kiato L, as the parallelogram ^C to the parallelognm 

Cff: (V. 11.) 
again, because as DC to CE, so is the parallelogram CS^ to the 
paraUelograin CJP; 

but as DC to CE, so is X to Jtf ; 
wherefore X is to Jtf, as the parallelogram CXT to the parallelogram 
CJP; (V. 11.) 

therefore since it has been proved, 
that as j^ to X, so is the parallelogram .^ C to the parallelogram CH; 
and as X to Jf, so is the parallelogram CH to the parallelogram CF\ 
ex eequali, JT is to Jtf, as the parallelogram ^ C to the parallelogram 

CF: (V. 22.) 
but JThas to ilf the ratio which is compounded of the ratios of the 

sides ; 
therefore also the parallelogram .^Chas to the parallelogram CF, 
the ratio which is compounded of the ratios of the sides. 
Wherefore, equiangular parallelograms, &c. Q.S.D. 

PROPOSITION XXIV. THEOREM. 

ParaUelogranu aboui the diameter of any paraUelogram, are Hmilar te 
the whole, and to one another. 

Let ABCD be a parallelogram, of which the diameter is .^C; 

and EO, mK parallelograms about the diameter. 
The parallelograms EO, HK shall be similar both to the whole 
parallelogram ABCD, and to one another. 

A B fi 




Because DC, OFoxe parallels, 

the angle ADCia equal to the angle AOF: (l. 29.) 

for the same reason, because BC, EF^ parallels, 

the angle ABC is equal to the anpe AEFi 
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and each of the angles BCD^ EFG is equal to the opponte angle 
DAB, (I. 34.) 

and therefore they are eqiial to one another : 
wherefore the parallelograms ABUD, AEFG, are eqitiangular : 

and hecause the an^e ABC is equal to the angle AB^, 
and the angle BAC common to the two triangles BAC, BAF, 
they are equiangular to one another ; 
therefore as AB to BC, so is AB to BF: (Tl. 4.) 
and because the opposite sides of parallelc^prams are equal to one 
another, (i. 34.) 

AB 18 to AD as AB to AQ; (y. 7.) 

and DCto CB, as GFto FE; 
and also CD to DA, as FG to GA : 
therefore the sides of the parallelograms ABCD, AEFG about the 
equal angles are proportionals ; 

and they are therefore similar to one another; (vi. def. 1.) 
for the same reason, the parallelogram ABCD is similar to the 

parallelogram FJELCKi 
wherefore each of the ^arallelo^ams GE, JSjETis similar to DB : 
but rectilineal figures wmch are smiilar to the same rectilineal figure^ 
are also similar to one another: (Ti. 21.) 

therefore the parallelogram GE is similar to JTJJ. 
Wherefore, parallelograms, &c. Q.E.D. 

PROPOSITION XXV, PROBLEM. 

To describe a rectilineal figwre tohich shall be similar to one, and egwU 
to another given rectilineal Jiff ure, 

Let ABC he the given rectilineal fic^ure, to which the figure to be 
described is required to be similar, and D that to which it must be 
equal. 

It is required to describe a rectilineal figure similar to ABC, and 
equal to 2). 

A 

K 

O H 




Upon the straight line BC describe the parallelogram BE equal to 
the figure ABC-, (I. 45. Cor.) 
also upon €E describe tibie parallelogram CM equal to D, (i. 45. Cor.) 
and haying the angle FCE eaual to the angle CBL : 
therefore BCana CFare in a straignt line, as also ZE and EM: 
(I. 29. and 1. 14.) 
between BC &nd CjPfind a mean proportional GB[, (yi. 13.) 
and upon GHdeacnbe the rectilineal figure KGH similar and 6inu> 
Wly situated to the figure ABC. (yi. 18.) 

Because BC\a to GHva GHto CF, 
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and that if three straight lines be proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarly 
described figpire upon the second ; (vi. 20. Cor. 2.) 
therefore, as £Cto CF^ so is Uie rectilineal figure ABC to KOSi 
but as J^Cto CFf so is the parallelogram BM to the parallelogram 

EF', (TT. 1.) 
therefore as the rectilineal figure ABC]r to KOH, so is the paral- 
lelogram BJE to the parallelo{;ram BFi (v. 11.) 
and the rectilineal figure ABCia equal to the parallelogram BE) 

(constr.) 
therefore the rectilineal figure KOH^a equal to the parallelogram 
EFi (V. 14.) 

but ^JF'is ec^ual to the figure D ; (coiMtr.) 
wherefore also KOJELh equal to D : and it is similar to ABC. 
Therefore the rectilineal figure KOH has been described similar to 
the figure ABC, and equal to D, Q.E.F. 

PROPOSITION XXVI. THEOREM. 

Hf tteo timilar paraUeihgraim have a common trngU^ and be ^tmHarif 
Utuaied; they are tS>out the eame 'dia$neier» 

Let the parallelograms ABCD^ AEFQ be similar and similarly 
situated, and have £e angle DAB common. 

ABCD and AEFQ shall be about the same diameter. 




For if not, let, if possible, the parallelogram BD have its diameter 
AHCm a different straight line from AF, the diameter of the paral- 
lelogram EQ, 

and let G^ J* meet AHCm H\ 
and throueh H draw HK parallel to AD or J&C; 
therefore the parallelo^ms ABCD^ AKHG being about the same 
diameter, they are sunilar to one another ; (yi. 24.) 
wherefore as DA to ^B, so is OA to AK: (vi. def. 1.) 
but because ABCD and AEFQ are similar parallelograms, (hyp.) , 

as DA is to AB^ so is OA to AE\ 

therefore as OA to AE, so OA to AK\ (Y. 11.) 

that is, OA has the same ratio to each of the straight lines AE^ AK) 

and consequently AK is equal to AE, (y. 9.) 

the less equal to the greater, which is impossible : 

therefore ABCD and AKHO are not about the same diameter: 

wherefore ABCD and AEFO must be about the same diameter. 

Therefore, if two similar, &c. Q.E.D. 
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PROPOSITION XXVII. THEOREM. 

Of all paraUelofframi applied to the $ame straight Hne^ and deficient by 
parallelograms, similar tmd similarly sittuUed to th«U tehich is described 
i«pon thehalfofthe line; that which is applied to the half, and is similar 
to its defect, is the greatest, 

Let AB be a straight line divided into two equal parts in C\ 
and let the parallelogram AD be applied to the half A C, which is 
therefore deficient from the parallelogram upon the whole line AB by 
the par^elogram CE upon the other half tiB : 

of iJl the parallelograms applied to any other parts of AB, and 
deficient by paraUelograms that are similar and similarly situated to 
CJE, AD snail be the greatest 

Xjet AF be any parallelogram applied to AK, any other part of AB 
than the half, so as to be deficient crom the parallelogram upon the 
"whole line AB by the parallelogram KH similar and similarly situ- 
ated to CBi , 

DL 




CK B 

AD shall be greater than AF. 

First, let AKihe base of AF, be greater than ^Cthe half of ^^s 

a^ because CE ia similar to the parallelogram SK, (hyp.) 

they are about the same diameter: ^yi. 26.) 

draw their diameter DB, and complete tne scheme : 

then, because the parallelogram CFis equal to FE, (l. 43.) 

add£:£rtoboth: 
therefore the whole CJSTis equal to the whole KEi 
but CM 18 equal to CG, (i. 36.) 
because the base ^Cis equal to the base CBi 
therefore CQ is equal to KE: (ax. 1.) 
to each of these equals add CfF; 
then the whole AF is equal to the gnomon CjETX : (ax. 2.) 
therefore CE, or the parallelogram AD Ib greater than ^e paral" 
lelogram AF. 

Next, let AK the base of AFhe less than ACi 

o FM 
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then, the same construction being made, because BC la equal to CA, 
therefore J50f is equal to MQ; (l. 34.] 
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therefore the parallelogram DJETis equal to the parallelogram DG; 
(I. 36.) 

wherefore DJE is greater than LGi 

but DJTis equal to DK; (l. 4S^ 

therefore DK is greater than LG : 

to each of these add AL ; 

then the whole AD is greater than the whole AJF, 

Therefore, of all parallelograms applied, &c. Q.E.D. 

PROPOSITION XXVIII. PROBLEM. 

To a given straight line to apply a parallelogram equal to a gvoek 
reetiUneaifigurey and dejicient by a parallelogram similar to a given parol- 
ielogram : but the given rectilineal figure to which the parallelogram to U 
appUed is to be equals must not be greater than the parallelogram applied te 
half of the given line, having its defect similar to the defect of that toAieA w 
to be applied; that is, to the given parallelogram. 

Let AB be the given straight line, and Cthe given rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (Yl. 27.) than the parallelogram applied to 
the half of the line, haying its defect from that upon the whole line 
similar to the defect of that which is to be applied ; 

and let D be the parallelogram to which this defect is required to be 
similar. 

It is reauired to apply a parallelogram to the straight line AB, 
which shall be equal to the figure C, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to Z>. 
Divide AB into two equal parts in tne point JE, (I. 10.) 
and upon JSB describe the parallelogram EBFG similar and simi- 
larly situated to D, (vi. 18.) 
and complete the parallelogram AG, which must either be equal to 
C, or greater than it, by the determination. 
li AGhe equal to C, then what was required is already done : 

H G OP 
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for, upon the straight line AB, the parallelogram AG is applied eqoal 
to the figure C, and deficient by the parallelogram ^^siznuar to 1>. * 
But, is AG he not equal to C7, it is greater than it : 
and ^i^is equal to AG\ (L 36.) 
therefore J^JF'also is greater than C. 
Make the parallelogpram £XJfi\r equal to the excess of EF above 
C, aod similar and similarly situated to D : (yi. 25.) 

then, since JL> is similar to EP, (constr.) 

therefore also KM is similar to EF, (vi. 21.) 

let KL be the homologous side to EG, and Xitf to GFi 

and because ^^is equal to Cand JOf together. 



BOOK VI. PROP. XXVIII, XXIX. 287 

SFis greater than KM; 

tiierefare the str^ht line ^€^ is greater than KZ, and OF than LM: 

make G^Jl equal to ZK, and GO equal to ZM^ (I. 3.) 

and complete the parallelogram XOOP : (i. 31.) 

therefore XO is equal and similar to JOf : 

but JOf is similar to EF\ 

wherefore also XO is similar to EF; 

and therefore XO and J^JPare about the same diameter: (ti. 26.) 

let GPB be their diameter and complete the scheme. 

Then, because EF]& equal to C and £2lf together, 

and XO a part of the one is equal to KM 2k part of the other, 

the remainder, tIz. the gnomon ERO^ is equal to the remainder C: 

(ax. 3.) 
and because OB is equal to X9, by addine SR to each, (I. 43.) 

the whole OB is equal to the whole XB : 
but XB is equal to TE^ because the base AE is equal to the base 
^J?;(I. 36.) 

wherefore also TE is equal to OB : (ax. 1.) 
add X8 to each, then the whole T8 is equal to the whole, Tiz. to 
the enomon ERO : 

but it has been proved that the gnomon ERO is equal to C; 

and therefore also T8 is equal to C. 

Wherefore the parallelogram T8, equal to the given rectilineal 

figure C, is applied to the given straight line AB, deficient by the 

parallelogram 8Rj similar to the given one 2), because 8R is similar 

to EF. (VI. 24.) Q.B.F. 

PROPOSITION XXIX. PROBLEM. 

To a given stradght line to apply a paraUelogram equal to a given recti- 
lineal figwre^ exceeding by a paraUelogram aimtlar to (mother given, 

liOt AB be the ^ven straight line, and (7 the given rectilineal figure 
to which the parallelogram to be applied is required to be equal, and D 
the parallelogram to which the excess of the one to be applied above 
iJiat upon the given line is required to be similar. 

It 18 required to apply a parallelogram to the given straight line 
AB which shall be equal to the figure C, exceeding by a parallelogram 
similar to D. 

K H 





P X 



Divide AB into two equal parts in the point Ef (l. 10.) and upon 
EB describe the paraUelogram EZ similar and similarly situated to 
D : (VI. 18.) 

and make the parallelogram 6? JT equal to EZ and C together, and 
similar and similarly situated to D : (VI. 25.) 

wherefore GHia similar to EZ: (Tl. 21.) 



fiss 
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let JOT be the side homologous to FL, and KG to FE: 
and because the parallelogram GH is greater than JELf 
therefore tne side Kl£ is greater than FJj, 
and KG than FF : 
produce FL and FF, and make FLM equal to XH", and FJSN to KG, 

and complete the parallelogram MN: 
MNv& therefore equal and similar to GHi 
^ but GH is similar to EL ; 

wherefore JOT is similar to EL\ 

and consequently EL and JOT are about the same diameter : (yi. 26.) 

draw their diameter FX^ and complete the scheme. 

Therefore, since GM is equal to EL and C together, 

and that GH is equal to MN\ 

MNis equal to EL and C: 

take away tne common part EL ; 

then the remainder, viz. the gnomon NOL, is equal to C 

And because ^^is equal to EBf 

the parallelogram AN is equal to the parallelogram NB, (i. 36.) 

that is, to ^Jlf : (l 43!) 

add JVO to each ; 
therefore the whole, yiz. the parallelogram AX, is equal to the 
gnomon NOL : 

but the gnomon JSfOL is equal to C; 
therefore also AX is equal to C, 
Wherefore to the straight line AB there is applied the parallelo- 
gram AX equal to the given rectilineal figure C, exceeding by the 
parallelogram PO, which is similar to 2>, because PO is sunilarto 
EL, (VI. 24.) Q.E.F. 

PROPOSITION XXX. PROBLEM. 

To cut a given straight line in extreme and mean ratiOm. 

Let AJBhe the given straight line. . 

It ifi required to cut it in extreme and mean ratio.. 



" 
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Upon AB describe the square JBC, (l. 46.) 
and to -4 C apply the parallelogram CD, equal to BC, exceeding by 
the figure AD similar to BC: (vi. 29.) 
then, since ^Cis a square, 
therefore also AD is a square : 
and because BCis equal to CD^ 
by taking the common part CE from each, 
the remainder BF is equal to the remainder AD : 
and these figures are equiangular. 
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therefore their sides about tlie equal angles are reoi{>rocally propor- 
tional: (vi. 14.) 

therefore, as FE to ED, so AE to EB : 
but FE is equal to A C, (l. 34) that is, to ^^ ; (def. 30.) 

and EJD is equal to AE\ 
therefore as BA to AE^ so is AE to EB : 

but AB 18 greater than AE; 
wherefore AE is greater than EB : (v. 14.) 
therefore the straight line AB is cut in extreme and mean ratio in 
E. (VL def. 3.) Q.E.F. 

Otherwise, 

Let ^^ be the given straight line. 

It is required to cut it in extreme and mean ratio. 



A c B 

Divide ^^ in the point C, so that the rectangle contained by AB, 
BCj may be equal to the square on AC, (ii. 11.) 
Then, because the rectangle AB, BCi% equal to the square on AC\ 
2i^BA\jQAC,%o\% AC to CB\ (yi.^HO 
therefore AB is cut in extreme and mean ratio in C. (YI. def. 3.) 

a.E.F. 

PROPOSITION XXXI. THEOREM. 

In right-angled triangUa, the rectilineal figure described upon the aide op^ 
posite to the right angle, is egual to the simUmr and similarly described figuret 
vpon the Hdet containing the right angle. 

Let ABC he a right-angled triangle, having the right angle BAC, 
The rectilineal figure described upon ^d shall be > equal to the 
similar aad similarly described figures upon BA^ A Os 




Draw the perpendicular: AD^ : fi. 12.1 
jperefore, because in the right-angle^ tritmgle ABOt 
AD is drawn from the right angle at A perpeQ<^cular to the base BC, 
the triangles ABD, ADCsi^ similar to the whole trifingle jiBO, 
and to one another: (vi. 8.) 
and because the triaugle ABQib similar tQ. 4P<S» 
as CB to BA, so is BA to BD ; ( vi. 4.) 
and because these three straight lines are pi^oportionats, 
as the first is to the third* &Q is tiie Cgure upon the first ta the similar 
and similarly described figivre upon the second : (vi< 2Q. Cor. ^) 
therefore as C^ to BM, so is the figure upon CB to th^ simtilar apd 

similarly described figure u{)on BA : 
and inversely, as DB to BC, so is the figure upoA J&d to thtet ttpmi 
BC: IY*B.) 
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for the same reason, as DC to CBf so is the figure apon CA to that 

upon CB\ 
therefore as BD and 2) C together to BC^ so are the figures upon 
BA, AC to that upon BC: (V. 24.) 

but BD and i) (7 together are equal to ^C; 
therefore the figure described on BC is equal to the similar and 
similarly described figures on BAf A C, (v. A.) 
Wherefore, in right-angled triangles, &c. Q.E.D. 



PROPOSITION XXXn. THEOREM. 

If two trtanglea which have two sides of the one proportional to two tides 
of the other t he joined at one angle, so as to haw their homologous sides 
parallel to one another ; the remaining sides shall be in a straight Hne. 

Let ABCf DCJE be two triangles which have the two sides BA, 
A C proportional to the two CD, DE, 

viz. BA to AC, as CD to DE-, 
and let ABhe parallel to DC, and ^ C to DE. 




Then BCktA CE sball be in a straight line. 
Because AB is parallel to DC, and the straight line u^ (7 meets them, 
the alternate angles BAC, A CD are equal ; (i. 29.) 
for the same reason, the an^le CDE is equal to the angle A CD; 
wherefore also BACis equal to CDE: (ax. 1.) . 
and because the triangles ABC, DCE have one angle at A equal to 
one at D, and the sides about these angles proportionals, 
viz. BA to A C, as CD to DE, 
the triangle ABC is equiangular to DCE: (vi. 6^ 
therefore ^he angle ABC is equal to the angle DCE: 
arid the angle BA C was proved to be equal to A CD ; 
therefore the whole angle A CE is equal to the two angles ABC, 
BAC: (ax. 2.) 

add to each of these equals the common angle ACB, 
then the angles A CE, A CB are equal to the angles ABC, BA C,ACB: 
but aSC, BAC, ACB are equal to two right angles: fl. 32.) 
therefore also the angles A CE, A CB are equal to two right angles: 
and since at the point C, in the straight line A C, the two straight 
lines BC, CE, which are on the opposite sides of it, make the adjacent 
angles A CE, A CB equal to two right angles ; 

therefore BC and CE are in a straight line. (l. 14.) 
Wherefore, if two triangles, &c. Q.£;D. 



I 
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PROPOSITION XXXIH. THBOUBM. 

In equal cirolet, angles^ tohether at the centers or circumferences ^ have 
thB same ratio which the circumferences on Mohich they stand Iiave to one 
another : so also have the sectors. 

Let ABC, DEFhe eaual circles; and at their centers the augles 
jBGC, EHF, and the angles BAC, ELF, at their circumferences. 
As the circumference BC to the circumference EF, so shall the 
angle -BG'C be to the angle EJ^F, and the angle fi AC to the 
angle EDF\ 
and also the sector BG'Cto the sector EJ^F, 





Take any number of circumferences CK, KL, each equal to BCf 
saxd any number whatever FM, MN, each equal to EF: 

and join GK, GL, HM, Jm. 
Because the circumferences BC, CK, KL are all equal, 
the angles BGC, CGK, KGL are also all equal : (ill. 27.^ 
therefore what multiple soever the circumference BL is of tne cir- 
cumference BC, the same multiple is the angle BGL of the ansrle 
BOCi 

for the same reason, whatever multiple the circumference EN is of 
the circumference EF, the same multiple is the angle EHN of the 
angle EHF: 

and if the circumference BL be equal to the circumference EN, 
the angle J?6?Z is also equal to iie anjjle EHN; (iii. 27.) 
' and if the circumference BL be greater than EN, 
likewise the angle BGL is greater than EHN; and if less, less . 
therefore, since there are four m£^itudes, the two circumferences 
JBC, EF, and the two angles BGC, JEffF', and that of the circum- 
ference BC, and of the angle BGC, have been taken any equimultiples 
whatever, viz. the circumference BL, and the angle Bi^L ; and of the 
circumference EF, and of the angle EHF, any equifliultiples what- 
ever, viz, the circumference EN, ai\d the angle EHN: 

and since it has been proved, th«t if the circumference BL be greater 
than EN; 

the angle BGL is greater than EHN; 

and S equal, equal ; and if less, less ; 

therefore as the circumference BC to the circumference EF, so is the 

angle BGC to the angle EHF: (v. def. 5.) 
but as the angle BGC is to the angle EHF, so is the angle SAC to 
the angle EDF: (v. 15.) 

for each is double of each ; (in. 20.) 
therefore, ^8 the circumference 5 C is to EF, so is the emele BGC io 
the angle EHF, and the angle B AC to the angle EDF 

o2 
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Also, as the circumference BC to EF^ so shall the sector BGC 
to the sector EHR 





B ic 



Join BC, CK, and in the circumferences, BC, CK, take any pointt| 
X, O, and join BX, XC, CO, OK. 

Then, because in the triangles OBC^ OCK, 
the two sides BO, OCaxe equal to the two CG, OK ench to each, 
and that they contain eoual angles ; 
the base BCh equal to the base CK, (l. 4.) 
and the triangle OB C to the triangle GrCKi 
tnd because the circumference ^Cis equal to the circumference C£, 
the remaining part of the whole circumference of the circle ABC, is 
equal to the remaining part of the whole circumference of the same 
circle : (ax. 3.) 

therefore the angle BXC is equal to the angle COK ; (in. 27.) 
and the segment BXC is therefore similar to the segment COK\ 
(ni. def: ll.| 

and toey are upon equal straight lines, BC, CKi 

but similar segments of circles upon equal straight lines, are equal 

tx one anotner: (III. 24.) 

therefore the segment BXC is equal to the segment COK : 

and the triangle BorCvfM proved to be equal to the triangle COK; 

therefore the whole, the sector BGC, is equal to the whole, the 

sector COK: 
for the same reason, the sector KOZ is equal to each of the sectors 

BGC, COK: 
in the same manner, the sectors EHF, FHM, MHN may bs 

proved equal to one another : 
therefore, what multiple soever the circumference BL is of the circum- 
ference BC, the same multiple is the sector BOL of the sector BGC; 
and for the same reason, whatever multiple the circumference EN 
is of EF, the same multiple is the sector EHN of the sector 
EHF: 
and if the circumference BL be equal to EN, the sector BOL is 

equal to the sector EHN; 
and if the circumference BL be jreater than EN, the sector BOL 
is greater than the sector eSN; 

and if less, less ; 
since, then, there are four magnitudes, the two circumferences BC, 
EF, and the two sectors BGC, EHF, and that of the circumference 
BC, and sector BGC, the circumference BL and sector BOL are any 
equimultiples whatever; and of the circumference EF, and sector 
EHF, the circumference EN, and sector EHNaie any equimult^pks 
whatever ; 
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nxkd since it has been proved, that if the circumference BL be greater 
than £Nf the sector BOL is greater than the sector EHN\ 
and if equal, equal ; and if less, less : 
therefore, as the circumference ^Cis to the circumference EF^ so 
is the sector BO C to the sector EHF. (v. def. 5.) 
Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION B. THEOREM. 

If an angle of a triangle be bisected by a straiffht line which likewise cuts 
the base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base^ together with the square on 
the etmsight line which bisects the angle. 

Let ABC be a triangle, and let the angle ^^ Cbe bisected by the 
straight line AD. 

The rectangle BA, AC shall be equal to the rectangle BDf DC, 
together with the square on AD. 

A 




Describe the circle ACB about the triangle, (lY. 5.) 

and produce AD to the circumference in E, and join £C, 

Then because the angle BAD is equal to the angle UAEf (hyp.) 

and the angle ABD to the angle AEC, (ni. 21.) 

for thev are in the same segment ; 

the triangles ABD, AJBC are equiangular to one another : (l. 32.) 

£erefi>re as BA to AD, so is EA to AC*, (Yi. 4.) 
and consequently tiie rectangle BA, ACw equal to the rectangle EA, 

AD, (Yi. 16.) 
that is, to the rectangle ED^ DA, together with the square on AD ; 

(n. 3.) 
but the rectangle ED, DA is equal to the zectangle BD, DC; (m. 35.) 
therefore the rectangle BA, ACis equal to the rectangle BD, DC, 

together with the square on AD. 
Wherefore, if an angle, &c. Q. £* D. 



PROPOSITION C. THEOREM. 

ft 

If from any angle of a triangle, a straight Une be drawn perpendicular to 
ihe base; the rectangle contained by the sides of the triangle is equal to the 
reetangi contained by the perpendicular and the diameter of the circle de^ 
scribed about the triangle. 

Let ^^Cbe a triangle, and AD the perpendicular from the angle 
.^ to the base BC. 

The rectangle BA, ^C shall be equal to the rectangle contained by 
AD and the diameter of the circle described about the triangle. 



294 bkjclid'8 blemsnzs. 
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Describe the circle ACB about the triangle, (lY. 5.) and draw its 
diameter AE, and join EC. 

Because the right angle BDA is equal to the angle EC A. in a 

semicircle, (III. 31.) 
and the angle ABD equal to the angle AECm the same segment; 
(III. 21.) the triangles ABD, AECare equiangular: 
therefore as BA to AD, so is EA to AC] (vi. 4.) 
aiid oomeqoently the rectangle BA, AC is equal to theredsmgle SA, 
AB, (yi. 16.) K therefore from any angle, &tf. Q.£.D. 

PROPOSITION D. timoBxm. 

The rectangle contained by the dtagonaU of a quadrilateral Jigure insaribed 
in a circle, is equal to both the rectangles contained by its opposite sides. 

Let ABCD be any quadrilateral figure inscribed in a circle, and 
join A C, BD. 

The rectangle contained hy AC, BD shall be equal to the two 
rectangles contained by AB, CD, and by AD, BC. 

Make the angle ABE dqual to the angte DJ^C^: (r. 2^.) 
add to each of these equals the comnibA angte BBt^ 
fiieh the angle ABD is equal to the an^le SBGi 
and thd lUkgle BDA is equal to the ali^e BCE, beoalMe they are 

in the same segment : ^lii. 21.) 
^erefore the tnani^e ABD is equiangular to the ti^ngli» ECS: 
ifi^erelbre, as ^C is to CE, so i» BD U^ BA^ ) {TL 4w) 




and consequently ttie rectangle BC^ADis equal to the rectangle 

BD, CE : (VI. 16.) 
again, because the anele ABE is equal to the ax^le DBC, and the 
angle BAE to the angle BDC, (ill. 21.] 
the triangle ABE is equiangular to the tnttijJ:^ B€T>i 
iJierefore as BA to AE, so is BD to DC\ 
wherefore the rectangle BA, DC is equal to the rectangle BD, AMi 
but the rectangle BC, AD has been shewn to be equal 

to the rectangle BD, CE s; 
therefore the whole rectangle A C, BD is equal to thi€ sectangie 
AB, DC, together with the rectangle AD, BC. (H. 1.) 
Therefore the rectangle, &o. a«.Sb 2^ 

This is a Lemma of CI. Ptolemaeus, in page 9 of lus MeyaXij Swin-aE«. 
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Iir this Bookt the theory of proportion exhibited in the Fifth Book, is 
applied to the comparison of the sides and areas of plane rectilineal figures, 
loioth. of those whicn are similar, and of those which are not similar. 

Def . I. In defining similar triangles, one condition is sufficient, namely, 
that similar tnangles are those which have their three angles respectiyeiy 
equal ; as in Prop. 4, Book vi, it is proved that the sides about the equal 
angles of equiangular triangles are propordonals. But in defining similar 
figures of more than three sides, both of the conditions stated in Def. i, 
are reqidsite, as it is obvious, for instance, in the case of a square and a 
rectangle, which have their angles respectively equal, but have not their 
sides s^out their equal angles proportionals. 

The following definition has been proposed : ** Similar rectilineal 
figures of more than three sides, are those which may be ^vided into the 
sazae number of similar triangles." This definition would, if adopted, 
req^mre the omission of a ^art of Prop. 20, Book vi. 

l>ef. III. To this definition may be added the following : 

A straight line is said to be divided harmonically, when it is divided 
into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle part. Three lines are in 
Aarmontca/ proportion, when the first is to the third, as the difference be- 
tween the ^t and second, is to the difference between the second and 
third ; and the second is called a harmonic mean between the first and third. 

The expression * harmonical proportion' is derived from the following 
fitct in the Science of Acoustics, that three musical strings of the same 
material, thickness and tension, when divided in the manner stated in the 
definition, or numerically as 6, 4, and 3, produce a certain musical note, 
its fifth, and its octave. 

Def. IV. The term attitude, as applied to the same triangles and paral- 
lelograms, will be different according to the sides which may be assumed 
as the base, unless they are equilateral. 

Prop. I. In the same manner may be proved, that triansles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Prop. A. When the triangle ABC is isosceles, the line which bisects 
the exterior angle at the vertex is parallel to the base. In all other cases, 
if the line which bisects the angle BAC cut the base BC in the point G, 

then the straight line BD is harmonically divided in the {Mints G, C, 

For BO is to GC as fl-4 is to AC ; (vi. 3.) 

and ^/) is tp i)C as ^4 is to AC, (vi. a.) 

therefore BD i& to DC ta BG ia to GC, 

but BG = Bn~ DG, and GC - GD - DC, 

Wherefore BD h to DO aa BD - DG iB to GD - DC. 

Hence BD^ DG, DC, are in harmonicfll proporticm. 

Prop. IV is the first case of similar triangles, and corresponds to the 
third case of equal triangles. Prop. 26, Book i. 
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Sometimes the sides opposite to the equal aneles in two equiangular 
triangles, are called the corresponding aides, and these are said to be pro- 
portional, which is simply taking the {proportion in Euclid alternately. 

The term homologous (ofioXoyov), has reference to the places the sides 
of the triangles have in the ratios, and in one sense, homologous sides may 
be considered as corresponding sides. The homologous sides of any two 
similar rectilineal figures will be foimd to be those which are adjacent to 
two equal angles in each figure. 

Prop, y, the converse of rrop. ly, is the second case of similar triangles, 
and corresponds to Prop. 8, Book i, the second case of equal triangles. 

Prop. Ti is the third case of similar triangles, and corresponds to Prop. 
4, Book I, the first case of equal triangles. 

The property of similar triangles, and that contained in Prop. 47, Book 
I, are the most important theorems in Geometry. 

Prop. YTi is the fourth case of similar triangles, and corresponds to the 
fourth case of equal triangles demonstrated in the note to Prop. 26, Booki. 

Prop. IX. The learner here must not forget the different meanings of 
the word part, as employed in the Elements. The word here has the 
same meaning as in £uc. i. ax. 9. 

It may be remarked, that this proposition is a more simple case of the 
next, namely, Prop. x. 

Prop. XI. This proposition is that particular case of Prop, xit, in which 
the second and third terms of the proportion are equal, lliese two 
problems exhibit the same results by a Geometrical construction, as are 
obtained by numerical multiplication and division. 

Prop. XIII. The difference in the two propositions Euc. ii, 14, and 
Euc. VI. 13, is this : in the Second Book, the problem is, to make a rect- 
angular figure or square equal in area to an irregular rectilinear figure, 
in which Sue idea of ratio is not introduced. In the Prop, in the Sixth 
Book, the problem relates to ratios only, and it requires to divide a line 
into two parts, so that the ratio of the whole line to the greater segment 
may be the same as the ratio of the greater segment to the less. 

The result in this proposition obtained by a Geometrical construction, 
is analogous to that which is obtained by the multiplication of two 
numbers, and the extraction of the square root of the product. 

It may be observed, that half the sum of ^B and BC is called the 
Arithmetic mean between these lines ; also that BD is called the Geo- 
metric mean between the same lines. 

To find two mean proportionals between two given lines is impossible 
by the straight line and circle. Pappus has ^ven several solutions (k 
this problem in Book iii, of his Mathematical Collections ; and Sutocius 
has given, in his Commentary on the Sphere and Cylinder of Archimedes, 
ten different methods of solving this problem. 

Prop. XIV depends on the same principle as Prop, xv, and both may 
easily be demonstrated from one diagram. Join DF, FE, EG in the fig. 
to Prop. XIV, and the figure to Prop, xv is formed. We may add, that 
there does not appear any reason wny the properties of the triangle and 
parallelogram should be here separated, and not in the first proposition of 
the Sixth Book. 

Prop. XV holds good when one angle of one triangle is equal to the 
defect Arom what the corresponding angle in the other wants of two right 
angles. 

This theorem will perhaps be more distinctly comprehendeid by the 
learner, if he will bear in mind, that four magnitudes are reciprocally 
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pvopoKtIonal, when the ratio eompounded of these ratios is a ratio of 
equality. 

' "PTop. xm is only a particular case of Prop, xti, and more properly, 
might appear as a corollary : and both are cases of Prop. xiv. 

Algebraically, Let AB, CD^ £, F, contain a, 5, c, d units respectively 

Then, since a, &, 0, d are proportionals, .*. t » -;• 

Multiply these equals by hd^ /. ad a be, 
or, the product of the extremes is equal to the product of the means. 

And conyersely. If the product of the extremes be equal to the pro- 
duct of the means, 

or (id echo, 

then, dividing these equals by hd, .*. 7i«= j > 

or the ratio of the first to the second number, is equal to the ratio of the 
thurd to the fourth. 

a b 

Similarly may be shewn, that if t = -; ; then ad=b*. 

a 

And conversely, if ad= b* ; then r = j • 

Prop. XVIII. Similar figures are said to be similarly situated, when 
theii homologous sides are parallel, as when the figures are situated on 
the same straight line, or on parallel lines i but when similar figures are 
situated on the sides of a triangle, the similar figures are said to be similarly 
situated when the homologous sides of each figure have the same re- 
lative position with respect to one another ; that is if the bases on which 
the similar figures stand, were placed parallel to one another, the re- 
maining sides of the figures, if similarly situated, would also be parallel 
to one another. 

Prop. XX. It may easily be shewn, that the perimeters of similar 
polygons, are proportional to their homologous sides. 

Prop, xxr. This proposition must be so understood as to include all 
rectilineal figures whatsoever, which require for the conditions of simila- 
rity another condition than is required for the similarity of triangles. 
See note on Euc. vi. Def. i. 

Prop. XXIII. The doctrine of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by 
the ancient Geometers, has been almost wnolly superseded. However 
satisfactory for the purposes of exact reasoning ihe method of expressing 
the ratio of two surfaces, or of two solids by two straight lines, may be in 
itself, it has not been found to be the form best suited for the direct ap- 
plication of the results of Geometry. Almost all modern writers on Geo- 
metry and its applications to every branch of the Mathematical Sciences, 
hove adopted the algebraical notation of a quotient ^B : BC; or of a 

AD 

fraction -^- ; for expressing the ratio of two lines JB, BC : as well as that 
BC 

of a product AB x BC, ot AB,BC, for the expression of a rectanglo' 
The want of a concise and expressive method of notation to indicate thb 
proportion of Geom'etrical Magnitudes in a form suited for the direct ap- 
plication of the results, has doubtless favoured the introduction of Alge- 
braical symbols into the language of Geometry. It must be admitted, 
however, that such notations in uie language of pure Geometry are liable 

05 
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to very seribus objeetiofis, ehiefly <m the ground that pmt9<3rt9miHrj ^aes 

not admit the Arithmetical or Algebraical idea of a product or a foaiimt 
into its reasonings. On the other hand, it may be Urged, that it ib not 
the employment of symbols which renders a process of reasoning p«6ii- 
liarly Geometrical or Algebraical, but the ideas which are expreaaed by 
them. If symbols be employed in Geometrical reasonings, and be under- 
stood to express the magnitudes Ihemseiwet and the wnceptUm of their Geo- 
metrical ratiOf and not any measures, or numerical values of them, there 
would not appear to be any yery great objeetiong to their use, provided 
that the notations employed were such as are not likely to lead to mis- 
conception. It is, however, desirable, for the sake of avoiding confitfioii 
of ideas in reasoning on the properties of number and of magnitude, tiiot 
the language and notations employed both in Geometry and Algebra 
should be rigidly defined and strictly adhered to, in all cases. At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in Geometrical demonstrations. 
How far it may be necessary or advisable to employ them when he fully 
understands the nature of the subject, is a question on which some diffe- 
rence of opinion resists. 

Prop. XXV. There does not appear any sufficient reason why this pro- 
position is placed between Prop. xxiv. and Prop. xxvi» 

Prop, xxvii. To imde];stand this and the three following proposi- 
tions more easily, it is to be observed : 

1 . ** That a parallelogram is said to be applied to a straight line* when 
It is described upon it as one of its sides. Ex. gr. the parallelogram AC 
is said to be applied to the straight line AB, 

2. But a parallelogram AB is said to be applied to a straight line 
JB, deficient by a parallelogram, when JD the base of JE is less than 
ABf and therefore ^E is less than the parallelogram AC described upon 
AB in the same angle, and between the same parallels, by the parallelo- 
gram DC; and DCia therefore called the defect of AE. 

3. And a parallelogram AG ia said to be applied to a straight Hne 
AB, exceeding by a parallelogram, when AFike base o£ AG is greater 
tiian AB, and therefore AG exceeds AC the parallelogram described 
upon AB in the same angle, and between the same parallels, by the 
parallelogram BG "Simson, 

Both among Euclid's Theorems and Problems, cases occur in which 
the hypotheses of the one, and the data or qusesita of the other, are 
restricted within certain limits as to magnitude and position. The 
determination of these limits constitutes the doctrine of Maxima and 
Minima, Thus : — The theorem Euc. vi. 27 is a case of the maximum 
value which a figure fulfilling the other conditions can have ; and the 
succeeding proposition is a problem involving this fact lunong the 
conditions as a part of the data, in truth, perfectly analogous to Euc. i. 
20, 22 ; wherein the limit of possible diminution of the sum of the two 
sides of a triangle described i:q>on a given base, is the magnitude of 
the base itself: the limit of the side of a square which shall be equal to 
the reetangle of the two parts into which a given line may be ^videdt 
is half the line, as it appears from Euc. ii. 5 : — the greatest line that can 
be drawn from a given poilit within a circle, to the circumference, 
Euc. III. 7, is the line which passes through the center of the circle ; 
and t?ie least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the cirx^ufli- 
ference. Euc. ni. 8, also affords another instance of a maximum and a 
minimum when the given point is outside the given circle; 
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"Prop. X3uu; Tkis proposition is the general case of Prop. 47* Book i, 
£>T any similar rectilineal figure described on the sides of a right-angled 
triangle. The demonstration, however, here given is -whoUy independent 
of £uc. I. 47. 

Prop, xxxixi. In the demonstration of this important proposition, 
angles greater than two right angles are employed, in accordance with 
tlie criterion of proportionality laid down in £uc. t. def. 5. 

This proposition forms the basis of the assumption of arcs of circles 
for the measures of angles at their centers. One magnitude may be as- 
sumed as the measure of another magnitude of a different kind, when the 
two are so connected, that any variation in them takes place timultane- 
ously, and in the same direct proportion. This being the case with 
angles at the center of a circle, and the ares subtended by them ; the 
arcs of circles can be assumed as the measures of the angles they subtend 
at the center of the circle. 

Prop. B. The converse of this proposvtiop does not hold good when 
the triangle is isosceles. 



QUESTIONS ON BOOK VI. 

1« BiSTiNGniSH between similar figures and equal figures. 

2. What is the distinction between homologous aides, and equal sides 
in Geometrical figures ? 

3. What is the number of conditions requisite to determine similarity 
of figures ? Is the number of conditions in Euclid's definition of similar 
figures greater than what is necessary ^ Propose a definition of similar 
fiigures which includes no superfluous condition. 

4. Explain how Euclid makes use of the definition of proportion in 
£uc. VI. 1. 

5. Prove that triangles on the same base are to one another as their 
altitudes. 

6. If two triangles of the same altitude have their bases unequal, 
and if one of them be divided into m equal parts* and if the other contain 
n of those parts ; prove that the triangles have the same numerical relation 
as their bases. Why is this Proposition less general than Euc. vi. 1 ? 

7. Are triangles which have one angle of one equal to one angle of 
anotiier, and the sides about two other angles proportionals, necessarily 
similar? 

8. What are the conditions, considered by Euclid, under which two 
triangles are similar to each other ? 

9. Apply Euc. VI. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be m harmomcal proportion ? If 
both the interior and exterior angles at the vertex of a triangle (Euc. vi. 
3, A.) be bisected by lines which meet the base, and the base produced in 
2>, G ; the segments BG, GD, GO of the'base shall be in Harmonical pro- 
portion. 

11. If the angles at the base of the triangle in the figure Euc. vi. A, 
be equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Euc. 
VI. A, meet the base on the side of the angle bisected ? Shew that there 
is an indeterminate case. 
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13. State some of the uses to whidi Euc. n. 4, may be applied 

14. Apply Euc. Yi. 4, to proYe that the rectangle contained by the 
segments of any chord passing through a given point within a circle is 
constant. 

15. Point out clearly the difference in the proofs of the two latter cases 
in Euc. VI. 7. 

16. From the corollary of Euc. vi. 8, deduce a proof of Euc. z. 47. 

17. Shew how the last two properties stated in Euc. ti. 8. Cor. may 
be deduced from Euc. i. 47 ; n. 2 ; vi. 17. 

18. Given the nth part of a straight line, find by a Geometrical con- 
struction, the (n + l)th part. 

19. Define what is meant by a mean proportional between two given 
lines : and find a mean proportional between the lines whose lengths aie 
4 and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books } 

20. Determine a third proportional to two lines of 6 and 7 units : and 
a fourth proportional to three lines of 6, 7, 9, units. 

21. Find a straight line which shall have to a given straight line, the 

ratio of 1 to V^. 

22. Define reciprocal figures. Enunciate the propositions proved re- 
specting such figures in the Sixth Book. 

23. Give the coroUary, Euc. vi. 8, and prove thence that the Arith- 
metic mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together equal to two 
right angles, the sides about those angles are reciprocally proportionid. 

25. Give Algebraical proofs of Prop. 16 and 17 of Book vi. 

26. Enunciate and prove the converse of Euc. vi. 15. 

27. Explain what is meant by saying, that " similar triangles are in the 
duplicate ratio of their homologous sides." 

2S. What are the data which determine triangles both in species and 
magnitude ^ Huw are those data expressed in Geometry ? 

29. If the ratio of the homologous sides of two triangles be as 1 to 
4, what is the ratio of the triangles? And if the ratio of the triangles be 
as 1 to 4, what is the ratio of the homologous sides ? 

30. Shew that one of the triangles in me figure, Euc. iv. 10, is a mean 
proportional between the other two. 

31. What is the algebraical interpretation of Euc. vi. 19 ? 

32. From your definition of Proportion, prove that the diagonals of 
a square are in the same proportion as their sides. * 

33 . What propositions does Euclid prove respecting similar polygons ? 

34 . The parallelograms about the diameter of a parallelogram are similar 
to the whole and to one another. Shew when they are eqtial, 

35. Prove Algebraically, that the areas ( 1) of similar triangles and (2) 
of similar parallelograms are proportional to the squares of their homo- 
logous sides. 

36. How is it ijhewn that equiangular parallelograms haye to one 
another the ratio which is compounded of the ratios of their bases and al- 
titudes ? 

37. To find two Hues which shall have to each other, the ratio com- 
pounded of the ratios of the lines A to B, and C to .D. 

38. State the force of the condition ** similarly described ;" and shew 
that, on a given straight line, there may be described as many polygons 
of different magnitudes, similar to a given polygon, as there are sides of 
different lengths in the polygon. 
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S9. Describe a triangle similar to a giyen triangle, and having its 
» double that of the given triangle. 

40. The three sides of a triangle are 7* 8, 9 units respectively ; deter- 
mine the length of the lines which meeting the base, and the base produced, 
bisect the interior an^le opposite to the greatest side of the triangle, 
and the adjacent exterior angle. 

41. The three sides of a triangle are 3, 4, 5 inches respectively ; find 
the lengths of the external segments of the sides determined by tne lines 
'which bisect the exterior angles of the triangle. 

42. What are the segments into which the hypotenuse of a right- 
angled triangle is divided by a perpendicular drawn from the right angle, 
if Sie sides containing it are a and 3a units respectively ? 

43. If the three sides of a triansle be 3, 4, 5 units respectively : what 
are the parts into which they are divided by the lines which bisect the 
angles opposite to them } 

44. If the homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square units ; how many square 
units are containeMn the area of the. other triangle ? 

45. Prove that if BD be taken in ^B produced (fig. Euo. vi. SO) 
equal to the greater segment AC, then AD is divided in extreme and 
mean ratio in the point B, 

Shew also, that in the series 1, 1, 2, 3, 5, 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually ap- 
proach to the proportion of tne segments of a line divided in extreme and 
mean ratio. Find a general expression (free from surds) for the nth term 
of this series. 

46. The parts of a line divided in extreme and mean ratio are incom- 
mensurable with each other. 

47. Shew that in Euclid's figure (Euc. n. 1 1 .) four other lines, besides 
the given line, are divided in the required manner. 

48. Enunciate Euc. vi. 31, What theorem of a previous book is in- 
cluded in this proposition ? 

49. What is the superior limit, as to magnitude, of the angle at the 
circumference in Euc. vi. 33 ? Shew that the proof may be extended by 
vnthdxawing the usually supposed restriction as to angular magnitude ; 
and then deduce, as a corollary, the proposition respecting the magnitudes 
of angles in segments greater than, equal to, or less than a semicircle. 

50. The sides of a triangle inscribed in a circle are a, 6, c, units respec- 
tively : find by Euc. vi. c, the radius of the circimiscribing circle. 

51. Enunciate the converse of Euc. vi. d. 

52. Shew independently that Euc. vi. d, is true when the quadri- 
lateral figure is rectangular. 

53. Shew that the rectangles contained by the opposite sides of a 
quadrilateral figure which does not admit of having a circle described 
about it, are together greater than the rectangle contained by the diagonals. 

54. What different conditions may be stated as essential to the possi- 
bility of the inscription and circumscription of a circle in and about a 
quadrilateral figure ? 

55. Point out those propositions in the Sixth Book in which Euclid's 
definition of proportion is directly applied. 

66, Explain briefly the advantages gained by the application of 
analysis to the solution of Geometrical Problems. 

57. In what cases are triangles proved to be eqzteU in Euclid, and in 
what cases are they proved to be similar f 
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PROPOSITION I. PROBLEM. 

To ifuerihe a square in a gitsn triangle^ 

Analysis. Let ABChQ the given triangle, of which the base BC^ 
and the perpendicular AD are given. 

A £ 




Let FOHK be the required inscribed square. 
Then BHO, BDA are similar triangles, 
and GHi% to QB, as AD is to A% 
but G^i'' is equal to GH; 
therefore G^-Fis to GB, as AD is to AB. 
Let BFhe joined and produced to meet a line drawn from A pa- 
rallel to the base J^C in the point JS. 

Then the triangles BGF, BAE are similar, 
and ^ JE? is to AB, as 6? J^ is to GB, 
but G^JF'is to GB, as AD is to AB ; 
wherefore AE is to AB, as AD is to AB% 
hence AE is equal to AD, 
Synthesis. Through the vertex A, draw AE parallel -to .BCthc 
base of the triangle, 

make AE equal to AD, 
join EB cutting -4 C in JP, 
through F, draw JFG parallel to SC, and FK parallel to ^D ; 
also through G draw (rJBT parallel to AD. 
Then GHKF is the square required. 
The different cases may be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base. 

PROPOSITION n. THEOREM. 

If from the extremities of any diameter of a given oircUf perpendiculan 
be draum to any chord of the circle^ they shall meet the chord, or thfi chori 
produced in ttoo points which are equidistant from the center. 

First, let the chord CD intersect the diameter AB in X, but nol 
at right angles ; and from A, B, let AE, BFbe drawn perpendicular 
to CD, Then the points F, E are eqiiidistant from the center of dtt 
chord CD. 1 

Join EB, and from J the center of the cn-cle, draw TO pe^pe^d^"^ 
culax to CD, and produce it to meet EB in H. 
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Then IQ bisects CD in G ; (IIL 2.) 
and IG, AE being both perpendicular to CD, are paralleL (l. 29.) 
Therefore Bf\s to BH, as /^ is to H£ ; (vi. 2.) 
and ^^is to FG, as HE is to GE\ 
therefore BI\a to jP6^, as lA is to G^^; 
but BI is equal to lA ; 
therefore JPG' is equal to GE. 
It is also manifest that DE is e^ual to CF. 
When the chord does not intersect the diameter, the perpendicu- 
lars intersect the chord produced. 

PROPOSITION m. THEOREM. 

tf two diagonals of a regular pentagon he drawn to cut one another ^ the 
greater tegmenta vnU be equal to the tide of the pentagon^ and the diagondU 
will cut one another in extreme and mean ratio, 

Let the diagonals A C, BE be drawn from the extremities of the 
side AB of the regular pentagon ABCDE, and intersect each other 
in the point H. 

Then BE and At! Bxe cut in extreme and mean ratio in H^ and 
the greater segment of each is equal to the side of the pentagon. 
Let the circle ABCDE be described about the pentagon. (ly. 14.) 
Because EA^ AB are equal to AB, BC, and they contain equal 
angles ; 

therefore the base EB is equal to the base A C, (l. 4.) 

and the triangle EAB is equal to the triangle VBA, 

and the remaining angles will be equal to the remaining angles, 

each to each, to which the equal sides are opposite. 




Therefore the angle BAC is equal to the angle ABE; 

and the angle A HE is double of the angle BAH, (l. 32.) 

but the angle EACis also double of the angle BAC, (vi. 33.) 

therefore the angle HAE is equal to AHE, 

and consequently HE is equal to EA, (I. 6A or to AB. 

And because BA is equal to AE, 

the angle ABE is equal to the angle AEB ; 
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but the angle ABU has been proved equal to BAITi 
therefore the angle BEA is equal to the angle BAH : 
and ABE is common to the two triangles ABEj ABJEC; 
therefore the remaining angle BAE is equal to the remaining 

angle A SB ; 
and consequently the triangles ABE, ABHaxe equiangular; 
therefore EB is to BAj as AB to BH: but BA is equal to ^H, 

therefore EB is to EH, as EH is to BH, 
but BE is greater than EH; therefore E^ is greater than HH; 

therefore BE has been cut in extreme and mean ratio in H. 
Similarly, it maybe shewn, that ^Chas also been cut in extreme 
and mean ratio in M, and that the greater segment of it CH is equal 
to the side of the pentagon. 

PROPOSITION IV. PROBLEM. 

Divide a given (arc of a circle into twoparU which shaU haw their chords 
in a given ratio. 

Analysis. Let A, B be the two given points in the circumferraic« 
of the circle, and C the point required to be found, such that when the 
chords A C and ^C are joined, tne lines A C and J9C7 shall have to one 
another the ratio of E to E, 




E- 

7- 



Draw CD touching the circle in C; 
join AB and produce it to meet CD in D. 
Since the angle BACis equal to the angle BCD, (ill. 32.) 
and the angle CDB is common to the two triangles DBC, DAC; 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles are similar, 
therefore AD is to DC, as DC is to DB; (vi. 4.) 
hence also the square on AD is to the square on DC as AD is to 
BD. (yi. 20. Cor.) 

But AD is to ^ C, as DC is to CB, (vi. 4.) 
and AD is to DC, as ^Cto CB, (v. 16.) 
also the square on -4 D is to the square on DC, as the square on .^C 

is to the square on CB', 
but the square on AD is to the square on DC, as AD is to DB ; 
wherefore the square on -4 C is to the square on CB, as AD is to BD-, 
but -4 C is to CB, as E is to F, (constr.) 
therefore .4 D is to DB as the square on ^ is to the square on F. 

Hence the ratio of AD to DB is given, 
and AB is given in magnitude, because the points Jf, B in Hie dr- 
oumference of the circle are given. 
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'Wherefore also t!ha ratio of AD to AB is given, and also l3ie mag- 
nitude of AD. 
Synthesis. Join AB and produce it to 2), so that AD shall be to 
SJDi as the square-on E to the square on jF*. 

From D draw DC to touch the circle in C, and join CB, CA, 
Since AD is to DB, as the square on ^ is to the square on F, (constr.) 
and AD is to DB, as the s(]^uare on ^Cis to the square on BC; 
tlierefore the square on ^ Cis to the square on J9(7, as the square on 
jE? is to the square on F, 

and ^Cis to BC, as ^is to jP. 

PROPOSITION V. PROBLEM. 

A, B, C are given poinii. It is required to draw thnmgh any other point 
in the 9ame plane with A, B, and C, a gtraight line, aueh that the sum of its 
distances fiim two of the given points, may be equal to its distance from the 
third. 

Analysis. Suppose J* the point required, such that the line XFH 
lieing drawn through any other point X, and AD, BE, CH perpen- 
diciiuure on XFH, the sum of BE and CH is equal to AD, 




Join AB, BC, CA, then ABOb a triangle. 
Draw ^ G' to bisect the base J^C in G', and draw (?f perpendicular 
to JEF. 

Then since -BCis bisected in G, 

the sum of theperpendiculars CH, BE is double of OK; 

but Cm and BE are equal to AD, (hyp.) 

therefore ^Dmust be double of GX} 

but since AD is parallel to GK, 
the triangles ADF, GKF are similar, 
therefore AD is to AF, as GK is to GF; 
but AD is double of GK, therefore ^i^is double of GF\ 
and consequently, GF\r one-third ot AG the line drawn from the 
vertex of the triangle to the bisection of the base. 
But AG\&9k line given in magnitude and position, 
therefore the point F is determinea. 
Synthesis. Join AB, AC, BC, and bisect the base 5Cof the tri- 
angle ABC in G ; join AG and take GF eaual to one-third of GA \ 
the line drawn through X and JP will be the line required. 
It is also obvious, that while the relative position of the points A, 
Bf C, remains the same, the point J" remains the same, wherever the 
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?omt X may be. The poiBt X may therefore ooiucide wiihth* joint 
''j and when this is the case, the position of the line FXi is left un- 
determined. Hence the following pftrism, 

A triangle being given in position, a point in it may be fomi 
such, that any straight line whatever beine drawn through that poiot, 
the perpendiculars drawn to this straight lin^ from the two angles d 
the triangle, which are on one side of it, will be together equal to the 
perpendicular that is drawn to the same line fi^oiax the ao^Ie on the 
other side of it. 



I. 

6. Tbj ANGLES and parallelogvajns of uneqiial altitudtitt are to each 
other in the ratio compounded of the ratios of their bases and allitQdef< 

7. If A CB, ADB be two triangles upon the same base AB^ and 
between the same parallels, and if through the point in which two of 
the sides (or two of the sides produced) intersect two straig^ht lines be 
drawn parallel to the other two sides so as to meet the ba^e AB (or 
AB produced) in points E and F. Prove that AE= BJF, 

8. In the base -4(7 of a triangle ABCXsike any point -D; bisect 
AB, DC, AB, BC, m By F, G, H respectively: shew that EG is 
equal to HF. 

9. Construct an isosceles triangle equal to a given scalene triangle 
and having an equal vertical angk with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight lines will have the same ratio 8S 
the sides on which they fall, and will also divide those sides propor- 
tionally. 

11. Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
another, will form a triangle similar to the original triangle. 

12. BD, CD are perpendicular to the sides AB, A ^oif a triangb 
ABC, and CE is drawn perpendicular to AD, meeting -4J9 in E'. 
shew that the triangles ABC, ACE are similar. 

13. In any tfiangle, if a perpendicular be let fedl upon the base 
from the vertical angle, the base will be to the sum of the sides, as the 
difference of the sides to the difference or sum of the segments of the 
base made by the perpendicular, according as it falls within or with- 
out the triangle. 

14. If tnangles AEF, ABC have a common angle -4, triangle 
^J^C: triangle ^-Si^:: AB,AC: AE,AF, 

15. If one side of a triangle be produced, and the other shortened 
by equal quantities, the line joining the points of secti<m will be cii- 
vided by the base in the inverse ratio of the sides. 

n. 

16. Find two arithmetic means between two given straight Hnei 

17. To divide a given line in harmonical proportion. 
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18. To find, by a geometrical construction, aa arithmetic, 
^ometric, and harmonic mean between two given lines. 

19. Prove geometaically, that an arithmetic mean between two 
quantities, is greats than a geometric mean. Also having given the 
sum of two fines, and the excess of their arithmetic above their 
geometric mean, find by a construction the lines themselves. 

20. If through the point of bisection of the base of a triangle any 
line be drawn, intersecting one side of the triangle, the other produced, 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonically. 

21. K a given straight line AB be divided into any two parts in 
the point C, it is required to produce it, so that the whole line 
produced may be harmonically divided in Cand B, 

22. If from a point without a circle there be drawn three straight 
.ines, two of which touch the circle, and the other cuts it, the Ime 
which cuts the circle will be divided harmonically by the convex 
circumference, and tlie chord which joins the points of contact. 

m. 

23. Shew geometrically that tbe diagonal and side of a square are 
incommensurable. 

24. If a straight line be divided in two given points, determine a 
third point, such that its distances from tlie extremities, may be 
proportional to its distances from the given points. 

25. Betermine two straight lines, sucn that the sum of their 
"Squares may equal a given square, and their rectangle equal a given 

rectangle. 

26. Draw a straight line Buch that the perpendiculars let fall 
from any point in it on two given lines may be in a given ratio. 

27. If diverging lines cut a straight line, so that the whole is to 
ene extreme, as the other extreme is to the middle part^ they will 

^ intersect every other intercepted liny in the same ratio. 

28. It is required to cut off a part of a given line so that the part 
cut off may be a mean proportional between the remainder and 
another given line. 

20. It is required to divide a given finite straight line into two 
parts, the squares of which shall have a given ratio to each other. 

IV. 

30. From the vertex of a triangle to the base, to draw a straight 
line which shall be an arithmetic mean between the sides containing 
the vertical angle. 

31. From the obtuse angle of a triangle, it is required to draw a 
line to the base, which shall be a mean proportional between the 
segments of the base. How many answers does tiiis question admit 

of? 

32. To draw a line from the vertex of a triangle to the base, which 
shall be a mean proportional between the whole base and one segment. 

33. .If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is equal to the 
alternate segment. ^ 
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34. From the yertex of any triangle ABC, draw a straiglit line 
meeting the base produced in Z>, so that the rectangle DB. UC-AJf, 

35. To find a point P in the base BC of & triangle produced, so 
that PD being drawn parallel to ^ C, and meeting A C produced to 2), 
AC: CP::CP:PI). 

36. If the triangle ABC has the angle at C a nsht angle, and 
from C a perpendicular be dropped on the opposite side intersectmg 
it in A then ADiDBiiAC: CB". 

37. In any right-angled triangle, one side is to the other, as the 
excess of the hypotenuse above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle. 

38. If on the two sides of a right>angled triangle squares be 
described, the lines joining the acute angles of the triangle and the 
opposite angles of the squares, will cut off equal segments from the 
sides ; and each of these equal segments will be a mean proportional 
between the remaining segments. 

39. In any right-angled triangle ABC, (whose hypotenuse jbASj 
bisect the angle A by AD meeting CB in Z>, and proye that 

2AC*:AC^-C]7::BC:CD. 

40. On two giyen straight lines similar triangles are described. 
Kequired to find a third, on which, if a triangle similar to t^em be 
described, its area shall equal the difference of their areas. 

41. In the triangle ABC, AC=2.BC If CD, CE respectiy^ 
bisect the angle C, and the exterior angle formed by producing Ad\ 
proye that the triangles CBD,ACD, ABC, CDE, haye their areas ai 
1,2,3,4. 

V. 

42. It is required to bisect any triangle (1) by a line drawn parallel) 
(2) by a line drawn perpendicular, to the base. 

43. To diyide a given triangle into two parts, haying a given ratio 
to one another, by a straight line di awn parallel to one of its sides. 

44. Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal triangles. 

45. From a given point in the side of a triangle, to draw lines to 
the sides which shall divide the triangle into any number of equal parts. 

46. Any two triatigles being given, to draw a straight line paralM 
to a side of the greater, which shall cut off a triangle equal to tne lesS' 

VI. 

47. The rectangle contained by two lines is a mean proportional 
between their squares. 

48. Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio. 

49. If from any two points within or without a parallelogram, 
straight lines be diawn perpendicular to each of two adjacent sides 
and mtersecting each other, they form a parallelogram similar to the 
former. 

50. It is required to cut off from a rectangle a similar rectangle 
which shall be any required part of it. 
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51. If from one angle A of a parallelogram a straight line be drawn 
cutting the diagonal in JE and the sides in P, Q, shew that 

AB* = FJB.JEQ. 

52. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another in the same ratio. 

vn. 

53. In a given circle place a straight line parallel to a given 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the mameter to the given line in the circle. 

54. In a given circle place a straight line, cutting two radii which 
are perpendicular to each other, in such a manner, ^at the line itself 
may be trisected. 

55. AB is a diameter, and P any point in the circumference of a 
circle ; AP and JBP are joined and produced if necessary ; if from any 
point Cof ABf a perpendicular be drawn to AB meeting -4 P and BP 
in points D and £ respectively, and the circumference of the circle 
in a point P, shew that CD is a third proportional of C£ and CF. 

56. If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

57. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided ^'n a 
given ratio at the point where it intersects the convex circumference. 

58. From what point in a circle must a tangent be drawn, so that 
a perpendicular on it from a given point in the circumference may be 
cut by the circle in a given ratio ? 

59. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and me circumference, may have a given ratio. 

60. Let the two diameters AB, CD, of the circle ADBC be at 
right angles to each other, draw any chord JEF, join CE, CF, meeting 
AB in ^and^; prove that the tnangles CGH&nd C^P are similar. 

61. A circle, a straight line, and a point being given in position, 
required a point in the line, such that a line drawn from it to the 
given point may be equal to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, Le. admit of innumerable solutions ? 

vm. 

62. Prove that there may be two, but not more than two, similar 
triangles in the same segment of a circle. 

63. If as in Euclid vi. 3, the vertical angle B AC of the triangle 
BA C be bisected by AD, and BA be produced to meet CJE drawn 
parallel to AD in JS; shew that AD will be a tangent to the circle 
aescribed about the triangle FA C, 

64. If a triangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to 'die tangents at the extremities of its base, they 
will cut off similar triangles. 
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65. If from any point in the circumference of ft drole peifei>- 
diculars be drawn to the sides, or sides produced, of an inscribed tri- 
angle; shew that the three points of inteisection will be in the same 
straight line. 

66. If through the middle point of any chord of a circle, two chords 
be drawn, the lines joining their extremities shall intersect the first ' 
chord at equal distances from its extremities. 

67. If a straight line be divided into any two parts, to find the 
locus of the point in which these parts subtend equal angles. 

68. If the line bisecting the yertical angle of a triangle be divided 
into parts which are to one another as the base to the sum of the sides, 
the point of division is the center of the inscribed circle. 

69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed circles, as 
twice the perimeter is to the base. 

70. Shew that the locus of the vertices of all the triangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle^ peipen- 
diculars be let fall on the opposite sides, and likewise straight lines 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center of the circumscribing clxcle^ wiH 
be in the same straight line. 

IX. 

72. If a tangent to two circles be drawn cutting the straight Ime 
which joins their centers, the chords are parallel which join the pomtl 
of contact, and the points where the line through the centers cuts the 
circumferences. 

73. If throuffh the vertex, and the extremities of the base of a 
triangle, two circles be described, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of fte 
triangle. 

74. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is 
mean proportional between the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one anothefi 
the rectangles of the segments are equal. 

76. If a circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and "die 
produced parts of the other sides, shew that the rectangle under the 
'radii is equal to the triangle, and the sum of the xadii equal to the siflii 
of the sides which contain the right angle. 

77. If a perpendicular be drawn from the right angle to the hy- 
potenuse of a right-angled triangle, and circles be inscribed within the 
two smaller triangles into which the given triangle .is divided, fheir 
diameters will be to each other as the sides conlaining the right angle. 

X. 

78. Describe a circle passing through two ^iyen points and 
ing a given circle. 
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79. IXesciibe la circle which shall pass through a given poiiit and 
touch a given straight line and a given circle. 

80. Through a given point draw a circle touching two given 
circles. 

81. Describe a circle to touch two given right lines and such that 
a tangent drawn to it from a given point, may be equal to a given line. 

82. Describe a circle which shall have its center in a given line, 
and shall touch a circle and a straight line given in position. 

XL 

83. Given the perimeter of a right-angled triangle, it is required 
to construct it, (1) If the sides are in arithmetical progression. (2) If 
the sides are in geometrical progression. 

84. Given the vertical angle, the perpendicular drawn from it to 
the haa^ and the ratio of the segments of the base made by it, to 
construct the triangle. 

85. Apply (vi. G.) to construct a triangle; having given the 
vertical angle, the radius of the inscribed circle, and the rectangle 
contained by the straight lines drawn &om the center of the circle to 
the ang^s at the base. 

86. Describe a triangle with a given vertical angle, so that the 
&ie which bisects the base shall be equal to a given line, and the 
angle which the bisecting line makes with the base shall be equal to 
«t given angle. 

87. Given the base, the ratio of the sides containing the vertical 
angle, and the distance of the vertex from a given point in the base ; 
to construct the triangle. 

88. Given the vertical angle and the base of a triangle, and also 
a line drawn from either of the angles, cutting the opposite side in a 
gii^«n ratio, to construct the triangle. 

89. Upon the siven base AB construct a triangle having its sides 
in a given ratio and its vertex situated in the given indefinite line CD. 

90. Describe an equilateral triangle equsu to a given triangle. 
91* Given the hypotenuse of a right-angled triangle, and &e side 

of an inscribed square. Required the two sides of the triangle. 

92. To make a triangle, which shall be equal to a given triangle, 
• asid have two of its sides equal to two given straight lines ; and shew 
that if the rectangle contained by the two straight lines be less than 
twice the given triangle, the problem is impossible. 

XII. 

83. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

V4. The diagonals AC, £D, of a trapezium inscribed in a circle, 
cut i&aeh other at light angles in the point £ ; 

the rectangle AB.BC ; the rectangle AD, DC :: BE : BD, 

XIII. 

'95. In any triangle, inscribe a triangle similar to a given triangle. 

96. Of the two squares which can be inscribed in a right-an^ed 
triangle, which is the greater P 

97. From the vertex of an isosceles triangle two straight lines 
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drawn to the opposite angles of tlie square de8CrS)ed on tke base, cut 
the diagonals of the square in S and F: prove that the line JElf is 
parallel to the base. 

98. Inscribe a square in a segment of a cirle. 

99. Inscribe a square in a sector of a circle, so that the angular 
points shall be one on each radius, and the other two in the cireum- 
ference. 

100. Inscribe a square in a given equilateral and equiaiigQlar 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to a 
l^ven parallelogram. 

' 102. If any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

103. Inscribe the greatest parallelogram in a given semicinde. 

104. In a given rectangle mscribe another, whose sides shall bear 
to each other a given ratio. 

105. In a given segment of a circle to inscribe a similar segment 

106. The square inscribed in a circle is to the square inscribed in 
the semicircle : : 6 : 2. 

107. If a square be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse of the triangle, the extremitiei 
of that side divide the base into three segments that are continQed 
proportionals. 

108. The square inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle : : 8 : 6. 

109. Shew that if a triangle inscribed in a circle be isoscd^e^ 
having each of its sides double the base, the squares described upon thi 
I'adius of the circle and one of the sides ctf the triangle, shall be to eack 
other in the ratio of 4 : 15. 

110. APB is a quadrant, 8PT a straight line touching it al 
P, PJtf" perpendicular to CA; prove that triangle SCT i triangle. 
ACBw triangle A CB : triangle CMP, 

111. If through any point in the arc of a quadrant whose radii]f| 
is JR, two circles be drawn touching the bounding radii of the quadian^j 
and r, r' be the radii of these circles : shew that fT'= IP. j 

112. If J2 he the radius of the circle inscribed in a right-angled 
triangle ABC, right-angled at A ; and a perpendicular be let fall from 
A on the hypotenuse BC, and if r, r^ be the radii of the circles in- 
scribed in the triangles ABB, ACD : prove thatr'+r^s J2*. 

XIV. 

113. If in a given equilateral and equiangular hexagon another 
be inscribed, to determine its ratio to the given one. 

114. A regular hexagon inscribed in a circle is a mean propo^ 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inscribed pentagon, is to the area of tiia 
circumscribing pentagon, as the square of the radius of the dida 
inscribed within the greater pentagon, is to the square of the radns 
of the circle circumscribing it. 

116^ The diameter of a circle is a mean proportional between tiia 
udes of an equilateral triangle and hexagon which are described, abcvl 
that circle. 
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8. This isa partictilar case of Euc. i. 22. The triangle however may 
be described by means of Euo. 1. 1. Let AB be the giTen base, produce 
AB both ways to meet the circles in D, E (fig. Euc. i. I.) ; with center A, 
and radius AE« describe a circle, and with center B and radius BD, de- 
scribe another circle cutting the former in G. Join QA, GB. 

9. Apply Euc. I. 6, 8. 

10. This is proved by Euc. i. 32, 13, 6. 

11. Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc. I. 4. 

13. Let CAB be the triangle (fig. Euc. 1. 10.) CD the line bisecting 
tfa.e angle ACD and the base AB. Produce CD, and make DE equal to 
CD, and join AE. Then CB may be proved equal to AE, also AE to AC. 

14. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicular to AB, and produce it making EF equal to CE, 
join FD, and produce it to meet the given line in G, which will be the 
point required. 

15. Make the construction as the enunciation directs, then by Euc. 
I. 4, BH is proved equal to CK : and by Euc. i. 13, 6, OB is she^-n 
to be equal to OC. 

16. This proposition requires for its proof the case of equal triangles 
omitted in Euclid :-*namely, when two sides and one angle are given, 
but not the angle included by the given sides. 

1 7. The angle BCD may be shewn to be equal to the sum of the 
<mgles ABC, ABC 

18. The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the triangle. 

19. The angles CAB, CBA, being equal, the angles CAD, CBE are 
equal, Euc. i. 13. Then, by Euc. i. 4, CD is proved to be equal to CE. 
And by Euc. i. 6, 32, the angle at the vertex is shewn to be four times 
eitl^er of the angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in 
£, and let P be the ^ven point, within the angle AED. Draw EF 
bisecting the angle AED, and through P draw PGH parallel to EF, 
and cutting ED, EB in G, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtamed. It will be found that the two lines 
are at right angles to each other. 

21. Let the two ffiven straight lines meet in A, and let P be the 
given point. Let PQK. be the line required, meeting the lines AQ, AK 
in Q and R, so that PQ is equal to QK. Through P draw PS parallel 
to AR and join RS. Then APSR is a parallelogram and AS, PR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any pOint-D, and from AC cut oiF AE equal to AD, and join D£. On 
DE, or DE produced, take DF equal to the given line, and through 
F draw FG parallel to AB meeting AC in G, and through G draw GH, 
parallel to DE meeting AB in H. Then GH is the line required. 
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23. The two ffiyen points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, 
an isosceles triangle is formed, and if a perpendicular be <urawn on the 
base irom the point in the line : the construction is obvious. 

24. The problem is simply this — to find a point in one side of s i 
triansle from which the perpendiculars drawn to Uie other two sides 
shall be equal. If all the positions of these lines be considered* it wfll 
readily be seen in what case the problem is impossible* 

25. If the isosceles triangle be obtuse-angled, by Eue. x. 5, 32, the 
truth will be made evident. If the triangle be acute-angled, the enim' 
ciation of the proposition requires some modification* 

26. Construct the figure and apply Euc. i. 5, S2, 15. 
If the isoscdes triangle have its vertical angle less than two-thirds of 

1 right- angle, the line £D produced, meets AB produced towards the 
oase, and then 3 . A£F = 4 right angles + AFE. If the vertical angle be 
greater than two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF - 2 right angles 4- AF£^ 

27. Let ABC be an isosceles triangle, and from any point I> in the 
base BC, and the extremity B, let three lines D£, DF, BG- be drawn to 
the sides and making equal angles with the base. Produce £D and make 
DH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets 
the side AC in D and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated by two lines 
which meet in a point, they will cut off triangles of equal area. Hence 
the two triangles have a common vertical angle and their areas and bases 
equal. By Euc. i. 32 it is shewn that the angle contained by the bisecting 
lines is equal to the exterior angle at the base. 

30. There is an omission in this question. After the words •*• making 
equal angles with the sides,*' add, **and be equal to each, other re- 
spectively." (I), (3) Apply Euc. T. 26, 4. (2) The equal lines whick 
bisect the sides may be shewn to make equal angles mth the sides. 

31. At C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a Une from the vertex 
to the point of bisection, it may be shewn that this line forms with the 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, having the right angle at A, and the angle 
at C greater than the angle at B, also let AD be perpendicular to the base, 
and AE be the line drawn to £ the bisection of the base. Then AM may 
be proved equal to BE or EC independently of Euc. jii. 31. 

34. Produce EG, FO to meet the perpendiculars CE, BF, produced 
if necessary. The demonstration is obvious. 

35. If the given triangle have both of the angles at the base, acute 
angles ; the difference of Uie angles at the base is at once obvious from 
Euc. z. 32. If one of the angles at the base be obtuse, does the property 
hold good \ 

36. Let ABC be a triangle having the angle AC!B double oi the angle 
ABC, and let the perpendicular AD be drawn to the base BC. TakeDB 
equal to DC and join AE. "then AE may be proved to be equal to £B. 

If ACB be an obtuse angle, then AC is equal to the sum of the seg- 
ments of the base, made by the perpendicular from the vertex A. 

37. Let the sides AB, AC of any triangle ABC be produced, the ex- 
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tenor angles bisected by two lines which meet in D, and let AD be joinedi 
then AD bisects the angle BAG. For draw DE perpeadicolar on BC* 
also DF, DQ perpendiculars on AB, AC produced, if noceasary. Then DF 
may be proved equal to DG, and the squares on DF, DA are equal to the 
squareson ^G, G A, of which thesquareonFD is equal to the square onDG; 
hence AF is equal to AG, and Euc. i. 8, the angle BAG is bisected by AD. 

38. The line required will be found to be equal to half the sum 
of the two sides of the triangle. 

39. Apply Euc. i. 1, 9. 

40. The angle to be trisected is one*fourth of a right angle. If an 
equilateral triangle be described on one of the sides of a triangle which 
contains the given angle, and a line be drawn to bisect that angle of the 
equilateral triangle which is at the given angle, the angle contained 
between this line and the other side of the triangle will be one- twelfth 
of a right angle, or equal to one -third of the given angle. 

It may be remarked, generally, that any angle which is the half, fourth, 
eighth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. I. 20. 

42. Let ABC, DBG be two equal triangles on the same base, of which 
ABC is isosceles, fig. Euc. i. 37. By producing AB and making AG equal 
to AB or AC, and joining GD, the perimeter of the triangle AJBC may be 
shewn to be less than the perimeter of the triangle DBG, 

43. Apply Euc. i. 20. 

44. For the first case, see Theo. 32, p. 76 : jEor the other two cases, 
apply Euc. i. 19. 

45. This is obvious from Euc. i. 26. 

46. By Euc. i. 29, 6, FG may be shewn equal to each of the lines 
EF, FG. 

47. Join GA and AF, and proye GA and AF to be in the same 
straight line. , 

48. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AG in F. Then in the triangle EBD, EB is 
equal to ED, by Euc. i. 29, 6. Also, in the triangle EAD, the angle 
EAD may be shewn equal to the angle EDA, whence EA is equal 
to £D, and therefore AB is bisected in E. In a similar way it may 
be shewn, by bisecting the angle G, that AG is bisected in F> Or 
the bisection of AG in F may be proved when AB is shewn to be 
bisected in E. 

49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

50. If a line equal to the given line be drawn from the point where 
the two lines meet, and paralld to the other given line ; a parallelogram 
may be formed, and the construction effected. 

51. Let ABC be the triangle ; AD perpendicular to BC, AE drawn 
to the bisection of BC, and AF bisecting the angle BAG. Produce AD 
and make DA' equal to AD : join FA', EA'. 

52. If the point in the base be supposed to be determined, and lines 
drawn from it parallel to the sides, it will be found to be in the line which 
bisects the vertical angle of the triangle. 

63. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equaJ to the sum of the required lines, through D draw DE parallel to CB 
meeting AG in E, and draw EF parallel to DC, meeting BC in F. Then 
EF is equal to DC. Next produce CB, making CG equal to CE, and join 
EG cutting AB in H. From H draw HK perpendicular to EAC, and 

p2 
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HL perpendicular to BC. Then HK and HL. together are equal to DC, 
llie proof depends on Theorem 27, p. 76. 

54. Let 0' be the intersection of the circles on the other side of tbe 
base, and join AC, BC. Then the angles CBA, CBA being equal, the 
angles CBP, C'BP are also equal, Euc. i. 13 : next by Euc. i. 4, CP, PC , 
are proved equal ; lastly prove CC to be equal to CP or PC. 

•55. In the fig. Euc. i. 1, produce AB both ways to meet the circles 
in D and E, join CD, CE, then CDE is an isosceles triangle, having each 
ot the angles at the base one-fourth of the angle at the vertex. At B 
draw EG perpendicular to DB and meeting DC produced in G. Then 
CEG is an equilateral triangle. 

56. Join CC, and shew that the angles CCF, CCG are equal to two 
right angles ; also that the line FCG is equal to the diameter. 

57. Construct the figure and by Euc. i. 32. If the angle BAG be 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of the tri- 
angle ABC form a new triangle A'B'C. Then each of the angles at 
A', B", C may be shewn to be equal to half of the angles at A and B, 
B and C, C and A respectively. And it will be found that half the 
sums of every two of tluree unequal numbers whose sum is constant, 
have less difibrences than the three numbers themselves. 

59. The first case may be shewn by Euc. i. 4 : and the second by 
Euc. 1. 32, 6, 15. 

60. At I) any point in a line EF, draw DC perpendicular to EP and 
equal to the given perpendicular on the hypotenuse. With centre C and 
radius equ|il to the given base describe a circle cutting EF in B. At C 
draw CA perpendicular to CB and meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required tritogle having the angle ACB a right 
angle. In BC produced, take CE equal to AC, and with center B and 
radius BA describe a circular arc cutting CE in D, and join AD. Then 
DE is the difference i)etween the sum of the two sides AC, CB and the 
hypotenuse AB ; also pi^e side AC the perpendicular is given. Heiice 
the construction. On any line £B take EC equal to the given side, KD 
equal to the given difference. At C, draw C A perpendicular to CB, and 
equal to EC, join AD, at A in AB make the angle DAB equal to ADB, 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (1) Let ABC be the triangle required, having ACB the right 
angle. Produce AB to D making AD equal to AC or CB : ^en BD is 
the sum of the sides. Join DC : then the angle ADC is one-fourth of a 
right angle, and DBC is one-half Qf a right angle. Hence to construct: 
at B in Sd make the angle D^M equal to half a right angle, and at D 
the angle BDC equal to one-fourl^ of a right angle, and let DC meet BM 
in C. At C draw CA at right anglets to BC meeting BD in A : and ABC 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle : from AB cut off 
AD equal to AC ; then BD is tl^e .difference of the hypotenuse and one 
side. Join CD ; then the angles ACD, ADO are equal, and each is )ialf 
the supplement of DAC, wmch is hsif a righjb angle. Hence the oon- 
struction. 

63. Take any straight line terminated at A. Make AB equal to 
the difference of the sides, and AC equal to the. hypotenuse. At B 
make the angle CBD equal to half a right angle, and with center A 
and radius AC describe a circle cutting BD in D j join AD, and draw 
PE perpendicular to AC. Then ADE is the requiredtriangle. 
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64. Let BC the given base be bisected in B. At 1) irh'W BE at 
ligHt angles to BC and equal to the sum of one side of the triangle 
and the perpendicular from the yertex on the base : join DB, and at B 
in BB make Uie angle £BA equal to the angle BED, and let BA meet 
D£ in A : join AC, and ABC is the isosceles triangle. 

65. This construction may be effected by means of Prob. 4) p. 71. 

66. The perpendicular from the vertex on the base of an equilateral 
tnangle bisects &.e angle at the vertex which is two-thirds of one right 
angle. 

67. Let ABC be the equilateral triangle of which a side is required 
to be found, havine siven BD, CD the lines bisecting the angles at B» C. 
Since tiie angles DnC, DCB are equal, each being one- third of a right 
angle^ the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 
angles* Hence the side BC may be found. 

68. Let the given angle be taken, (1) as the included angU between 
the given sides ; and (2) as the opposite onale to one of the given sides. 
In the latter case, an ambiguity will arise if the angle be an acute angle, 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD the 
given difference of the sides AB, AC : join BD, then DBC by Euc. 1. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AJy, Hence at B in the given base BC, make the angle CBD 
equal to half the difference of the angles at the base. On CB take CE 
equal to the difference of the sides, and with center C and radius CE, 
describe a cirde cutting BD in D : join CD and produce it to A, making 
I>A equal to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimetet of the ifequired tri- 
angle describe a triangle having its angles equal to the given angles. 
Then bisect the angles at the base ; and from the point where these line« 
meet, draw lines parallel to the sides and meeting the base 

71. Let ABC be the required triansde, BC me given base, and the 
side .AB greater than AC. Make AD equal to AC, and draw CD. 
Then the ansle BCD may be shewn to be equal to half the difference, 
and the an^e DCA equal to half the sum of the angles at the base. 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 
If BC, BD .be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD is the triangle required, and the figure 
ACBD may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that Imes drawn from the angles of a triangle to 
bisect the opposite sides, intersect each other at a point which b two- 
thirds of their lengths from the angular points from which they are drawn. 
Let ABC be the triangle required, AD, WSL CF the given lines from the 
angles drawn to the bisections of the opposite sides and intersecting in G. 
Produce GD, makmg DH equal to DG, and join BH, CH : the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (fig. to Euc. i. 20.) be the required triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
vs^^t and, the two sides BA, AC together equal to the ffiven line BD. 
Jom DC, then since AD is equal to AC, the triangle ACD is isosceles, 
and therefore the angle ADC is equal to the angle ACD. Hence the 
construction. 

75. Let ABC be the required triangle (fig. to Euc. 1. 16), having the 
angle ACB equal to the given angle, and the base BC equal to the given 
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line, also CD equal to the difference of the two sicles AB, AC. If BD 
be joined, then ABD is an isosceles triangle. Hence the syaihcais. 
Does this construction hold good in all cases ? 

70. Let ABC be the required triangle, (fig. Euc. 1. 18), of which the 
side BC is given and the angle BAC, aUo CD the difference between the 
sides AB, AC. Join BD ; then AB is equal to AD, because CD is their ^ 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to the angle ADB ; and since BAD and twice the angle ABD 
are equal to two right angles, it follows that ABD is half the supplement 
of the given angle BAC. Hence the construction of the triangle. 

77. Let AB be the giyen base : at A draw the line AD to which 
the line bisecting the 'vertical angle is to be parallel. At B draw BE 
parallel to AD ; from A draw A£ equal to the given sum of the two 
sides to meet BE in £. At B make the angle EBC equal to the angle 
BE A, and draw CF parallel to AD. Then ACB is the triangle required. 

78. Take any point in the ^iTen line, and apply Euc. i. 23, 81. 

79. On one of the parallel lines take £F equal to the giren line, and 
with center E and radius £F describe a circle cutting the other in Q. 
Join EG, and through A draw ABC parallel to EG. 

80. This will appear from Euc. i. 29, 15, 26. 

81. Let AB, AC, AD. be the three lines. Take any i>oint S in. AC, 
and on EC make EF equal to EA. through F draw FO parallel to AB, 
join GE and produce it to meet AB iu H. Then G£ is equal to OH. 

82. Apply Euc. i. 32, 29. 
S3. From E draw EG perpendicular on the base of the trtanglew 

then ED and EF may each be proyed equal to EG, axkd the figure shewn 
to be equilateral. Three of the angles of the figure are light angles. 

84. The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

So. Let AB be one of the diagonals : at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD 
equal to the reqtdred angle. Bisect AB in E and with centl&r B and 
radius equal to half the other diagonal describe a circle cutting AC, AD 
in F, G. Join FB, BG \ then AFBG is the parallelogram required. 

86. This problem is* the same as the following ; having giyen the 
base of a triangle, the vertical angle and the sum of the aides, to construct 
the triangle. This triangle is one half of the required parallelogram. 

87. Draw a line AB equal to the giyen diagonal, and at the point A 
make an angle BAC equal to the given angle. Bisect AB in jD, and 
through D draw a line parallel to the given line and meeting AC in C 
This wUl be the position of the other diagonal. Through B draw BE 
parallel to CA, meeting CD produced in E ; join A£, and BC. Then 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. i. 24. 

89. By Euc. i. 4, the opposite sides may be pvoved to be equal. 

90. Let ABCD be the given parallelogram; construct the other 
parallelogram A'B'C'D' by Rawing the lines required, also the dia- 
gonals AC, AC, and shew that the triangles ABC, A'B'C are equi- 
angular. 

9 1 . AD' and B'C may be proved to be parallel 

92. Apply Euc. i. 29, 32. 

93. The points D, D\ are the intersections of the diagonals of two 
rectangles : if the rectangles be completed, and the lines CD, OD' be 
produced, they will be the other two diagonals. 

94. Let the line drawn from A fiedl without the parallelogram, and. 
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let CCy, BB\ HJy, he the perpendiculars from G, B, D, on the line draw« 
from A; from B draw BE parallel to AC, and the truth is manifest. 
T^ext, let the line irom A he drawn so as to fall withiu the paralleloTram^ 

95. Let the diagonals intersect in £. In the triangles DCB, CDA| 
t\^o angles in each are respectively equal and one side D£ : wherefori 
tlie diagonals DB, AC are equal : also since D£, £C are equal, it follows 
that £A, £B are equal. Hence D£C, A£B are two isosceles triangles 
hafving their vertical angles equal, wherefore the angles at their hases 
are equal respectively, and therefore the angle CBB is equal to DBA. 

96 . ( 1 ) By supposing the point P found in the side AB of the paral- 
lelogram ABCD, such that the angle contained by AP, PC may be bisected 
by &e line PD ; CP may be proved equal to CD ; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
I*D may bisect the angle contained by ABP and PC ; it may be shewn 
th.at the side AB must be produced, so that BP is equtd to BD. 

97. This may be shewn by £uc. i. 35. 

98. Let D, £, F be the bisections of the sides AB, BC, GA of the 
triangle ABC : draw D£, £F, FD ; the triangle P£F is one-fourth of the 
triangle ABC. The triai^les DB£, FB£ are equal, each being one-fourth 
of the triangle ABC : DF is therefore parallel to B£, and DB£F is a 
parallelogram of which D£ is a diagonal. 

99. Thi^ may be proved by app lying £uc i. 38. 

100. Apply Euc. I. 37, 38. 

101 . On any side BC of the given triangle ABC, take BD equal to the 
^iveti base; join AD, through C draw CE parallel to AD, meeting BA pro- 
duced if necessary in ]^, join ED ; then BDE is the triangle required. 
By a process somewhat sinulf^ the triangle may be formed when ^he a/- 
titude is given. 

102. Apply the preceding problem (101) to make a triangle equal tq 
one of the' given triangles and of the same altitude as the other given tri- 
angle. Then the sum or difference can be readily found. 

103. First construct a triangle on the given base equal to the given 
triangle ; next form an isosceles triangle on the same base equal to this 
triangle. 

104. Make an isosceles triangle equal to the given triangle, and 
thcin this isosceles triangle into an equal equilateral triangle. 

105. Make a triangle equal to the given parallelogram upon the 
given linci and then a triangle equal to this triangle, having an angle 
equal to the given angle. 

106. ii me figure ABCD be one of four sides ; ioin the opposite 
aisles A, C of the figure, through D draw D£ parallel to AC meeting 
BC produced in £, join A£ : —the triangle ABE is equal to the four- 
aided figure ABCD. 

If the figure ABCDE he one of five sides, produce the base both ways, 
and the figure may be grai^sformed into a triangle, by two constructions 
simUar to that employea for a figure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must oe repeated. 

107. Draw two lines from the bisection of the base parallel to the 
two sides qf the triangle. 

108. This may be shewn ex absurdo. 

1 09. On the same base AB , and on the same side of it, let two triangles 
ABC, ABD be constructed, having ^he side BD equal to BC, the angle 
ABC a right angle, but the angle ABD not a right angle ; then the triangle 
ABC is greater than ABD, whether the angle ABD be acute or obtuse. 

110. Let ABC be a triangle whose vertical angle is A, and whose 
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base BO is bisected in D ; let any line EDG be drawn through T>, meet^ 
ing AC the greater side in G and AB produced in £, and forming a triangle 
AEG haying the same yertical angle A. Draw BH parallel to AC, and 
the triangles BDH, GDC are equal. Euc. i. 26. 

111. Let two triangles be constructed on the same base with eqiud 
perimeters, of which one is isosceles. Through the yertex of that which, 
is not isosceles draw a line parallel to the base, and intersecting thr 
perpendicular drawn from the yertex of the isosceles triangle upon thr 
common base. Join this point of intersection and the extremities of the base. 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 78.) On ea/^ 
side of the point F in the line BC, take FG, IrH, each equal to one-third 
of BF, the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the giyen point in BO. Trisect BO in B,^ 
F. Join AD, and draw EG. FH parallel to AD. Join DG, DH ; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle ; trisect the base BC in D, £, and joio* 
AD, AE.' From D, E, draw DP, EP parallel to AB, AC and meetLng 
in P. Join AP, BP, OP ; these three lines trisect the triangle. 

(3) Let P be the giyen point within the triangle ABC. Triaect the 
base BC in D, E. Prom the yertex A draw AD, AE, AP. Join PD, T 
draw AG parallel to PD and join PG. Then BGPA is one-third of the 
triangle. The problem may be solyed by trisecting either of the other 
two sides and making a similar construction. 

113. The base may be diyided into nine equal parts, and lines may 
be drawn from the yertex to the points of diyision. Or, the'sides of the 
triangle may be trisected, and the points of trisection joined. 

114. It is proved, Euc. i. 34, that each of the diagonals of a parallelo- 
gram bisects the figure, and it may be shewn that thiey also bisect each 
other. It is hence manifest that any strbigM line^ whateyet may be its 
position, which bisects a parallelogram, mtut pass through the intersec- 
tion of the diagonals. 

115. See the remark on the preceding problem 114. 

116. Trisect the side AB in £, F, and draw EG, FH parallel to AD 
or BC, meeting DC in G and H. If the givenpoint P be in EF, the two 
Hnes drawn from P through the bisections of EG and FH will trisect the 
parallelogram. If P be in FB, a line from P through the bisection of 
FH will cut off one-third of the parallelogram, and the remaining trape- 
zium is to be bisected by a line from P, one of its angles. If P coincide 
with E or F, the solution is obyious. 

117. Construct a right-angled parallelogram by Euc. l. 44, equal to 
the given quadrilateral figure, and from one of the angles, driaw a line 
to meet the opposite side and equal to the base of the rectangle, and a 
line from the adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the yertex A, draw AE parallel to 
BC, with center D and radius equal to half the sym of AB, AC, describe 
a circle cutting AE in E. 

119'. Produce one side of the square till it becomes equal to the di- 
agonal, the line drawn from the extremity of this produced side and pa- 
rallel to the adjacent side of the square, and meeting the diagonal prodncied, 
determines the point required. 

120. Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
triangles is situated on different sides of the same base Sjod has e^ual al 
titudes. 
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121. One case is included in Theo. 120. The other case, when the 
pCHxit is in the diagonal produced, is obTious from the same principle. 

122. The triangles 1)CF, ABF may be proved to be equal to half 
df the parallelogram by Euc. i. 41. 

. 123. Applj Euc. I. 41, 38. 

124. If a Ime be drawn parallel to AD through the point of intersec- 
'don of the diagonal, and the line drawn through O pardlel to AB ; then 
by £uc. I. 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that parallelograms, are divided into pairs 
of equal triangles by the diagonals, and therefore by taking the triangle 
ABD equal to the triangle aSc, the property may be easily shewn. 

126. The triangle ABD is one half of the paraHelogram ABCD, 
Sue. I. 34. And the triangle DKC is one half of the parallelogram 
CI>HQ, Euc. I. 41, also for the same reason the triangle AKB is one 
lialf of the parallelogram AHGB : therefore the two triangles DKC, 
AKB are together one half of the whole parallelogram ABCD. Hence 
th.e two triangles DKC, AKB are equal to the triangle ABD : take from 
these equals the equal parts which are common, &erefore the triangle 
CKF is equal to the triangles AHK, KBD : wherefore also taking AHK 
from these equals, then uie difference of the triangles CKF, AHK is 
equal to the triangle KBC : and the doubles of these are equal, or the 
(Ufference of the parallelograms CFKG, AHKE is equal to tmce the 
triangle KBD. 

127. First prove that t^e perimeter of a square is less than the peri- 
meter of an equal rectangte : next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area of the isosceles 
triangle is greater than the area of any other triangle which- has the same 
vertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. i. 42), AE perpen- 
dicular to the base BC, and AECGh the eqfuivi^nt rectangle. Then AC 
ifi greater than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in E, join BE, ED, and prove BE, ED in the same strsagKt* 
line and equal to one another. 

131. ^ply Euc. I. 15. 

132. Apply Euc. i. 20. 

133i This may be shewn by fiuc. i. 20. 

1 34. Let AB be the longest and CD the sHtiitest side of tlie rectangular 
figure. Produce AD, B€ to meet in E. T&en by Euc. i. 32. 

135. Let ABCD be the quadrilateral figure, and E, F, two points in 
the op^t>site sides AB, CD, join EF and bisect it in G ; and through 
G draiw a straight line HGK terminated* by the sides AD, BC ; and 
bisected in the point G. Then EF, UK are the diagonals of the required 

' parallelogram. 

136. After censtructiiig the figure, th^ proof ofiers no difficulty. . 
13^. If any line be assumed as a diagonal, if the four given lines 

taken two and two be idways greater than this diagonals, a: four-sided 
figure may be eonstructed^having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138; Diraw the two diagonals, then four triangles are formed, two on 
one side of each diagonal. Then two of the lines dravm through the points 
of bisection of two* sides may be proved parallel to one diagonal, and tw«^ 

p5 
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parallel to th« otker tUagoiial« in the «ame way as Theo. 97> sisfara. The 
other property is maaifest from the relation of the areas of the trianglea 
made by the Une* drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bafiee* and of 
equal altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in £ 
and CD in F, and let £F be drawn. Join AF, BF, then £uc. i, 38. 

141. Let BC£D be a trapezium of which DC, BE are t^ diagonals 
intersecting each other in O. If the triangle DB G be equal to tkx^ triangle 
£GC, the side D£ may be proved parallel to the side BC, by £uc. i. 39. 

142. Let ABCD be the quadrilateral figure having the si4e8 AB, 
CD, parallel to one an. ther, and AD, BC equal. Through B draw B£ 
parallel to AD, then AB£D is a parallelogram. 

149. Let ABCD be the quadrilateral haying the side AB parallel 
to CD. Let £, F be the points of bisection of the diagonals BjD, AC, 
and join £F and produce it to meet the sides AD» BC in G and H. 
Through H draw LHK parallel to DA mee(;uig DC in L and AB pro- 
duced in K. Then BK is half the difference of DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAl^ by Prob, 
106, supra, and bisect the triangle BA£ by a line AF from the vertex. 
If F fall without BC, through F draw FG parallel to AC or D£, and 
join AG. 

Or thus. Draw the diagonals AC, BD : bisect BD in E, and join A£, 
EC. Draw F£G parallel to AC the other disagoaal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium, 

(2) Let E be the given point in the side AD. Join £B. Bisect the 
quadrilateral KB CD by £F. Make the triangle £FG equal to the tri- 
angle EAB, on the same side of £F as the triangle AB. Bisect the tri- 
angle EFO by EH. EH bisects the figure. 

145. If a straight line be drawn irom the given point through the in- 
tersection of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapezium by a line drawn 
from one of its angles. 

1 46. If the four slides of the figure be of difierer.t lengths, the truth of 
*the theorem may be shewn. If, however, two adjacent sides of tiie figure 
be equal to one another, as also the other two, the lio^s drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
trapezium into four triangles which are equal ufi ajrea to one another. 
Euc. I. 38. 

147. Apply Euc. I. 47> observing that the shortest side is one half 
of the longest. 

148. Find by Euc. i. 47, a line the square on whi^h shall be seven 
times the square on the given line.. Then the triangle which has these 
two lines containing the right angle shall he the J^iangle required. 

149. Apply Euc. I. 47. 

150. Let the base BC be bisected in D, and DE be drawn perpendicu- 
lar to the hypotenuse AC. Join AD : then £ug. i. 47. 

151. Construct the figure, and the truth is obvious fiom. ^uc. i. 47. 

152. Bee Theo. 32, p. 76, and apply Eue. i. 47. 

153. Draw the lines required and apply Euc. i. 47. 

154. Apply Euc. i. 47. 
165, Apply Euc. i. 47. 
156. Apply Euc. i. 47, observing that the square on any line i» four 

times the square on half ike line. 
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157- Apply Euo. x. 47, to express the squares of the three sides in 
terms of the squares on the perpendiculars and on the segments of AB. 

168. By Euc. x. 47. bearing in mind that the square described on any 
line is four times the square described upon half tne line. 

16d. The former part is at once manifest by Euc. i. 47. Let the dia- 
C^onals of the square be drawn, and the given point be supposed to coincide 
iwlth the intersection of the diagonals, the minimum is obvious. Find its 
^alue in terms of the side. 

160. (a) This is obvious from Euc. i. 13. 

(b) Apply Euc. I. 32, 29. 

(e) Apply Euc. i. 5, 29. 

!F, K meet BC produced in M and N respectively ; then the triangles 



Let AL meet the base BO in P, and let the perpendiculars firom 



JLFB, FMB maybe proved to be equal in all respects, asalso APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
X>QB may be proved equal to each of the triangles ABO, PBF ; whence 
th.e triangle DBF is equal to the triangle ABO. 

Perhaps however the better method is to prove at once that the tri- 
angles ABd, FBD are equal, by shewing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other. 

(/) If DQ be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and DQ equal to AO. Then the 
Bquare on FD is found by the right-angled triangle FQD. Similarly, the 
square on KE is found, and the sum of the squares on FD, EK, GH will be 
found to be six times the square on the hypotenuse. 

(g) Through A draw PAQ parallel to BO and meeting DB, £0 
produced in P, Q. Then by the right angled triangles. 

161. Let any parallelograms be described on any two sides AB, AC 
of a triangle ABO, and the sides parallel to AB, AO be produced to meet 
in a point P. Join PA. Then on either side of the base BO, let a paral- 
lelogram be described having two sides equal and parallel to AP. Pro- 
duce AP and it will divide the parallelogram on BO into two parts re- 
spectively equal to the parallelograms on the sides. Euc. i. 35, 36. 

1 62. Let the equilateral triangles ABD, BOE, OAF be described on 
AB, BO, OA, the sides of the triangle ABO having the right angle at A. 

Join DO, AK : then the trian^^les DBO, ABE are equal. Next draw 
DG perpendicular to AB and jom OG : then the triangles BDG, DAG, 
DGC are equal to one another. Also draw AH, EK perpendicular to 
BC f the triangles EKH, "EKA. are equal. Whence may be shewn that 
the triangle ABD is equal to the triangle BHE, and in a similar way may 
be shewn that OAF is equal to OHE. 

The xestrictioa is uunecessary : it only briaga AD, AE into the same 
line. 
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HINTS, &c. 

6. See the figure Euc. ii. 6v 

7. This Prdblem is equivalent to the following : construct an isosceles 
right-angled triangle, having given one of the sides which contains the 
right angle. 

8. In the question for E read D. Construct the square (m AB^ and 
the property is obvious. 
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9. The sum of the squares on the two parts of any line is least 
when the two parts are equal. 

10. A line may be found the square aa which is double "die square 
on the given line. The problem is then reduced to : — ^having given tht 
hypotenuse and the sum of the sides of a right-angled' triangle^ oon- 
s^ct the triangle. 

11. This foUows from Euc. ii. 5, Cor. 

12. This problem is, in other words, Given the sum of two lines and 
the sum of their squares, to idnd the lines. Let AB*be the given straight 
line, at B draw BC at right angles to AB, bisect the angle ABC by BD. 
On AB take A£ equal to the side of the given square^ and with, center A 
and radius AE describe a circle cutting BD in D, from^D draw DF per- 
pendiculEu? to AB> the line AB is divided in F as was required. 

13. Let AB be the given line. Produce AB to C making BC equal 
to three times the square on AB. From BA cut off BD equal to BC ; 
then D is the point of section such that the squares on AB-and BD ar^ 
double of the square on AD. 

14. In the fig. Euc. ii. 7. Join BF, and draw FL 'perpendicular on 
GD. Half the rectangle D6» BO, may be proved equal^to the rectangle 
AB, BC. 

Or, join KA, CD^ KD^ CK.^ Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to tiie triangle ABK. Hencer 
twice the triangle ABK is equal to the figure CBEJ) ; but twice the 
triangle ABK is equal to the rectangle AB, BC ; and the figuve CBEB' 
is equal to half the reetangle DB and CK, the diagonals of the- squares 
on AB, BC. Wherefore, &c. 

15. The difference between the two- uaequal parts may be shewn-to 
be equal to twice the line between t^e points of section. 

16. This proposition is only another form of stating Euc. 114 7* 

17. In the figure, Theo; 7, p. 69, draw PQ;.PR, PS perpendiculars oa^ 
AB, AD, AC respectively': the» since the triangle PAC is equal to the 
two triangles PAB, PAD, it fellows that the rectangle contained by 
PS, AC, is equal to the aum of the nectangles PQ, AB, and PR^ ADt 
When is the rectangle PS, AC equalrtO'the difierence of the other twtx 
rectangles? 

18. Through E draw EG parallel to- AB,- and timough F, draw FHK 
parallel to BC and cutting EG in H. Then the areao^ the rectangle ir 
made up of the area» of four triangles ; whence it may be readily shewn 
that tmce the area of the triangle AFE, and the figure AGHK is equid to 
theareaABCD. 

19. Apply Euc. II. 11. 

20. The vertical angles a1».I# may be proved to'be equal, and each of 
them a right angle. 

21. Apply Euc. II. 4, 11, I. 47. 

22. Produce FG, DB to meet in L, and draw t&e other diagonal 
LHC, which paesses through H,. beeause the complements AiG, bS are 
equal. Then LH may be shewn to be equal to Ff, and to Ud. 

23. The commopi intersection of the* three lines divides each into two 
parts, one of which is double of the oUier, and this point is the vertex of 
three triangles whieb have lines drawn' from it to the biseetiD» of the 
bases. Apply Euc. ti. 12, 13. 

24. Apply Theorem* 3^ p. 104, and« Euc. r. 47. 

25. This will be found to be that particular case of Euc. ir. 12, in 
which the distance- of the obtuse angle mmi the foot of the perpeu^oular, 
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is laHtii the side subtended by the right angle made by the perpendicular 
and the base produced. 

26. (1) Let the triangle be acute-angled, (Euc. ii. 13, fig. 1.) 

liet AC be bisected in £» and BE be joined ; also EF be drawn per- 
pendieular to £C. EF is equal to FC. Then the square on BE may be 
proved to be equal to the square on BC and the rectangle BD, BC. 

(2 ) If the triangle be obtuse-angled, the perpendicular EF faUs within 
or without the base according as the bisecting line is drawn from the obttue' 
or the €U}ute angle at the base. 

27. This may be shewn from theorem 3. p. 114. 

28. Let the perpendicular AD be drawn ieom. A on the base BC. It 
may be shewn that the base BC must be produced to a point E, such 
'diat CE is equal to the difference of the segments of the base made by 
the perpendicurlar. 

29. Since the base and area are given, the altitude of the triangle i» 
known^ Henee the problem is reduced to ;— Given the base and altitude 
of a triangle, and the line drawn from the vertex to the'bisection of the 
base, construct the triangle. 

30. This follows immediately from Euc. i. 47. 

31. Apply Eu». n. 13. 

32. The truth of this property depends on the fact that the rectangle 
contained by AC, CB is equal to that contained by AB,> CD. 

33. Let P the required point in the base AB be supposed to be known. 
Join CP. It may then be shevm that the property stated in the Prob- 
lem is contained in Theorem 3. p. 114. 

34. This may be shewn from Euc. i. 47 ; ii- 5. Cor. 

35. From C let fall CF perpendicular on AB. Then AC1& is an ob- 
tuse-angled, and BEC an acute^angled triangle. Apply Euc. ii. 12, 13 ; 
and by Euc. i. 47, the squares on AC and CB are equal to the square 
on AB. 

36. Apply Euc. i. 47> ii. 4 ; and the note p. 102, on Euc. ii^ 4, 

37. Draw a perpendicular from the vertex to the base, and ap]^y 
.£uc. I. 47 ; H. 6, Cor. Enunciate and prove the proposition when the 
straight line drawn from the vertex meets the base produced. 

38. This follows directly from Euc. ii. 13, Case 1. 

39. The truth of this proposition may be shewn from* Euc. i. 47 ; n. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square,, and the proof is obvious. 

41. Let ABC be the triangle required, such that the square on AB 
is three times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. ir. 12, CD may be shewn to be equal- 
to one half of BC. Hence the construction. 

42. Apply Euc. ii. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw also 
!EO perpendicular to the base. Then by Euc. i. 47 ; ii% 5r Cor. 

44. Bisect the angle B by BD meeting the opposite side in D, and 
draw BE perpendicular to AC. Then by Euc. i. 47 ; ii* 5, €or. 

45. This follows directly from Theorem 3, p. 114. 

46. Draw the diag4>nals intersecting eaeh other in "P,- and join OP. 
ByTheo. 3, p. 114. 

47. Draw from any two opposite angles, straight likes to meet in the 
bisection of the diagonal jeining the oHhei angles. Then by Euc. n. 12, 13. 

48. *Draw two Hues from the point of bisection of either of the bi- 
sected sides to the extremities of the (^posite side ; and three triangles 
will- be formed, two on one of the bisected sides and one on the otheip,.ui^ 
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each of which is a line drawn from the Tertex to the bisection of Ae base. 
Then by Theo. 3, p, 114. 

49. If the extremities of the two lines which bisect the opposite sides 
of the trapezium be joined, the figure formed is a peurallelogram which 
has its sides respectively parallel to, and equal to, half the diagonals of 
the trapezium. The sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the sum of the squares on 
the four sides of the parallelogram. 

50. Draw perpendiculars from the extremities of one of the parallel 
tidesi meeting the other side produced, if necessary. Then from the four 
right-angled triangles thus formed, may be shewn the truth of the pro- 
position. 

61. In the problem, for triangle read rectangle. Let ABCD be any 
trapezium having the side AD parallel to BC. Draw the diagonal AC, 
then the sum of the triangles ABC, ADC may be shewn to be equal to 
the rectangle contained by the altitude and half the sum of AD and BC. 

52. Let ABCD be the trapezium, having the sides AB, CD, parallel, 
and AD, BC equal. Join AC and draw AE perpendicular to DC. Then 
by Euc n. 13. 

53. Let ABC be any triangle ; AHKB, A6FC, BDEC, the squares 
upon their sides ; EF, GH, KL the lines joining the angles of the squares. 
Produce GA, KB, EC, and draw HN, DQ, FR perpendiculars upon them 
respectively: also draw AP, BM, CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM ; CR to OP ; and 
BQ to BS ; and by Euc. ii. 12, 13. 

54. Convert the triangle into a rectangle, then Euc. n. 14. 

55. Find a rectangle equal to the two figures, and apply Euc. ii. 14. 

56. Find the side of a square which shalt" be equal to die given 
rectangle. See Prob. i. p. 113. 

57. On any line PQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square ; bisect AB in O and join OC ; with center 
O and radius OC describe a semicircle meeting PQ in D and £. Then 
the lines AD, AE have AB for their difference, and the rectangle con- 
tained by them is equal to the square on AC. 

58. Apply Euc. n. 14. 
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HINTS, &c. 

7. Euc. m. 3, suggests the construction. 

8. The given point may be either within of without the circle. Fmd 
the center of the circle, ana join the given point and the center, and upon 
this line describe a semicircle, a line equal to the given distance naay be 
drawn from the given point to mee^ the arc of the semicircle. When 
the point is without the circle, the given distance may meet the rHan^fttfr 
produced* 

9. This may be easily shewn to be a straight line passing tbrougk 
the center of the circle. • 

10. The two chords form by their intersections the sides of two isof- 
eeles triangles, of which the parallel chords in the circle are the bases. 
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11. The angles in equal segmeats are equal, and by Euc. i. 29. If 
t^e chords are equally distant frozn the center, the lines intersect the 
diameter in the center of the circle. 

1 2. Construct the figure and the ^rc BC may be proved equal to the 
arc B'C • 

13. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center of 
the required circle. 

14. Construct the figures : the proof ofiers no difficulty. 

15.. On any radius construct an isosceles right-oagled triangle, and 
pfroduce the side which meets the circumference. 

16. Join the extremities of the chords, then Euc. i. 27 ; m. 28. 

17. Take the center O, and join AP, AC, &c. and apply Euc. i. 20. 

18. Draw any straight line intersecting two parallel chords and meet- 
is^ the eireumference. 

19. Produce the radii to meet the circumference. 

20. Join AD, and the first equality follows directly from Euc. iii. 
20, 1. 32. Also by joining AC, the second equality may be iH*oved in a 

. siixular way. If however the line AD do not foil on the same side of the 
center as B, it will be found that the difference, not the sum of the twa 
angles, is equal to 2 . A£X>. See note to Euc. iii. 20, p. 155. 

21. Let DEE, DBO (fig. Euc. iii. 8) be two lines equally inclined 
to DA, then KE may be proved to be equal to 30, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
9xe equal to one another. 

22. Apply Euc. i. 15, and iii. 21. • 

23. This IS the same as Euc. iii. 34, with the condition, that the line 
must pass through a given point. 

24. Let the segments AH6, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con- 
verse to Euc. III. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the triangles ABD, ACE, the sides AB, AC ^all cut off 

. segments similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc.iiii. 26, p. 156. 

27. The segment must be described on the opposite side of the pro- 
duced chord. By converse of Euc. ni. 32. 

28. If a circle be described upon the side AO as a diameter, the cir- 
cumference will pass through the points D, E. Then Euc. ni. 21. 

29. Let AB, AC be the bounding radii, and D any point in the arc 
BC, and DE, DF, perpendiculars from D on AB, AC. The circle de- 
scribed on AD will always be of the same magnitude, and the angle EAF 
in it,' is constant : — whence the arc EDF is constant, ajod therefore its 
chord £F. 

30. Construct the figure, and let the circle with center O, described 
on AH as a diameter, intersect the given circle in P, Q, join OP, PE, and 
prove £P at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line : 
:dxaw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and pftsses through the 
ntersectian of two tangents to a circle, bisects the angle ecmtoioed by 
the tangents. 
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33. Draw two radii containing an angle equal to the supplement of 
the giyen angle ; the tangents drawn at the extremities of these radii iriU 
contain the given angle. 

34. Since the circle is to touch two parallel lines drawn from twir 
ffiyen points in a third line, the radius of the circle is determined bj tile 
distance between the two given points. 

35. It is sufficient to suggest that the angle between a chord and s 
tangent is equal to the angle in the alternate segment of the cirdle. £iicl 
m. 32. 

36. Let AB be the giveft chord of the cii*cle whose center is O. Draw 
DE touching the circle at any point E and equal to the given line ; join 
BO, and with center O and radius DO describe a circle : produce the 
chord AB to meet the circumference of this circle in F : then F is the 
point required. 

37. liCt D be the point required in the diameter BA produced, such 
that the tangent DP is half of DB. Join CP, G being the center. Then 
CPD is a ri^t-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Euc. m. 37). Join FB, FE, tbea 
by means of the triangles, BE is ^ewn to be bisected in K at right angles. 

39. Let AB, Ct> be any two diameters of a circle, O the center, and 
let the tangents at their extremities fonn the quadrilateral figure EFGH. 
Join EO, OF, then EO and OF ta&y be proved to be in the same straigbl 
line, and similarly HO, 0£. 

Note. — This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following proposition :— 
The diagonals of the circumscribed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let A£j BD be 
joined, intersecting in P, then if CP be joined and produced to -meet D£ 
in Ot : G^ is perpendicular to DE. Join DA, EB, and produce them to 
meet in F. 

Then the angles DAE, EBD being angles in a semicircle, are right 
angles ; or DB, EA are drawn perpendicular to the sides of the trian^de 
DEF : whence the line drawn from F through P is perpendicular to & 
third side DE. 

41. Let the chord AB, of wMeh P is its middle pointy be produced 
both way^ to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the circle forming the tangential quadrilateral CKX>R, the 
points of contact of the sides, being E, H, F, G. Let O'be the center of 

,the circle. Join EH, GF, CO, GO, FO, DO. Then EH and GF may 
be proved &cch: parallel to CD, they are therefore parallid to one anotheri. 
Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. i. 29, and the note to in. 22. p. 156. 

43. From ahy point A in the circumference, let any (^ord ATI ancL 
tangent AC be drtfwn. Bisect the are AB in D, and from I> draw DS, 
DC perpendiculars on the chord AB ahd tangent AC. Join AD, the 
triangles ADE, ADC may be shewn to be equsd. 

44. Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain aft* angle equal^^to the gWen angle. 
If the circle cut the given line,- there will be two points ; if it ohly t6udi 
the line, there will be one ; and if i^ neither cut nor fiouch tJie line, the 
^f oblem is impossible. 
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45. It may be shewn that the point required is determined by a per- 
p€»dicn}ar drawn from the center of the circle on the given line. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take any other point Q in the convex circumference, and join QA, 
QB : then by Prob. 4, p. 71, and Euc. i. 21. 

47. Let C be the center of the circle^ and E the point of eontact of 
DF with the circle. Join DC, CE, CF. 

48. liet the tangents at E, F meet in a point B. Prodtlce HE, KF 
to meet the diameter AB produeed in S, T. Then RST is a triangle, 

'«sd the quadrilateral RFOE maybe circuntscribed by a circle, and KPO 
Akay be proved to be one of the diagonahr. . 

49. Let C be the middle point of the chord of eontact : produce AC, 
BC to meet the circumference in B', A\ and join AA', BB'. 

50. Let A be the given point, and B the given point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
«nd from F draw FE perpendicmar to AB and meeting BE in E. E 19 
the center of the required circle. 

51. Let O be the center of the given circle. Draw OA perpendicular 
to the given straight line ; at O in OA make the angle AOP eqpud to the 
ffiven angle, produce PO to meet the circumference again in Q. Then F,- 
Q are two points from which tangents may be drawn fulfilling the re- 
quired con<£tion. 

52. Let C be the center of the given circle, B the given point in the 
circumference, and A the other given point through which the required 
eircle is to be made to pass. Join CB, the center of the circle is a point 
in CB produced. The center itself may be found in three ways. 

53. Euc. III. 11 suggests the constructipn. 

54. Let AB, AC be the two given lines which meet at A, and let D 
be the nven point. Bisect the angle B AC by AE, the center of the circle 
is in AE. Through D draw DF perpendicular to AE, and produce DF 
to G, making FG equal to FD. Then DG is a chord of the circle, and 
the circle wMch passes through D and touches AB, will also pass through 
G- and touch AC. 

55. As the center is given, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremis 
ties of which the required circle is to pass. 

56. Let AB be the given line and D the given point in it, through 
"which the circle is required to pass, and AC the line which the circle is 
to touch. From D draw DE perpendicular to AB and meeting AC in C. 
Suppose O a point in AD to be tne centre of the required circle. Draw 
OE perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the^ 
center and intersection of the two lines. Next draw a chord perpendii- 
cular to this line, cutting off a segment containing the given angle. The 
circle described passing throxigh one extremity of the chord and touch- 
ing one of the straight lines, shall also pass thjrough the other extremity 
of the chord and touch the other line. 

58. The line drawn through the point of intersection of the two* 
circles parallel to the line which joins their centers, may be shewn to be 
double of the line which joins their centers, and greater than any other 
straight line drawn through the same point and terminated by the cir-^ 
cumferenees. The greatest line therefore depends on the distance be- 
tween the centers of the two circles. 
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69. Apply Eqc. ni. 27. i. 6. 

60. Let two unequal eirclss cut one another, and let the line ABC 
drawn through B, one of the points of intersection, be the line required, 
9uch that AB is equal to BC. Join O, O' the cent«« of the circles, and 
draw OP, OT' perpendiculars on ABC, then PB is equal to BP' ; through ^ 
O' draw O'D parallel to PF ; then ODO' is a right angled triangle, and 
a temicircle described on 00' as a diameter will pass through the point 
D. Hence the synthesis. If the line ABC be supposed to move rouiid 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a maximum. 

61. Suppose the thing done, then it will appear that the line joining 
the points ot intersection of the two circles is bisected at right angles by 
the line joinine the centers of the circles. Since the radii are known, 
the centers of uie two circles may be determined. 

62. Let the circles intersect in A, B ; and let GAD, EBF be any 
parallels passing through A, B and intercepted by the circles. Join 
CK, AB, DF. Then the iigure CEFD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB ; AHB being the 
other part. Then since the angle ACB is constant, being in a given 
segment, the sum of the arcs DE and AHB is constant. But AHB b 
given, hence ED is also given and therefore constant. 

64. From A suppose ACD drawn, so that whei;! BD, BC are joined, , 
AD and DB shall together be double of AC and CB together. I'hen 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles. Also the angles i 
BCD, BDC are given, hence the triangle BDC is given in species. 

Again AD + DB = 2 . AQ + 2. BC, or CD = AC + BC. 

Whence, make the triangle bdc having its angles at 4, o equal to that 
in the segment BDA ; and make ca = ocf — c5, and join ofr. At A make 
the angle BAD equal to bad^ and AD is the line required. 

66. The line drawn from the point of intersection of the two lines 
to the center of the given circle may be shewn to be constant, and th» 
center of the given circle is a fixed point. 

66. This IS at once obvious from Euc. iii. 36. 

67. This follows directly from £uo. in. 36. '| 

68. Each .of the lines CE, DF may be proved parallel to the comBUHi 
chord AB. 

69. By constructing the figure and joining AQ and AD, by £iit. J 
III. 27, it may be proved that the line BC falls on BD. | 

70. By constructing the figure and applying Euc i, 8, 4, the truth ■' 
is manifest. 

71. The bisecting line is a common chord to tha two circles ; join the 
other extremities of the chord and the diameter in each circle, and the 
angles in the two segments may be proved to be equal, i 

72. Apply Euc. in. 27 ; i. 32, 6. ^ 

73. Draw a common tangent at C the point of contact of the circles, 
and prove AC and CB to be m the same straight line. 

74. Let A, B, be the centers, and C the point of cositact of the tws 
circles ; D, E the points of contact of the circles with the oommon tangent 
DE, and CF a tangent common to the two circles at C, meeting DF in S. 
Join DC, CE. Ihen DF, FC, FE may be shewn to be equal, and FC 
to be at right angles to AB. 

75. The line must be drawn to the extremities of the diameters whldi 
are on opposite sides of the line joining the centers. 
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76. The sum of the distances of the eenter of the third circle from 
the centers of the two given circles, is equal to the sum of the radii of 
the given circles, which is constant. 

77. Let the circles touch at C either externally or internally, and 
their diameters AC, BC through the point of contact will either coincide 
or be in the same straight line. CDE any line through C will cut off 
similar segments from the two oircles. For joinins AD, ££, the angles 
ia the segments BAG, £BC are proved to he equaL 

The remaining segments are also similar, since they contain angles 
which are supplementarv to the angles DAC, EBC. 

78. Let the line which joins the centers of the two circles be pro- 
duced to meet the circumferences, and let the extremities of this line 
and any other line from the point of contact be joined. From the center 
of the larger circle draw perpendiculars on the sides of the right-angled 
triangle inscribed within it. 

70. In general, the locus of a point in the circumference of a circle 
-which rolls within the circumference of another, is a curve called the 
HypocyeUdd; but to this there is one exception, in which the radius of 
one of the circles is double that of the other : in this case, the locus is 
a straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Braw AB cutting the 
eircumferences in C, B. On AB take C£, BF each equal to the r^ius 
of the required cirde : the two circles d0scribed with centers A, B, and 
radii A£, BF, respectively, will out one another, and the point of inter- 
section will be the center of the required circle. 

81. Apply £uc. III. 31. 

82. Apply £uc. ni. 21. 

83. (1) When the tangent is on the same side of the two circles. 
Join C, C' their centers, and on QQf describe a semicircle. With center 
C* and radius equal to the difftrene$ of the radii of the two circles, describe 
another circle cutting the semicircle in B : join "DC and produce it to 
meet the circuii^erence of the given circle in B. Through C draw CA 
paridlel to BB and join BA ; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, 
O ; on CC describe a semicircle ; with center C, and radius equal to the 
turn of the radii of th6 two circles describe another circle cutting the 
semicircle in B, join CB cutting the circumference in A, through C 
draw CB parallel to CA and join AB, 

84. The possibility is obvious. The point of bisection of the segment 
interpepted between the convex circumferences will be the center of one 
of the circles : and the center of a second circle wiU be found to be the 
point of intersection of two circles described from the centers of the 
given circles with their radii increased by the radius of the second circle. 
The line passing through the centers of these two circles will be the locus 
of the centers of all the circles which touch the two given circles. - 

85. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw PQ, RS, tangents equal to the given lines, and 
loin AQ, BS. These being made the sides of a trian^^e of which AB 
18 the base, the vertex of the triangle is the point required. 

86. In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw 
a straight line touchmg these circles. 

87. Within one of the circles draw a chord cutting off a segment 
equed to the given segment, and describe a concentriff' circle touching 
the chord : then draw a straight line touching this latter circle and the 
other given circle. 
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88. The tangent may intersect the line joining the centers, or the'liae 
produced. Prove that the angle in the segment of one circle is equal to 
the angle in the corresponding segment of the other circle. 

89. Join the centers A, B ; at C the point of contact draw a taasent, 
and at A draw AE cutting the tangent in F, and making with Cr an 
angle equal to one-fourth of tiie given angle. From F draw tangents , 
to the circles. i 

90. Let C be the center of the given circle, and D the given point in > 
the glteil line AB. At I> draw any line D£ at right angles to AB, then i 
the center of the circle requited is ixi the line AE. Through C draw a 
diameter F6 parallel to DE, the circle deseribed passing through the i 
points E, f', G will be the circle required. ' 

91. Apply Euc. in. 18. 

92. Let A, B, be the two given points, imd C the center of the ^vm 
circle. Join AC, and at C draw the diameter DCE perpendicular to AC, 
ftnd through the points A, D, E describe a circle, and produce AC to 
meet the circumference in F. Bisect AF in Ott and AB in H, and dnnr 
GK, HK, perpendicular^ to AF, AB respectively and intersecting in K 
Then K is the center of the circle which passes through thepoiats A, B, 
and bisects the circumference of the circle whose center is CC 

93. Let I> be the' given point and EF the given straight line. (fig. 
£uc^ iii. 32;) I>raw DB to make the single DBF eqilal to that containisd 
in the alternate segment. Draw BA at right angles to EF, and DA at 
right angles to DB and flieeting BA in A. Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and CD the given line. From B 
the middle of the line AB, draw EM perpendicidar to AB, meeting CD 
in M, and draw MA. In EM take any point F ; draw FH to make the 
given angle with CD ; and draw FG equal to FH, and meeting MA 
produced in G. Through A draw AP parallel to FG, and CPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required : and AP may be proved equal to CP i)y means of the 
triangles GMF, AMP; and UMF, CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle KCD equal to FHD, that is, to the 
given angle. 

95. Let A, B be the two given points, join AB and bisect AB in C, 
and draw CD perpendicular to AB, then tiie center of the required circk 
will be in CD. From O the center of the given circle draw CFG paralld 
to CD, and meeting the circle in F and AB produced in G. At F draw 
a chord FF' equal to the given chord. Then' the circle whieh. passes 
through the points at B and F, passes also through F'. 

96. Let the straight line joining the centers of the two circleB be 
produced both ways to meet the circumference of the exterior circle. 

97. Let A be tiie common center of two circles, and BCDE the eiicfd 
such that BE is double of CD. From A, B draw AF, BG perpendieidar 

, to BB. Join AC, and produce it to meet BG in G. Then AC nocay be 
shewn to be equal to CG, and the angle CBG being a right angle, is Utt 
angle in the semicircle described on CG as its diameter. 

98. The lines joining the common center and the extremities of the 
chords of the circles, may be shewn to contain imequal angles, and the 
angles at the centers of the circles are double the angles at the circum- 
ferences, it follows that the segments containing these unequal angles 
are not similar. 

99. Let AB, AC be the straight lines drawn from A, a point in 
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fhe outer circle to toucli the inner circle in the points D, E, and meet 

the outer circle again at B, C. Join BC, BE. FroTe BC double of BE. 

i liCt O be the center, and draw the common diameter AOG inter- 

l * Bectijig BC in F, and join EF. Then the figure DBFE may be proved^ 

to b^ ft parallelogram. 

100. This appears from Euc. iii. 14. 

101. The given point may be either within or without the circle. 
^ Draw a chord in the circle equal to the given chord, and describe a 

concentric circle touching the chord, and through the given point draw 
I ft line touching this latter circle. 

102. The diameter of the inner circle must not be less than one- third 
of the diameter of the exterior circle. 

103. Suppose AD, DB to be the tangents to the circle AEB contain- 
ing the given angle. Draw DO to the center C and join CA, CB. 
Then the triangles ACD, BCD are always equal : DC bisects the given 
angle at D and the angle ACB. The angles CAB, CBD, being right 
angles, are constant, and the angles ADC, BDC are constant, as also the 
angles ACD, BCD ; also AC, CB the radii of the given circle. Hence 
the locus of D is a circle whose center is C and radius CD. 

104. Let C be the center of the inner circle ; draw any radius CD, 
at D draw a tangent CE'^equal to CD, join CE, and with center C and 
radius CE describe a circle and produce ED to meet the circle again in F. 

105. Take C the center of the given circle, and draw any radius CD, 
at D draw DE perpendicular to DC and equal to the length of the re- 
quired tangent ; with center C and radius CE describe a circle. 

106. This is manifest from Euc. iii. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AD on the opposite side, or opposite side produced. 
The semicircles described on AB« BC both pass through D. Euc. in. 31 . 

108. Let A be the right angle of the triangle ABC, the first property 
follows from the preceding Theorem 107. Let DE, DF be dra'vm to E, 
F the centers of the circles on AB, AC and join EF. Then ED may 
be proved to be perpendicular to the radius DF of the cii'cle on AC at 
the point D. 

109. Let ABC be a triangle, and let the arcs be described on the 
sid^s externally containing angles, whose sum is equal to two right angles. 
It is obvious that the sum of the angles in the remaining segments is 
equ^ to four right angles. These arcs may be shewn to mterseet each 
other ill one point D. Let a, 6, c be the centers of the circles on Bp, 
AC, A]B. Join od, be, ca ; A6, &C, Ca ; aB, Be, cA ; &D, cD, aD. Then 
the angle cba may be proved equal to one-half of the angle A6C. 
Similarly, the other two angles of abc. 

110. It may be remarked that generally, the mode of proof by which, 
in pure geometry, three lines must, under specified conditions, pass 
through the same point, is that by reductio ad absurdum. This will for 
the most part require the converse theorem to be first proved or taken 
for granted. 

The converse theorem in this instance is, **If two perpendiculars 
drawn from two angles of a triangle upon the opposite sides, intersect 
in fi pi)int, the line drawn from the third angle through this point 
wiU be perpendicular to the third side." 

The proof will be formally thus : Let EHD be the triangle, AC, 
BD two perpendiculars intersecting in F. If the third perpendicular 
EG do not pass through F, let it take some other position as EH ; and 
through F draw EFG to meet AD in G. 'Ihen it has been proved that 



S34 GEOMETRICAL EXERCISES, &C. 

i 

EG IB perpendicular to AB ; whenee the two angles EHG, EOH of tbe ' 
triangle EGH are equal to two right angles : — wmch is absurd. 

111. The circle described onAB as a diameter will pass througli 
E and D. Then £uc. iii. 36. 

112. Since all the triangles are on the same base and have equal , 
vertical angles, these angles are in the same segment of a given cime. \ 

The lines bisecting the vertical angles may be shewn to pass through 
the extremity of that diameter which bisects ihe base. 

113. Let AC be the common base of the triangles. ABC the isoBcdei 
triangle, and ADC any other triangle on the same base AC and be- 
tween the same parallels AC, BD. Bescribe a circle about ABC, and 
let it cut AD in E and join EC. Then, Euc. i. 17, m. 21. 

114. Let ABC be the given isosceles triangle having tha vertical 
angle at C, and let FG be any given line. Kequired to find a point F 
in FG such that the distance PA shall be double of PC. Divide AC 
in D so that AD is double of DC, produce AC to E and make A£ double 
of AC. On DE describe a circle cutting FG in P, then PA is double 
of PC. This is found by shewing that AP* = 4 . PC«. 

115. On any two sides of the. triangle, describe segments of cirdei 
each containing an angle equal to two- thirds of a right angle, the point 
of intersecticm of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shidl 
contain equal angles. Euc. lu. 22. 

116. Let A be the base of the tower, AB its altitude. BC the height 
of the flagstaff, AD a horizontal line drawn from A. If a circle be des- 
cribed passine through the points B, C, and touching the line AD in , 
the point E : E will be the point required. Give the analysis. I 

117. If the ladder be supposed to be raised in a vertical plane, the i 
locus of the middle point may be shewn to be a quadrantal arc of which ' 
the radius is half the length of the ladder. ■ 

118. The line drawn perpendicular to the diameter from the other \ 
extremity of the tangent is parallel to the tangent drawn at the eztremitj 
of the diameter. ' 

119. Apply Euc. III. 21. 

120. Let A, B, C, be the centers of the three equal circles, and let i 
-them intersect one another in the point D ; and let the circles whose I 
centers are A, B intersect each other again in E ; the circles whose col- 
ters are B, C in F ; and the circles whose centers are C, A in G. Then 
FtP is perpendicular to DE ; DG to FC ; and DF to G£. Since the 
-circles are equal, and aU pass through the same point D, the centers A 
B, C are in a circle about D whose radius is the same as the radius of i 
the given circles. Join AB, BC, CA ; then these will be perpendicular 
to the chords DE, DF. DG. Again, the figures DAGC, BBFC, aze 
equilateral, and hence FG is par^lel to AB ; that is, perpendicular to ; 
DE. Similarly for the other two cases. ; 

121. Let E be the center of the circle which touches the two equal I 
circles whose centers are A, B. Join AE, BE which pass thrgtmh the 
points of contact F, G. Whence AE is equal to EB. Also ^> the 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from E on AB coincides with CD. 

122. Let three circles touch each other at the point A, and from A 
let a line ABCD be drawn cutting the circumferences in B, C, D. 'Let 
O, O', O" be the centers of the circles, join BO, CO', DO", these 
are parallel to one another. Euc. i. 5. 28. 

123. Proceed as in Theorem 110, supra. 
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. ^ 124. The three tangents will be found to be peipendiciiliir to the 
sides of the triangle fonned by joining the centen of the three circlet. 

125. With center A and any radius less than the radius of either of 
^e equal circles, describe the third circle intersecting them in C and D* 
Join dC, CD, and prove BC and CD to be in the same straight line. 

1 26. Let ABC be the triangle required ; BC the giren base, BD the 
given difference of the sides, and BAC the given vertical angle. Join 
CTD and draw AM perpendicular to CD. Then MAD b half the vertical 
angle and AMD a right angle : the angle BDC is therefore given, and 
lience D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefore the sides BA, AC are given. 
Hence the synthesis. 

127. Let ABC be the required triangle, AD the line bisecting the 
vertical angle and dividing the base BC into the segments BD, DC. 
About the triangle ABC describe a circle and produce AD to meet the 
circumference in £, then the arcs BE, EC are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it : draw AF to bisect the vertical angle BAC and meet 
tiie circle in F, make AV equal to AC, and draw CV to meet the circle 
in T ; join TB and TF, cutting AB in D ; draw the diameter FS cutting 
BC in R, DiEl cutting AF in E ; join AS, and draw AK, AH perpen- 
dicular to FS and BC. Then shew that AD is half the sum, and DB 
lialf the difference of the sides AB, AC. Next, that the point F in which 
AP meets the circumscribing circle is given, also the point E where DE 
meets AF is given. The pomts A, K, H, E are in a curcle, Euc. iii. 22. 

Hence, KF.FR=AF.F£, a given rectangle; and the segment KR, 
wh ich is equal to the perpendicular AH, being given, RF itself is given. 
"Whence the construction, 

129. On AB the given base describe a circle such that the segment 
AEB shall contain an angle equal to the given vertical angle of the tri- 
angle. Draw the diameter EMD cutting AB in M at right angles. At 
D m ED, make the angle EDC equal to half the given difterence of the 
angles at the base, and let DC meet the circumference of the circle in C. 
Join CA, CB ; ABC is the triangle required. For, make CF equal to 
CB, and join FB cutting CD in G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
base BC in E, and the longer side AB in G, and BA produced in F, and 
join A£, EG, FC. Then the angle GFC being half the given angle, 
£AC is given, and the angle BEG equal to GFC is also given. L&e- 
wise BE the difference of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle BEG is 
given (with two solutions). Again, the angle EGB being given, the 
angle AGE, and hence its equal AEG is given ; and hence we vertex A 
is given, and likewise the line AE equal to AC the shortest side is given. 
Hence the construction. 

131. Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE,BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one-third of EC is given, and BG one-half of BD is also given. 
Now EG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the icircle 
containing the angle BEG is also given. Hence F is a given point, and 
FE a given line, whence E is in the circumference of the given circle 
about F whose radius is FE. Wherefore £ being in two given drclea, it 
is itself their given intersection. 
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182. Of all triangles on the same base and haying equal Tertkal 
angles, that triangle will be the greatest whose perpenmcular from tiie 
▼ertez on the base is a maTiTniim, and the greatest x>erpendlciLLar is thtt 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the odier two 
sides ; at B draw BX) at right angles to AB and equal to the giren alti- 
tade, produce BD to £ making DE equal to BD. With center A and 
and radius AC describe the circle CFG, draw FO at right angles to BS 
and find in it the center O of the circle which P^ses Surougli B and S 
and touches the former circle in the point F. The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

184. Since the area and bases of the triangle are given, tlie altitude 
is given. Hence the problem is— given the base, the vertical angle and 
the altitude, describe the triangle. 

136. Apply Euc. ni. 27. 

136. The fixed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAX) of the quadrilatenl, 
meet the circumference in £, join EC, and prove that the angle made by 
producingDC is bisected by EC. 

1 38. Braw the diagonals of the quadrilateral, and by Euc. iir. 2 1, x. 29. 

139. From tlie center draw lines to the angles : then Euc. iii. 27. 

140. The centers of the four circles are determined by the intexsee- 
tions of the lines which bisect the four angles of the given quadrilateraL 
Joia these four points, and the opposite angles of the quadrilateral so 
formed are respectively equal to two right angles. 

14 1 . Let ABCD be the required trapezium inscribed in the given drde 
(fig. Euc. III. 22.) of which AB is given, also the smh of the remaining 
three sides and the anele ADC. Since the angle ADC is given, the 
opposite angle ABC is known, and therefore the point C and the side 
BC. Produce AD and make DE equal to DC and join EC. Since the 
sum of AD, DC, CB is given, and DC is known, therefore the sum of ' 
ADt DC is given, and likewise AC, and the angle ADC. Also the angle I 
DEC being haUf of the angle ADC is given. Whence the segment of wb 
circle which contains AEC is given, also AE is given, and hence tlie I 
point E, and consequently the point D. Whence the construction. j 

142. Let ADBC be the inscribed quadrilateral; let AC, BD pro- 
duced meet in O, and AB, CD produced meet in F, also let the t-iwgont* 
from O, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in G and join AG. Then 
A, B, G, O may be shewn to be points m the circumference of a cir^e. 
Whence the sum of the squares on OH and PK may be found by Bufi. 
III. 36, and shewn to be equal to the square on OP. 

143. This will be manifest from the equality of the two tangents 
drawn to a circle from the same point. 

144. Apply Euc. in. 22. 

145. A circle can be described about the figure AECBF. 

146. Apply Euc. in. 22, 32. 

147. Apply Euc. in. 21, 22, 32. 

148. Apply Euc. in. 20, and the angle BAD will be fbund to be 
double of the angles CBD and CDB together. 

149. Let A, B, C, D be the angular points of the inscribed quadlilb- 
teral, and E, F, G, H those of the circumscribed one whose pcaafei of 
contact with the circle are at A, B, C, D. Draw the diagonals A.C,BD; 
join EO, OG, O being the center of the circle, and prove EO to: be in the 
same straight line with OG. 
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150. Apply Euc. iii. 22. 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter PG of the circle, 
fig. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. ISisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114 ; Euc. i. 47; 
Bug. u. 9. 

153. Let A be the given point (fig. Euc. iii. 36, Cor.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD be a 
tangent drawn from A. Then 2. AF» = AF. AC = AD*, but AD is 
given, hence also AF is given. To construct. Draw the tangent AD. 
On AD describe a semicircle AGD, bisect it in G ; with center A and 
radius AG, describe a circle cutting the given circle in F. Join AF and 
produce it to meet the circumference again in C. 

154. Let the chords AB, CD intersect each other in E at right 
angles. Find F the center, and draw the diameters HEFG, AFK and 
join AC, CK, BD. Then by Euc. ii. 4. 5 ; iii. 35. 

155. Let E, F be the points in the diameter AB equidistant from the 
center O ; CED any chord;- draw OG perpendicular to CED, and join 
FG, DC. The sum of the squares on DF and FO may be shewn to be 
equal to twice the square on FE and the rectangle contained by AE, E6 
by Euc. T. 47 ; n. 5 ; iii. 35. 

156. Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 

AB, AC in D and E, and join BC. Then the opposite angles oi the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. i. 36. 

157. Let the lines be drawn as directed in the enunciation. Draw 
the diameter AE and join CE, DE, BE ; then AC»+AD« and 2 . AB* 
may be each shewn to be equal to the square of the diameter. 

158. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Euc. li. 9, 
the squares on PO, OQ are readily shewn to be equal to twice the square 
on.CP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join 

AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
an4 BDPQ, and then by Euc. iii. 36. 

160. Describe the figure according to the enimciation ; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars fronii the vertex upon the bases of the tri- 
angles EAB, EAC, EAP. Whence by Euc. ii. 1 3, and theorem 3, page 
114, the truth of the property may be shewn. 

161 . If FA be the given line &g. Euc. ii. 11), and if FA be produc ed 
to C ; AC is the part produced wnich satisfies the required conditions. 

162. Let AD meet the qircle in G, H, and join BG, GC. ThenPGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each, shewn to be equal to the square on BG. 
Euc. III. 35 ; II. 5 ; i. 47. Or, if EC be joined> the quadrilateral 
figure ADCK may be circumscribed by a circle. Euc. lu. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the given one in E, and 
draw EF perpendicular to AD ; then F is the point required. 
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164. Let A6 be the given straight line. Bis,ect AB in C and on AB 
as a diameter describe a circle ; and at any point B in the circumference, 
draw a tangent BE equal to a side of the given square ; join' DC, EC, 
and with center C and radius CE describe a circle cutting AB produced 
in F. from F draw TQ to touch the circle whosiel center is C aji ■ 
the point G. r 

166. Let AD, D?! be two lines at right angles to each other, O tli$ "■ 
centre of the circle BFQ ; A any point in AD from which tangents AB, » 
AC are drawn ; then the chord BC shall always cut FD in ' th^ same ! 
.point P, wherever the ppint A is taken in AD. Join AP ; then BAG is ■ 

•n isosceles triangle, 

md FD.DE + AD« = AB« = BP .PC + AP« =BP .PC + AD' + DF. 

wherefore BP . PC = FD . DE - DP*. 
The point P, therefore, is independent of the position of the point A ; and 
is consequently the same for all positions of A in the line AJ). 

leff. The point E will be found to be that point in BC, from which 
two tangents to the circles described on AB and CD as' diameters', are 
equal, Euc. ni. 36. ' '' 

167. If AQ, A'P' be produced to meet, these lines with AA' form a 
Tight-angled triangle, then !Euc. i. 47. 
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5. Let AB be the given line. Draw through C the center of the 
given circle the diameter DCE. Bisect AB In F and join FC. Through 
A, B draw AG, BHparallel to FC and meeting the diameter in G, H : 
at G, H draw GK, HL perpendicular to DE ana meeting the circumfer- 
ence in the points K, L ; join KL; then KL is equal and parallel to AB. 

6. Trisect the circumference and join the center with the points of 
triseotion. 

7. See Euc. rv. 4, 5. 

8. Let a line be drawn from the third angle to the point of intersec- 
tion of the two lines ; and the three distances of this point from the angles 
may be shewn to be e^ual. ' • 

9. Let the line AD drawn from the vertex A of the equilatetal tri- 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined : AD is equal to DB and DC. If on DA, BE be 
taken equal to DB, and BE be joined ; BDE may be proved to be aii 
equilateral triangle, also the triangle ABE may be proved equal to the 
triangle CBD. 

The other case is when the line does not cut the base. 

10. Let a circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other triangle. 

11. The line joining the points of bisection, is parallel to the base of 
the triangle and therefore cuts off an equilateral triangle from the given 
triangle. By Euc. iii. 21 j i. 6, the truth of the theorem may be shewn. 

12.- Let a diameter be drawn, from any angle of an equilateral tri- 
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angle inscribed ia a circle to meet the circumference. It may be pxioved 
that the radius is bisected by the o^^Ktsite side of the triangle. 

13. Let ABC be an equilateral triangle inscribed in a circle, and lei 
AB'C be an isosceles triansle inscribed in the same circle, having the 
same vertex A. Draw the diameter AD intersecting BC in E, and B'C 
in. K, and let B'CT fall below BC. Then AB, BE, and AB\ WM\ are 
respeetiTely the semi-perimeters of the triangkiis. Draw BOB* perpendi* 
cular to BC, and cut off AH equal to AB, and loin BH. If BF can be 
paroTed to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of AB'C. Next let BXX fall above BC. 

14. The angles contained in the two segments of the circle, may be 
shewn to be equal, then by joining, the extremities of the arcs, the two 
temaining sides may be shewn to be parallel. 

15. It may be shewn that four equal and equilateral triang^eft will 
Ibrm an equilateral triangle of the same perimeter aa the hexagon^ which 
is formed by six equal and equQateral triangles. 

16. Let the figure be constructed. By drawing the diagonals of the 
hexagon, the proof is obviousj 

17. By Euc. I. 47» the perpendicular distance from the center of the 
circle upon the side of the inscribed hexagon may be found. 

18. The alternate sides of the hexagon will iaH upon the sides of the 
triangle, and each side will be fiyimd to be equal to one-third of the side 
of the equilateral triangle. 

19. A regular duodeoagon may be inscribed in a circle by means of 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodecagon is three times the square on the radius of the circle, 
which is the square on the side of an equilatefal triangle inscribed in the 
same circle. Theorem 1, p* 196. 

20. In general, three straight lines when produced will meet and 
form a triangle, except when all three are parallel or two parallel are 
intersected by the third. This Problem includes Euc. ly. 5^ and all the 
cases which arise from producing the sides of the triangle. The circles 
described touching a side of a triangle and the other two sides produced, 
are called the escribed circles. 

21. This is maoiifest from Euc. in. 21. 

22. The point required is the center of the circle which circumscribes 
the triangle. See the notes on Euc. m. 20, p. 155. 

23. If the perpendiculars meet the three sides of the triangle, the 
point is within the triangle, Euc. iv. 4. If the perpendiculars meet the 
base and the two sides produeed, the point is the center of the escribed 
circle. 

24. This i9 manifest from Buc. ni. 11, 18. 

25. The base BC is intersected by the perpendicular AD, and the 
side AC is intersected by the perpendicular BB. From Theorem i. p. 
160 ; the arc AF is proved equ^ to A£, or the arc FE is bisected in A. 
In the same manner the arcs FD, D£, may be shewn to be bisected in BC. 

26. Let ABC be a triangle, and let D, E be the points where the in- 
scribed circle touches- the sides AB, AC. Draw BB, CD intersecting 
each other in O. Join AO, and produce it to meet BC in F. Then F is 
the point where the inscribed circle touches the third side BC. If F be 
not the point of contact, let some other point Gr be the point of contact. 
Through D draw DH parallel to AC, and DK parallel to BC. By the 
similar triangles, CG may be proved equal to CF, or G the point of con- 
tact coincides with F, the point where the line drawn from A through O 
meets BC. 

q2 
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27. In the figure, Euc. ly. 5. Let AF bisect the angle at A, and be 
produced to meet the circumference in G. Join GB, QtC sEuid-^d the 
center H of the circle inscribed in the triangle ABC. The lines GH, GB, 
GC are equal to one another. 

28. Let ABC be any triangle inscribed in a circle, and let the per- 
pendiculars AD, BE, CF intersect in G. Produce AD to meet the cir- 
cumference in H, and join BH, CH. Then the triangle BHC may be 
shewn to be equal in lul respects to the triangle BGO, and the circle 
which circumscribes one of the triangles will also circumscribe iSae other. 
Similarly may be shewn by producing BE and CF, &c. - 

29. First. Prove that the perpendiculars Aa, B&, Ce pass throu^ 
the same point O, as Theo. 112, p. 171. Secondly. That the triaagles 
Acd, Beat Cab are equiangular to ABC. Euc. iii. 21. Thirdly. That the 
angles of the triangle abc are bisected by the perpendiculars ; and lastly, 
by means of Prob. 4, p. 71, that ab + be -^ ca is b. mimmum. 

30. The equilateral triangle can be proved to be the least trtangk 
which can be circumscribed about a circle. 

3 1 . Through C draw CH parallel to AB and join AH. Then HAC 
the diflferen ce o f the angles at the base is equal to the angle HFC. Sue. 
III. 21. and HFC is bisected by FG. 

32. Let F, G, (figure, Euc.iv. 5,) be the centers of the circumscribed 
and inscribed circles ; join GF, GA, then the angle GAF which is equal t» 
the difference of the angles GAD, FAD, may be shewn to be equal t» 
half the difference of the angles ABC and ACB. 

33. This Theorem may be stated more generally, as foUeiTrs : 

Let AB be the base of a triangle, AEB the locus of the vertex ; D the 
bisection of the remaining arc ADB of the circumscribing cirdle ; tiienthe > 
locus of the center of the inscribed circle is another circle whose center is i 
D and radius DB. For join CD : then P the center of the inscribed j 
circle is in CD. Join AP, PB ; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one anomer. ,' 

34. Let ABC be a triangle, having C a right angle, and upon AC, BC, - j 
let semicirdles be described : bisect the hypotenuse in D, and let faH DB, < 
DF perpendiculars on AC, BC respectively, and produce them to meet I 
the circumferences of the semicircles in P, Q ; then DP may be proved | 
to be equal to DQ. 

35. Let the angle BAO be a right angle, fig. Euc. iv. 4. Jcnn AD. 
Then Euc. in. 17, note p. 156. 

36. Suppose the triangle constructed, then it may be shewn that the 
difference between the hypotenuse and the sum of the two sides is eqval 
to the diameter of the inscribed circle. 

37. Let P, Q be the middle points of the arcs AB, AC, and let PC 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the , 
center O and join OP, QO. 

38. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angk 
equal to the given vertical angle. Bisect BC in D, and draw the diame- 
ter EDF : join FB, and with center F and radius FB describe a circle: 
this will be the locus of the centers of the inscribed circle (see Theor^n 
33, supra.) On DE take DG equal to the given radius of the tnsmbed 
circle, and through G draw GH parallel to BC, and meeting the leeiis ef 
the centers in H. H is, the center of the inscribed circle. 

39. This may readily be effected in almost f^ similar way to the ]Nte« 
ceding Problem. 

•40. With the given radius describe a circle, then by Euc. m, S4, 
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41. Let ABC be a triangle on the given baae BC and having its ver- 
tical angle A equal to the given angle. Then since the anele at A is 
constantr A is a point in the arc of a segment of a cirde described on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
I>A, DB, I>C: then the angles at B, C, A, are bisected. £uc. iv. 4. 
Also since the aneles of each of the triangles ABC, DBC are equal to two 
right angles, it follows that the angle BDC is equal to the angle A and 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A is given. Hence the angle BDC is known, and 
therefore D is the locus of the vertex of a triangle described on ttie base 
SC and having its vertical angle at I) double of the angle at A. 

42. Suppose the parallelogram to be rectangular and inscribed in the 
^T'en triangle and to be equ^ in area to half the triangle : it may be 
shewn that the parallelogram is equal to half the altitude of the triangle, 
and that there is a restriction to the magnitude of the angle which two 
a^acent sides of the parallelogram make with one another. 

43. Let ABC be the given triangle, and A'B'C the other triangle, to 
the sides of which the inscribed triangle is required to be parallel. 
Through any point a in AB draw a6 parallel to A3' one side of the given 
triangle and through a, b draw oc, be respectively parallel to AC, BC. 
Join Ac and produce it to meet JBC in D ; through D draw DE, DF, 
parallel to ca^ c6, respectively, and join EF. Then I)EF is the triangle 
required. 

44. This point will be found to be the intersection of the diagonals 
of the given parallelogram. 

4$. The difference of the two squares is obviously the sum of the four 
triangles at the corners of the exterior square. 

46. (I) Let ABCD be the given square: join AC, at A in AC, 
make the angles CAB, CAF, each equal to one-tlurd of aright angle, and 
join EF. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
then at P m:ike the angles as in the former case. 

47. Each of the interior angles of a regular octagon may be shewn to 
be equal to three-fourths of two right angles, and the exterior angles 
made by producing the sides, are each equu to one fourth of two right 
angles, or one -half of a right angle. 

48. Let the diagonals of the rhombus be drawn ; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

49. Let ABCD be the required square. Join O, O' the centers of the 
circles and draw the diagonal AEC cutting 00' in E. Then £ is the 
middle point of 00' and the angle AEO is half a right angle. 

60. Let the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

51. Let one of the diagonals of the square be drawn, then the isos- 
celes right-angled triangle which is half the square, may be proved to be 
greater than any other right-angled triangle upon the same hypotenuse. 

52. Take half of the side of the square inscribed in the given circle, 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at which they mt»et will be the center of the circle which circumscribes 
the octagon, and either of the bisecting linns is the radius of the circle. 

53. First shew the possibility of a circle circumscribing such a figure, 
and then determine the center of the circle. 

54. By constructing the figures and drawing lines from the center of 
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the circle to the angles of the octagon, the areas of the eight triangles 
may be easUy shewn to be equal to eight times the rectangle contained 
by the radius of the circle, and half the side of the inscribed square. 

55. Let AB, AC, AD, be the sides of a square, a regular hexagon and 
an octagon respectively inscribed in the circle whose center is O. Pro- , 
duce AC to £ making AE equal to AB ; from E draw EF touching the ' 
circle in F, and prove EF to be equal to AD. J 

56. Let the circle required touch the given cbrcle in P, and the given I 
line in Q. Let C be the center of the given circle and C that of the re- i 
quired circle. Join CC, C'Q, QP ; and let QP produced meet the ^en 
circle in K, join BC and produce it to meet the given line in Y. Then 
BCV is perpendicular to VQ. Hence the construction. 

57. Let A, B be the centers of the given circles and CD the given 
straight line. On the side of CD opposite to that on which the circles 
are situated, draw a line EF parallel to CD at a distance equal to the 
radius of the smaller circle. From A the center of the larger circle de- 
scribe a concentric circle GH with radius equal to the difference of the 
radii of the two circles. Then the center of the circle touching the 
circle GH, the line EF, and passing through the center of the smaller 
circle B, may be shewn to be the center of the circle which touches the 
circles whose centers are A, B, and the line CD. 

58. Let AB, CD be the two lines given in position and E the center 
of the given circle. Draw two lines FG, HI parallel to AB, CD req»ee- 
tively and external to them. Describe a circle passing through £ and 
touching FG, HI. Join the centers E, O, and with center O and radins 
e(][ual to the difference of the radii of these circles describe a circle; this 
will be the circle required. 

59. Let the circle ACF having the center G, be the required circle 
touching the given circle whose center is B, in the point A, and cutting 
the other given circle in the point C. Join BG, and through A draw a 
line perpendicular to BG ; then this line is a common tangent to the : 
circles whose centers are B, G. Join AC, GC. Hence the construction. 

60. Let C be the given point in the given straight line AB, and D 
the center oi the given circle. Through C draw a Ime CE perpendieultf 
to AB ; on the other side of AB, take CE equal to the radius of the givei 
circle. Draw ED, and at D make the angle EDF equal to the anjg^e 
DEC, and produce EC to meet DF. This gives the construction for one 
case, when the given line does not cut or touch the other circle. 

61. This is a particular case of the general problem ; To describe a 
circle passing through a given point and touching two straight lines 
given in position. 

Let A be the given point between the two given lines which when 
produced meet in the point B. Bisect the angle at B by BD and through 
A draw AD perpendicular to BD and produce it to meet the two given 
lines in C, E. Take DF equal to DA. and on CB take CG such that the 
rectangle contained by CF, CA is equal to the square on CG. The circle 
described through the points F, A, G, will be the circle required. De- 
duce the particmar case when the given lines are at right angles to one 
another, and the given point in the line which bisects the angle at B. U 
tiie lines are parallel, when is the solution possible ? 

62. Let A, B, be the centers of the given circles, which touch 
externally in E ; and let C be the given point in that whose center is B. 
Make CD equal to AE and draw AD ; make the angle DAG equal to 
the angle ADQ ; then G is the center of the circle required, and GG 
ita radiiiSf 
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(JS. If the three points be such as when joined by straight lines a 
triangle is formed ; the points at which the inscribed circle touches the 
Bides of the triangle, are the points at which the three circles touch one 
another. Euc. it. 4. Different cases arise from the relative position 
of the three points. 

64. Bisect the angle contained by the two lines at the point where 
the bisecting line meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe 
a circle. 

65. From the given angle draw a line through the center of the circle, 
and at the point where the line intersects the circumference, draw a 
tangent to the circle, meeting two sides of the triangle. I'he circle 
inscribed within this triangle will be the circle required. 

66. Let the diagonal AD cut the arc in P, and let O be the center i)f 
the inscribed circle. Draw OQ perpendicular to AB. Draw PE a 
tangent at P meeting AB produced in E : then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal 
to BE or DP. 

67. Suppose the center of the required circle to be found, let fall 
two perpenaiculars from this point upon the radii of the quadrant, 
and join the center of the circle with the center of the quadrant ^i>d 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two semicircles and 
the arc of the quadrant, they form a right-angled triangle which 
circumscribes the required circle. 

68. Let AB be the base of the given segment, C its middle point. 
Ijet DCE be the required triangle having the sum of the base DE and 
perpendicular CF equal to the given line. Produce CF to H making 
FH equal to DE. Join HD and produce it, if necessary, to meet AB 
produced in K. Then CK is double ofDF. Draw DL perpendicular 
toCK. 

69. From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Euc. IV. 4 ; next inscribe a circle so as to touch the two circles and the 
two equal sides of the triangle. This gives one solution : the problem 
is indeterminate. 

70. If BD be shewn to subtend an arc of the larger circle equal to 
one-tenth of the whole circumference : — ^then BD is a side of the decagon 
in the larger circle. And if the triangle ABD can be shewn to be 
inscriptible in the smaller circle, BD wm be the side of the inscribed 
pentagon. 

71. It maj be shewn that the angles ABF, BFD stand on two arcs, 
one of which is three times as large as the other. 

72. It mav be proved that the diagonals bisect the angles of the 
pentagon , and the five-sided figure formed by their intersection, may be 
shewn to be both equiangular and equilateral. 

73. The figure ABODE is an irregular pentagon inscribed in a circle ; 
it may be shewn that the five angles at the circumference stand upon 
arcs whose simx is equal to the whole circumference of the circle ; Euc. 
III. 20. 

74. If a side CD (figure, Euc. iv. 11) of a regular pentagon be 
produced to K, the exterior angle ADK of the inscribed quadnlatcrid 
figure ABCD is equal to the angle ABC, one of the interior angles of the 
pentagon. From this a construction may be made for the method of 
folding the ribbon. 
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75. In the figure, Euc. it. 10, let DC be produced to meet tlis eireum- 
ference in F, and join FB. Then FB is the side of a regular pentagon 
inscribed in the larger circle, B is the middle of the arc subtended br 
the adjacent side of the pentagon. Then the difference of FD and BD 
is equal to the radius AB. Next, it may be shewn, that FD is divided 
in the same manner in C as AB, and by Euc. n. 4, 11, the squares on 
FD and DB are three times the square on AB, and the rectangle of FD 
and DB is equal to the square on AB. 

76. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadrUateral figiu*e of which three consecutiTe sides , 
are equal. The problem is reduced to the inscription of a quadrilateral j, 
in a square. 

77. This may be deduced from Euc. iv. 1 1. i 

78. The angle at A the center of the circle (fig. Euc. it. 10.) is one- ' 
tenth of four right angles, the arc BD is therefore one-tenth of ths 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the larger circle. Produce DC to meet the circumfbrence 
in F and join BF, then BF is the side of the inscribed pentag(Hi» and AB 
is the side of the inscribed hexagon. Join FA. Then FCA may h% 
proved to be an isosceles triangle and FB is a line drawn from the 
vertex meeting the base produced. If a perpendicular be drawn from 

F on BC, the difference of the squares on FB, FC may be shewn to be 
equal to the rectangle AB, BC, (Euc. i. 47 ; ii. 5. Cor.) ; or the square 
on AC. 

79. Divide the circle into three equal sectors, and draw tangents to 
the middle points of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle. 

80. Let the inscribed circles whose centers are A, B touch each 
other in G, and the circle whose center is C, in the points D, £ ; join 
A, D ; A, E ; at D, draw DF perpendicular to DA, and EF to EB, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
circles m G whose centers are A and B. 

81. The problem is the same as to find how many equal circles m^ 
be placed round a circle of the same radius, touching this circle and 
each other. The number is six. 

82. This is obvious from Euc. iv. 7, the side of a square circmn- 
scribmg a circle being equal to the diameter of the circle. 

83. Each of the vertical angles of the triangles so formed, may be 
proved to be equal to the difference between the exterior and interior 
angle of the heptagon. 

84. Every regular polygon can be divided into equal isosceles tri- 
angles by drawing lines from the center of the inscribed or circumsmbed 
circle to the angular points of the figure, and the number of triangles 
will be equal to the number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. iv. 14) the center on Uie base CD of 
FCD, one of these triangles, and if GF be produced to H till Ffl be 
equal to FG, and HC, HD be joined, an isosceles triangle is formed, 
such that the angle at H is half the angle at F. Bisect HC, HD in K, 
L, and join KL; then the triangle HKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the vertex F. 

85. The sum of the arcs on which stand the let, 3rd, 5th, &c. angles, 
is equal to the sum of the arcs on which stand the 2nd, 4tii, 6th, &c. 
angles. 

86. The proof of this property depends on the fact, that an isosceles 
triangle has a greater area than any scalene triangle of the same perimel«r« 
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HINTS, &c. 

6. lir the figure Euc. yi. 23, let the parallelogrftms be flupposed to be 
rectangular. 

Then the rectangle AC : the rectangle DG :: BC : CG, Enc. vi. 1. 

and the rectangle DG : the rectangle CF :: CD : EC, 
whence the rectangle AC : the rectangle CP : : BC . CD : CG . EC. 
In a similar waj it may be shewn that the ratio of any two parallelo* 
gprams is as the ratio compounded of the ratios of their bases and altitudes 

7. Let two sides intersect in O, through O draw POQ parallel to 
the base AB. Then by similar triangles, PC may be proved equal to 
OQ : and POFA, QOEB, are parallelograms : whence AE is equal 
toFB. • 

8. Apply Euc. VI. 4, v. 7. 

9. Let ABC be a scalene triangle, having the vertical angle A, and 
suppose ADE an equivalent isosceles triangle, of which the side AD is 
equal to AE. Then Euc. vi. 16. 16, AC.AB = AD.AE, or AD«. 
Hence AD is a mean proportional between AC, AB. Euc. vi. S. 

10. The lines drawn making equal angles with homologous sides, 
divide the triangles into two corresponding pairs of equiangular triangles ; 
by Euc. VI. 4, the proportions are evident. 

11. By constructing the figure, the angles of the two triangles may 
easily be shewn to be respectively equal. 

12. A circle may be described about the four-sided fisure ABDC. 
By Euc. I. 13 ; Euc. iii. 21, 22. The triangles ABC, ACE may be 
shewn to be equiangular. 

13. Apply Euc. I. 48 ; ii. 5. Cor., vi. 16. 

14. This property follows as a corollary to Euc. vi. 23 : for the two 
triangles are respectively the halves of the parallelograms, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles : and this ratio is the same as the ratio of the 
rectangles by the sides. 

15. Let ABC be the given triangle, and let the line EGF cut the 
base BC in G. Join AG. Then by Euc. vi. 1, and the preceding 
theorem (14,) it may be proved that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series 
of four lines whose successive differences are equal ; the difference therefore 
between the first and the fourth, or the extremes, is treble the difference 
between the first and the second. 

17. This may be effected in different ways, one of which is the 
feUoTiing. At one extremity A of the given line AB draw AC making 
any acute an^e with AB and join BC ; at any point D in BC draw DEF 
parallel to AC cutting AB in E and such that £F is equal to ED, draw 
PC cutting AB in G. Then AB is harmonically divided in E, G. 

18. In the figiire Euc. vi. 13. If E be the middle point of AC ; then 
AE or EC is the arithmetic mean, and DB is the geometric mean, between 
AB and BC. If DE be joined and BF be drawn perpendicular on DE ; 
then DP may be proved to be the harmonic mean Detween AB and BC. 

19. In the fig. Euc. vi. 13, DB is the geometric mean between AB 
and BC, and if AC be bisected in E, AE or EC is the Arithmetic mean. 

T)ie next is the same as — To find the segments of the hypotenuse of a 
T!^t> angled triangle made by a perpendicular from the right angle 

q5 
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haying given the difference b&tween half the hypotenuse and the 
perpendicular. 

20. Let the line BF drawn from D the bisection of the base of the 
triangle ABC, meet AB in E, and CA produced in F. Also let AG 
drawn parallel to BC from the vertex A, meet DF in G. Then by means 
of the similar triangles ; DF, F£, FG, may be shewn to be in harmonic 
progression. 

21. If a triangle be constructed ou. AB so that the vertical angle is 
bisected by the line drawn to the point C. By Euc. vi. A, the point 
required may be determined. 

22. Let DB, BE, BOA be the three straight lines, iig. Euc. m. 37 ; 
let the points of contact B, E be joined by the straight Ime BC cutting 
BA in G. Then BBE is an isosceles triangle, and BG is a line from the 
vertex to a point G in the base. And two values of the square of BD 
may be found, one from Theo. 37» p. 118: Euc. in. 35; n. 2; and 
another from Euc. in. 36 ; n. 1. From these may be deduced*, that 
the rectangle BC, GA, is equal to the rectangle AB, CG. Whenee 
the, &c. 

28. Let ABCB be a square and AC its diagonal. On AC take A£ 
equal to the side BC or AB : join BE and at E draw EF perpendicular 
to AC and meeting BC in F. Then EC, the difference between the 
diagonal AC and the side AB of the square, is less than AB ; and C£, 
BF, FB may be proved to be equal to one another : also CE, EF are the 
adjacent sides of a square whose diagonal is FC. On FC take FG equal 
to CE and join EG. Then, as in the first square, the difference CG 
between the diagonal FC and the side EC or EF, is less than the side EC. 
Hence EC, the difference between the diagonal and the side of the given 
square, is contained twice in the side BC with a remainder CG : and CG 
is the difference between the side CE and the diagonal CF of another 
square. By proceeding in a similar way, CG, the (Sfference between Uie 
di&gonal CF and the side CE, is contained twice in the side CE with a 
remainder : and the same relations may be shewn to exist between the 
difference of the diagonal and the side of every square of the series which 
is so constructed. Hence, therefore, as the difference of the side and 
diagonal of every square of the series is contained twice in the side with 
a remainder, it follows that there is no line which exactly measures the 
side and the diagonal of a square. 

24. Let the given line AB be divided in C, B. On AB describe a 
semicircle, and on CB describe another semicircle intersecting the former 
in P ; draw PE perpendicular to AB } then E is the point required. 

25. Let AB be equal to a side of the given square. On AB describe 
a semicircle ; at A draw AC perpendicular to AB and equal to a fourth 
proportional to AB and the two sides of the given rectangle. Draw CB 
parallel to AB meeting the circumference in B. Join AD, BD, which 
are the required lines. 

26. Let the two given linefrmeet when produced in A. At A draw 
AB perpendicular to AB, and AE to AC, and such that AB is to Al^ in 
the given ratio. Through B, E, draw BF, EF, respectively parallel to 
AB, AC and meeting each other in F. Join AF and produce it, and 
the perpendiculars drawn from any point of this line on the two given 
lines will always be in the given ratio. 

27 . The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. A, p. 295. 

28. Let AB be the given line from which it is required to cut off a 
part BC such that BC shall be a mean proportional between the. 
remainder AC and another given line. Produce AB to B, making BD 
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equal to the other given line. On AD describe a semicircle, at B draw 
BE perpendicular to AD. Bisect BB in O, and with center O and 
radius OB describe a semicircle^ join 0£ cutting the semicircle on BD 
in F, at F draw FC perpendicular to OE and meeting AB in C. C is 
thQ point of division, such that BC is a mean proportional between 
ACandBD. 

29. Find two squares in the given ratio j and if BF be the given line 
(figure, £uc. vi. 4), draw BE at right angles to BF, and take BC, C£ 
respectively equal to the sides of the squares which are in the given ratio 
Join EF, and draw CA parallel to EF : then BF is divided in A as 
required. 

^. 30. Produce one side of the triangle through the vertex and make 
Uie part produced equal to the other side. Bisect this line, and with 
l^e vertex of the triangle as center and radius equal to half the sum oi 
tiie sides, describe a circle cutting the base of the triangle. 

31. If a circle be described about the given triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, as a diameter, this circle will cut the base in two points, and 
give two solutions of the problem. Give the Analysis. 

32. This Problem is analogous to the preceding. 

33. Apply Euc. vi. 8, Cor. ; 17. 

34. Describe a circle about the triangle, and draw the diameter 
through the vertex A, draw a line touching the circle at A, and meeting 
the base BC produced in D. Then AD shall be a mean proportionsu 
between DC and DB. Euc. m. 36. 

35. In BC produced take CE a third proportional to BC and AC ; 
on CE describe a circle, the center being O ; draw the tangent EF at 
£ equal to AC ; draw FO cutting the circle in T and T" ; and lastly 
draw tangents at T, T meetmg BC in P and P'. These points fulful the 
conditions of the problem. 

By combining the proportion in the construction with that from the 
similar triangles ABC, DBF, and Euc. iii. 36, 37 : it may be proved 
that CA.PD = CP*. The demonstration is sunilar for P'D . 

36. This property may be immediately deduced from Euc. vt. 8, Cor. 

37. Let ABC be the triangle, right-angled at C, and let AE on. . AB 
be equal to AC, also let the line bisecting the angle A, meet BC in D. 
Join DE. Tlien the triangles ACD, AED are equal, and the trianglet 
ACB, DEB equiangular. 

38. The segments cut off from the sides are to be measured from the 
right angle^ and by similar triangles are proved to be equal ; also by 
similar triangles, either of them is proved to be a mean proportional 
between the remaining segments of the two sides. 

39. First prove AC* :AD«::BC; 2. BD; then2.AC«: AD2::BC:BD, 
whence 2. AC« - AD« : AD« :: BC - BD : BD, 

and since 2. AC* - AD« = 2. AC* - (AC* + DC*) = AC* - CD*, 
the property is immediately deduced. 

40. The construction is suggested bv Euc. i. 47, ^d Euc. vi. 31. 

41. See Note Euc. vi. A. p. 296. I'he bases of the triangles CBD, 
ACD, ABC, ODE may be shewn to be respectively equal to DB, 2.BD, 
3.BD, 4.BD. 

42. (1) Let ABC be the triangle which is to be bisected by a line 
drawn parallel to the base BC. Describe a semicircle on AB, m>m the 
center I> draw DE perpendicular, to AB meeting the circumference in 
E, join EA, and with center A and radius AE describe a cirde cutting 
AB in F, the line drawn fron F parallel to BC, bisects the triangle. The 
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proof depends on Euc. yi. 19 ; 20, Cor. 2. (2) Let ABC be the triang^ 
BC bein^ the base. Draw AD at rieht angles to BA meeting the base 
pToducea in D. Bisect BC in E» and on £D describe a semicirdey firom 
B draw BP to touch the semicircle in P. From BA cut off BF equal 
to BP, and from F draw FG perpendicular to BC. The line FG bisects 
the triangle. Then it may be proved that BFG : BAD : : BE : BD, 
and that BAD : BAC :: BD : BC ; whence it follows that BFG : BAC 
: : BE : BC or as 1 : 2. 

43. Let ABC be the given triangle which is to be divided into two 
parts having a given ratio, by a line parallel to BC. Describe a semi- 
circle on AB and divide Aj3 in D m the given ratio ; at D draw DS 
perpendicular to AB and meeting the circumference in E ; with cent^ 
A. and radius AE describe a circle cutting AB in F : the line drawn 
through F parallel to BC is the line required. In the same manner 
a triangle may be divided into three or more parts having any given ratio 
to one another by lines drawn parallel to one of the sides of the triangle. 

44. Let these points be taken, one on each side, and straight lines be 
drawn to them ; it may then be proved that these points severally biseet 
the sides of the triangle. 

45. Let ABC be anv triangle and D be the given point in BC, firom 
which lines are to be drawn which shall divide the triangle into any 
number (suppose five) equal parts. Divide BC into five equal parts in 
E, F, G, H, and draw AE, AF, AG, AH, AD, and through E, F, G, H 
draw EL, FM, GN, HO parallel to AD, and join DL, DM, DN, DOr 
these lines divide the triangle into five equal parts. 

By a similar process, a triangle may be divided into any number of 
parts which have a given ratio to one another. 

46. Let ABC be the larger, abc the smaller triangle, it is required to 
draw a line DE parallel to AC cutting off the triangle DBE equal to the 
triangle abc. On BC take BG equal to be, and on BG describe the 
triangle BGH equal to the triangle abc. Draw HK parallel to BC, join 
KG ; then the triangle BGE is equal to the triangle abc. On BA, BC 
take BD to BE in the ratio of BA to BC, and such that the rectande 
contained by BD, BE shall be equal to the rectangle contained by B&, 
BG. Join DE, then DE is parallel to AC, and the triangle BDB is 
equal to abc, 

47. Let ABCD be any rectangle, contained by AB, BC, 

Then AB« : aS.BC : : AB : BC, 

andAB.BC : BC :: AB : BC, 

whence AB« : AB . BC : : AB . BC : BC*, 

or the rectangle contained by two adjacent sides of a rectangle, is a meitt 

proportional between their squares. 

48. In a straight line at any point A, make Ac equal to Ad in the 
given ratio. At A draw AB perpendicular to cAd, and equal to a side 
of the given square. On ccf describe a semicircle cutting AB in b ; and 
join be, bd ; from B draw BC parallel to be, and BD parallel to bd : then 
AC, AD are the adjacent sides of the rectangle. For, CA is to AD 
as cA to Ad, Euc. vi. 2 ; and CA. AD = AB^ CBD being a right-angled 
triangle. 

49. From one of the given points two straight lines are to be drawn 
perpendicular, one to each of any two adjacent sides of the parallelogram; 
and from the other point, two lines perpendicular in the same manner to 
each of the two remaining sides. When these four lines are drawn ti> 
intersect one another, the figure so formed may be shewn to be equi- 
angular to the given parallelogram. 



ON BOOK YI. 349 

50. It is manifest that this is the general case of Prop. 4, p. 198. 

If the rectangle to be cut off be two- thirds of the giyen rectangle ABCD. 

Produce BC to £ so that BE may be equal to a side of that square 
"which is equal to the rectangle required to be cut off; in this case, equal 
to two-thirds of the rectangle ABCD. On AB take AF equal to AD or 
SC; bisect FB in G, and with center G and radius GE, describe a 
selnicircle meeting AB, and AB produced, in H and E. On CB take 
CL equal to AH and draw HM, LM parallel to the sides, and HBLH 
is two-thirds of the rectangle AJBCD. 

51. Let ABCD be the parallelogram, and CD be cut in P and BC 
produced in Q. By means of the similar triangles formed, the property 
may be proved. 

62. The intersection of the diagonals is the common vertex of two 
triangles which have the parallel sides of the trapezium for their bases. 

53. Let AB be the given straight line, and U the center of the given 
circle ; through C draw the diameter DCE perpendicular to AB. Place 
in the circle a line FG which has to AB the given ratio ; bisect FG in 
H, join CH, and on the diameter DCE, ti^e CK, CL each equal to- 
CH ; either of the lules drawn through K, L, and parallel to AB is 
the line required. 

54. Let C be the center of the circle, CA, CB two radii at right angles 
to each other ; and let DEFG be the Ihie required which is trisected in 
the points E, F. Draw CG perpendicular to DH and produce it to meet 
the circumference in K ; draw a tangent to the circle at K : draw CG, 
and produce CB, CG to meet the tangent in L, M, then MK may be 
•hewn to be treble of LK. 

65, The triangles ACD, BCE are similar, and CF is a mean propor- 
tional between AC and CB. 

66. Let any tangent to the circle at E be terminated by AD, BC 
tangents at the extremity of the diameter AB. Take O the center of the 
circle and join OC, OD, OE ; then ODC is a right-angled triangle and 
0£ is the perpendicular from the right angle upon the hypotenuse. 

57. This problem only differs from problem 59, infra, in having the 
given point without the given circle. 

58. Let A be the given point in the circimiference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to 
BD in the given ratio : from D draw a line to touch the circle in E, 
which is the point required. From A draw AF perpendicular to DE, 
and cutting the circle in G. 

59 Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that BA is to AD in the given ratio. 
.Toin AC and produce it to meet the circumference in E, F. Then EF 
i^t a diameter. Draw BG, DH perpendicular on EF : then Uie triangles 
BGA, DHA are equiangiilar. Hence the construction. 

60 Through £ one extremity of the chord £F,let a line be drawn 
parallel to one diameter, and intersecting the other. Then the three 
angles of the two triangles may be shewn to be respectively equal to one 
another. 

6 1 . Let AB be that diameter of the given circle which when produced 
is perpendicular to the given line CD, and let it meet that line in C ; and 
let P be the given point : it is reqiured to find D in CD, so that DB 
may be equal to the tangent DF. Make BC : CQ :: CQ : CA, and join 
PQ ; bisect PQ in E, and draw ED perpendicular to PQ meeting CD in 
D ; then D is the point required. Let O be the center of the circle, draw 
the tangent DF ; and join OF, OD, QD, PD. Then QD may be shewn 
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to be equal to BF and to DP. When P roincidetf with Q, ony poixitD 
in CD ^Ifils the conditions of the problem ; that ia* there are innume- 
rable solutions. 

62. It may be proved that the vertices of the two triangles which are 
similar in the same segment of a circle, are in the extremities of a chord 
parallel to the chord of the given segment. 

63. For let the circle be described about the triangle EAC, then by 
the converse to Euc, iii. 32 ; the truth of the proposition is manifest. 

64. Let the figure be constructed, and the similarity of the two tri- 
angles will be at once obvious from Euc in. 32. ; Euc. i. 29. 

65. In the arc AB (fig. Euc. iv. 2) let any point K be taken ^ and 
from K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec- J 
tively, produced if necessary, also let LM, LN be joined, then MLN may ^ 
be shewn to be a straight line. Draw AK, BK, CK, and by Euc. in. 31, i 
22, 21 ; Euc. i. 14. [ 

66. Let AB a chord in a circle be bisected in C, and DE, FG two ' 
chords drawn through C; also let their extremities DG, FEbe joined ' 
intersecting CB in H, and AC in K ; then AK is equal to HB. Through . 
H draw MHL parallel to EF meeting FG in M, adA DE produced in L. 
Then by means of the equiangular triangles, HC may be proved to be 
equal to CK, and hence AK is equal to HB. 

67. Let A, B be the two given points, and let P be a point in the 
locus so that PA, PB being joined, PA is- to PB in the given ratio. Join ; 
AB and divide it in C in the given ratio, and join PC. Then PC bisects ] 
the angle APB. Euc. vi. 3. Again, in AB produced, take AD to AB : 
in the given ratio, join PD and produce AP to E, then PD bisects the 
angle BPE. Euc. vi. A. Whence CPD is a right angle, and the point? i 
lies in the circumference of a circle whose diameter is CD. i 

68. Let ABC be a triangle, and let the line AD bisecting the vertical I 
angle A be divided in E, so that BC : BA+ AC*: : AE : ED. By Euc. J 
VI. 3, may be deduced BC : BA+AC ;: AC : AD, Whence may be 
proved that CE bisects the angle ACD, and by Euc. iv. 4, that E is the ■ 
center of the inscribed circle. 

69. By means of Euc. iv. 4, and Euc. vi. C. this theorem may be 
shewn to be true. , ■ 

70. Divide the given base BC in D, so that BD may be to DC in the ' 
ratio of the sides. At B, D draw BB', DD' perpendicular to BC and 
equal to BD, DC respectively. Join B'D' and produce it to meet BC 
produced in O. With center O and radius CD, describe a circle. From 
A any point in the circumference join AB, AC, AO. Prove that AB is f, 
to AC as BD to DC. Or thus. If ABC be one of the triangles. Divide • 
the base BC in D so that BA is to AC as BD to DC. Produce BC and ' 
take DO to OC as BA to AC : then O is the center of the circle. 

71. Let ABC be any triangle, and from A, B let the perpendiculars 
AD, BE on the opposite sides intersect in P : and let AF, BG drawn to 
F, G the bisections of the opposite sides, intersect in Q. Also let FR, 
GR be drawn perpendicular to BC, AC, and meet in K : then R is the 
center of the circumscribed circle. Join PQ, QR ; these are in the 
same line. 

Join FG, and by the equiangular triangles, GRF, APB, AP is 
proved double of Fk. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, KFQ are 
equiangular. 

72. Let C, C be the centers of the two circles, and let CC the line 
joining the centers intersect the common tangent PP' in T. Let the 
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line joining the centers cut the circles in Q, Q', and let PQ, P'Q' be 
joined ; then FQ is parallel to FQ'. Join CP, C'F, and then the angle 
QPT m^ be proved to be equal to the alternate angle QTT. 

73. liet ABC be the triangle, and BC its base ; let the circles APB» 
APC be described intersecting the base in the point F, and their 
diameters AD, AE, be drawn ; then DA : AE : : BA : AC. For join 
BB, DF, £F, EC, the triangles DAB, EAC may be proved to be sim&ar. 

74. If the extremities of the diameters of the two circles be joined 
by two straight lines, these lines may be proved to intersect at the 
point of contact of the two circles ; and the two right-angled triangles 
thus formed may be shewn to be similar by Euc. in. 34. 

75. This follows directly from the similar triangles. 

76. Let the figure be constructed as in Theorem 4, p. 150, the tri- 
angle EAD being right-angled at A, and let the circle inscribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectivdy. 
Then AK is eoual to AL, each being equal to the radius of the inscribed 
circle. Also AB is equal to GC, and AB is half the perimeter of the tri- 
angle AED. 

Also if GA be joined, the triangle ADE is obviously equal to the 
difference of AGDE and the triangle GDE, and this difference may be 
proved equal to the rectangle contained by the radii of the other two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the right angles 
in each triangle, and to the points where the circles touch these sides. 
Euc. VI. 4. 

78. Let A, B be the two given points, and C a point in the circum- 
ference of the given circle. Let a circle be described through the points 
JLf B, C and cutting the circle in another point D. Join CD, AB, and 
produce them to meet in E. Let EF be drawn touching the ^iven 
circle in F ; the circle described through the points A, B, F, will be 
the circle required. Joining AD and CB, by Euc. in. 21, the tri- 
angles CEB, AED are equiangular, and by Euc. vi. 4, 16, in. 36, 37, 
the given circle and the required circle each touch the line EF in the 
same point, and therefore touch one another. When does this solution 
faU ? 

Various cases will arise accorduig to the relative position of the two 
points and the circle. 

79. Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BC, 
meeting ihe circumference in E, F. Join AF, and take FG to the 
diameter F£, as FC is to FA. The circle described passing through the 
two points A, G and touching the Une BC in B is the circle required. 
Let H be the center of this circle ; join HB, and BF cutting the 
circumference of the eiven circle in 11, and join EK. Then the tri- 
angles FBC, FKE bemg equiangular, by Euc. vi. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DK, KH be joined, DKH 
may be proved to be a straight line : — the straight line which joins the 
centers of the two circles, and passes through a common point in their 
circumferences. 

80. Let A be the given point, B, C the centers of the two given 
circles. Let a line drawn llirough B, C meet the circumferences of 
the circles in G, F; E, D, respectively. In GD produced, take the 
point H, so that BH is to CH as the radius of the circle whose cenlet 



35S GEOMETRICAL EXERCISES, &C. 

is B to the radius of the circle whose center is C. Join AH, and take 
KH to DH as GH to AH. Through A, K describe a circle ALK toncii- 
in^ the circle whose center is B, in L. Then M may be proved to be a 
point in the circumference of the circle whose center is C. For by join- 
ing HL and producing it to meet the circumference of the circle Timose 
center is B in N ; and joining BN, BL, and drawing CO parallel to BL, 
and CM parallel to BN, the une HN is proved to cut the circumference 
of the circle whose center is B in M, O ; and CO, CM are radii. By 
joining GL, DM, M may be proved to be a point in the circumference 
of the circle ALK. And by producing BL, CM to meet in P, P is 
proved to be the center of ALK, and Br joining the centers of the two 
circles passes through L the point of contact. Hence also is shewn that 
PMC pfisses through M, the point where the circles whose centers are P 
and C touch each other. 

Note. If the given point be in the circumference of one of the cirdeSt ' 
the construction may be more simply effected thus : 

Let A be in the circumference of the circle whose center is B. Join 
B A, and in AB produced, if necessary, take AD equal to the radius of the ' 
circle whose center is C ; join DC, and at C make the angle DCE equal to 
the angle CDE, the point E determined by the intersection of DA pro* 
duced and CE, is the center of the circle. 

81. Let AJ3, AC be the given lines and P the given point. Then if 
O be the center of the required circle touching AB, AC, in K, S, the line * 
AO will bisect the given angle B AC. Let the tangent from P meet the 
circle in Q, and draw OQ, OS, OP, AP. Then there are given AP and 
the angle OAP. Also since OQP is a right angle, we have OP*— QO* 

= 0P* — OS*=PQ* a given magnitude. Moreover the right-angled tri- 
angle AOS is given in species, or OS to OA is a given ratio. Whence 
in the triangle AOP there is given, the angle AOP, the side AP, • 
and the excess of OP^ above the square of a line having a given . 
ratio to OA, to determine OA. Whence the construction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the cen- ' 
ter of the given circle, and let the required circle touch the line AB, and | 
have its center in BD. Draw CFE perpendicular to HB intersecting the . 
circumference of the given circle in F, and produce CE, making EF j 
equal to the radius CF. Through G draw GK parallel to AB, and ; 
meeting DB in K. Join C£, and through B, draw BL parallel to KC, 
meeting the circumference of the circle whose center is C in L ; join * 
CL and produce CL to meet BD in O. Then O is the center of the 
circle required. Draw OM perpendicular to AB, and produce EC to 
meet BD in N. Then by the similar triangles, OL may be proved 
equal to OM. ! 

83. (1) In every right-angled triangle when its three sides are in 
Arithmetical progression, they may be shewn to be as the numbers 5, 4, 
3. On the given line AC describe a triangle having its sides AC, AD, 
DC in this proportion, bisect the angles at A, C by AE, CE meeting in E, 
and through E draw EF, EG parallel to AD, DC meeting in F and G. 

(2) Let AC be the sum of the sides of the triangle, tig. Euc. vi, 13. 
Upon AC describe a triangle ADO whose sides shall be in continued 
proportion. Bisect the angles at A and C by two lines meeting in 
E. From E draw EF, EG parallel to DA, DC respectively;. 

84. Describe a circle with any radius, and draw within it the straJ^ht 
line MN cutting off a segment containing an angle equal to the mrm 
angle. Euc. in. 34. Divide MN in the given ratio in P, and at P ctpav 
PA perpendicular to MN and meeting the circumference in A» Jo&> 
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AM, AN, and on AP or AP produced, take AD equal to the siTen per- 
pendicular, and through D draw BO parallel to MN^ meeting AM, AH* 
or these lines produced. Then ABC shall be the triangle required. 

85. Let PAQ be the given angle, bisect the angle A by AB, in 
AB find D the center of the inscribed circle, and draw DC perpen- 
dicular to AP. In DB take DE such that the rectangle D£, DC is 
equal to the given rectangle. Describe a circle on D£ as diameter 
mejetmg AP in F, G ; and AQ in F, G'. Join FG', and AFG' will 
be the trian^e. Draw DH perpendicular to FG' and join G'D. 
By Euc. VI. C, the rectangle FD, DG' is equal to the rectangle £D, 
DK or CD, DE. 

86. On any base BC describe a segment of a circle BAC containing 
an angle equal to the given angle. From D the middle point of BC draw 
DA to make the given anple ADC with the base. Produce AD to E so 
that AE is equal to the given bisecting line, and through E draw FG 
parallel to BC. Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB be the given base, ACB the segment containing the 
Tertical angle ; draw the <uameter AB of the circle, and divide it m E, 
in the fl^ven ratio ; on AE as a diameter, describe a circle AFE ; and with 
center B and a radius equal to the given line, describe a circle cutting 
AFE in F. Then AF being drawn and produced to meet the circum- 
scribing circle in C, and CB being joined, ABC is the triangle required. 
For AF is to FC in the given ratio. 

89. The line CD is not necessarily parallel to AB. Divide the base 
AB in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point £ in CD can be determined such that when AE, CE, 
EB, are joined, the angle AEB is bisected by CE, the problem is solved. 

90. Let ABC be any triangle having the base BC. On the same 
base describe an isosceles triangle DBC equal to the given triangle. 
Bisect BC in E, and join DE, also upon BC describe an equilateral 
triangle. On FD, FB, take EG to EH as EF to FB : also take £K 
jqual to EH and join GH, GK; then GHK is an equilateral triangle 
equal to the triangle ABC. 

91. Let ABC be the required triangle, BC the hypotenuse, and 
FELKG the Inscribed square : the side H£ being on BC. Then BC may 
be proved to be divided in H and K,. so that HK is a mean proportional 
between BH and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one 
of the given lines, through A draw AE j^arallel to BC. From B draw 
BE to meet AE in £, and such that BE is a fourth proportional to BC, 
BD, and the other given line. Join £C, produce BE to F, making BF 
equal to the other given line, and join FD : then FBD is the triangle 
required. 

93. By means of Euc. vi. C, the ratio of the diagonals AC to BD 
may be found to be as AB . AD + BC . CD to AB .BE + AD .DC, 
figure, Euc. vi. D. 

94. This property follows directly from Euc. vi. C. 

95. Let ABC be any triangle, and DEF the given triangle to which 
the inscribed triangle is required to be similar. Draw any line de 
terminated by AB, AC, and on de towards AC describe the tnangle def 
similac to DEF, join B/, and produce it to meet AC in F. Through F 
draw FD' parallel to fd, F'E' parallel to /«, and join D'E', then the 
triangfe D'EF is similar to DBF. 
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96. The fiqttare inscribed in a right-angled triangle whicH has one 
of its sides coinciding with the hypoteniuse, may be shewn to be less than 
that which has two of its sides coinciding with the base and perpendicular. 

97. Let BCDE be the square on the side BC of the isosceles triangle 
ABC. Then by Euc. vi. 2, FG is proved paraUel to ED or BC. 

98. Let AB be the base of the sep^ment ABD, £lg. Euc. in. 30. 
Bisect AB in C, take any point E in AC and make CF equal to CE: 
upon BF describe a square EFGH : from C draw CG and produce i^ to 
meet the arc of the segment in K. 

99. Take two points on the radii equidistant from the center, and 
on the line joining these points, describe a square ; the lines drawn from 
the center througn the opposite angles of the square to meet the circular 
arc, will determine two points of tne square inscribed in the sector. 

100. Let ABCDE be the giyen pentagon. On AB, AE take equal 
distances AF, AG, join FG, and on FG describe a square FGKH. 
Join AH and produce it to meet a side of the pentagon in L. Dnnr 
LM parallel to FH meeting AE in M. Then LM is a side of the 
inscribed square. 

101. Let ABC be the giyen triangle. Braw AD making with the 
base BC an angle equal to one of the giyen angles of the parallelogram. 
Draw AE parallel to BC and take AD to AE in the giyen ratio of the 
sides. Join BE cutting AC in F. 

102. The locus of the intersections of the diagonals of all the 
rectangles inscribed in a scalene triangle, is a straight line drawn from ihe 
bisection of the base to the bisection of tiie shorter side of the triangle. 

103. This parallelogram may be proyed to be a square. 

104. Analysis. Let ABCD be the given rectangle, and EFGH that 
to be constructed. Then the diagonals of EFGH are equal and bisect 
each other in P the center of the giyen rectangle. About EPF describe 
a circle meeting BD in K, and join KE, KF. Then since the rectangle 
EFGH is given in species, the angle EPF formed by its diagonals is 
given ; and hence also the opposite angle EKF of the inscribed quadri- 
lateral PEEF is given. Also since KP bisects that angle, the angle 
PKE is given, and its supplement BKE is given. And in the same way, 
EF is parallel to another given line ; and hence EF is parallel to a third 
given Ime. Again, the angle EPF of the isosceles triangle EPF is given ; 
and hence the quadrilateral EPFE is given in species. 

105. In the figure Euc. ni. 30 ; from C draw CE, CF makins with 
CD, the angles DCE, DCF each equal to the angle CDA or CDB, and 
meeting the arc ADB in E and F. Join EF, the segment of the circle 
described upon EF and which passes through C, will be similar to ADB. 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius ; and five times the square inscribed in 
the semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square wilih 
segments of the sides of tiie given triangle, may be proved to be simHai. 
Whence by Euc. vi. 4, the truth of the property. 

108. Byconstru cting the figure, it may be shewn that twice the 
square inscribed in the quadrant is equal to the square on the radios, ■ 
and that five times the square inscribed in the semicircle is equal to four 
times the square on the radius. Whence it follows that, &o. 

109. By Euc. i. 47, and Euc. vi. 4, it may be shewn, that four times 
the square on the radius is equal to fifteen times l^e square on one of the ' 
equal sides of the triangle. 

110. Constructing the figure, the right-angled triangles SCT, AGB 
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may be proved to haye a certain ratio, ahd the trianglee ACB, GPM in 
tlie same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the arc of 
a quadrant. Bisect BAG by A£, and draw through l), the line HDGP 
perpendicular to AB at G, and meeting AB, AC, produced in H, P. 
From H draw HM to touch the circle of which BC is a quadrantal arc ; 
produce AH, making HL equal to HM, also on HA, take HK equal to 
fiM. Then K, L, are the points of contact of two circles through D 
"wliich touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the 
radius of the circle which touches BA, BC in f , £^ ; and similarly, AL 
is the radius of the circle which touches them in L, L'. Also, HAP 
being an isosceles triangle, and AD drawn to the base, AD' is shewn 
to be equal to AK . KL. Euc. iii. 36 ; ii. 6, Cor. 

112. Let E, F, G be the centers of the circles inscribed in the triangles 
ABC, Ai)B, ACD. Draw EH, FK, GL perpendiculars on BC, B A, AC 
respectively, and join CE, EB ; BF, FA ; CG, GA. Then the relation 
between B, r, r', or EH, FK, GL may be found from the similar triangles, 
and the property of right-angled triangles. 

113. The two hexagons consist each of six equilateral triangles, and 
tbe ratio of the hexagons is the same as the ratio of their equilateral 
triangles. 

114. The area of the inscribed Equilateral triangle may be proved to 
be equal to half of the inscribed helagon, and the circumscribea triangle 
equal to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the 
same number of similar triangles. Euc. vi. 19. 

116. Let the sides AB, BC, CA of the equilateral trian^e ABC touch 
the circle in the points D, E, F, respectively. Draw AK cutting the 
circumference in G ; and take O the center of the circle and draw OD : 
draw also HGK touching the circle in G. The property may then be 
■hewn by the similar triangles AHG, AOD. 
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,26. 

168 Sid. ,46. Mag. ,58. 

159 Cai ,37. 

160 Emm. ,32. Qu. 
,oo. ,59. C/. O. 
,36. ,59. Mag. ,39. 
B. S. ,47. 

161 Trin. ,21. ,60. 

162 Jes. 36. 
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INBBX. 



EXERCISES ON BOOK H, p. 113, ftc 



) S.H. ,14. ,50. Joh. 

,18. Trin. .35. Chr. 

,66. 
2 Joh. ,17. 
8 8. H. ,16. ,59. Trin. 

,27. .30. .37. ,47. 

,48. Mag. .31. .43. 

Pet. .29. .38. Sid. 

,34. Emm. ,21. ,27. 

,37. .44. Cal ,43. 

Qu.,87. T.H. ,56. 

4 Emm. ,34. Pem. 
,46. Mag. ,51. 

5 S.H.,03. Joh., 18. 
Qu. ,21. Trin. ,37. 
Sid. .42. Chr. ,45. 
.46. .48. 

6 Pet. ,52. 

7 Pet. ,58. 

8 Jes. .54. 

9 S. H. .50. 

10 Cai. .58. 

11 Jes. .53. 

12 Pet. ,25. 

13 Chr. ,40. 

14 Trin. .42. 

15 Pet. .37. 

16 T. H. .40. ,54. 

17 Qu. .37. 

18 S. H. ,38. 

19 Chr. .48. ,54. Jee. 
.48. Sid. ,49. Pet. 
t66, Pem. .58. 



20 Emm. ,56. 
21 

22 Qu. ,50. 

23 Qu. ,24. 

24 Chr. .49. 

25 S.H.,10.,04. Trin. 

29. 

26 Pet ,43. 

27 Chr. ,49. 

28 Qu. ,55. 

29 Qu. ,57. 

30 Qu. ,51. 

31 Mag. ,57. 

32 Cai. ,59. 

33 Chr. ,57. 

34 Cai. ,44. 

35 Joh. .44. 

36 Trin. ,49. Cai. .57. 

37 Joh. ,13. Emm. 
.25. .36. Trin. ,32. 
Mag. ,33. .40. Pet. 
.52. S. H. ,53. 

38 Joh. ,21. S. H. 
,50. Pet. ,54. 

39 Joh. ,25. 

40 Cai. ,42. 

41 S. H. ,58. 

42 T. H. ,58. 

43 Joh. .26. Jes. ,37. 
Mag. .42. 

44 Pet. ,44. 



45 Emm. ,23. ,26. ,28 
,43. ,51. Trin. ,27. 
,44. ,49. ,50. Pet. 
,30. Mag. .33. ,43. 
,46. ,52. B. S. ,38. 
C. C. ,51. Cair. 
,41. ,47. ,50. 

46 Emm. ,28. Sid. 
,33. C C ,39. 

47 Joh. ,19. Qu. ,29. 
,30. ,48. 

48 Chr. ,30. Emm. 
,36. S. H. ,4S. 
Cath. ,52. 

49 S. H. ,07. T. H. 
,44. Pem. ,52. Joh. 
,41. Trin. ,63. 
Emm. ,52. S. &> 
,59. 

50 Emm. ,28, ,46. 
Trin. 32. Pem. ,47. 

51 Chr. ,51. 

52 Pet. ,53. 

53 CaL,28. 
54 

65 
56 

57 Jes. ,58. 

58 S. H. ,59. 



EXERCISES ON BOO:^ UI, p. 160, &c. 



1 Chr. ,28. S. H. ,36. 
.59. Cai. ,44. 

2 QU..23. T.H. .54. 
Mag. 53. 

3 Trin. ,27. 

4 Mag. ,53. 

5 S. H. .04. Sid. ,41. 

6 Trin. .19. ,23. Qu. 
,21., 22. Pem. ,30. 
,39. Sid. .36. Pet. 
,31. Emm. .34, ,42. 
,44. T. H. 54. 

7 Emm. .22. Pem. 
.36. Joh. 57. S. H. 
,53. 

8 Pet. .29. Cla, ,46. 



9 
10 
11 
12 
13 
14 
15 
16 
17 
18 



19 
2Q 



Qu. ,56. 
Mag. ,46. 
Mag. ,47. 
S. S. ,43. 
S. H. ,48. 
Cath. ,53. 



Joh. ,57. 

Trin. .19. Sid. ,33. 

Cai. ..34. Emm.. 34. 

Qu. .36. S. H. ,53. 

Chr. ,56. Joh. ,57. 

.58. 

Emm. ,24. 

C C..42. 



21 Joh. ,21. 

22 Trin. ,52. 
,58. 

23 Joh. ,17. 
^ Joh. ,21. 

25 Chr. ,27. 

26 S. H. ,48. 

27 Pet. ,47. 

28 S. H. ,49. 

29 Trin. ,39. 
SO Emm. ,54. 

31 S. n. ,53. 

32 S. H. .59^ 

33 Qu. .57* 

34 Pet. ,55. 



T. H. 



INDEX. 
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33 Trin. ,30. ,39 a G. 

,35. ,45. Smnu ,37. 

Ciir.,39. Peni.,40- 
36 Sid. ,36. 

57 Joh. ,30. 

58 Job. ,20. Emn^. ,26. 

39 Cath. ,31. 

40 Qu. ,36. 

41 Jbh. ,23- Qu. ,36. 
42. Emm. ,66, 

^S TmiT ,57. 

44 

4o Qu. ,58. 

46 Pem. ,45. 

47 S H.,U. Qa. ,20. 
,32. Job. ,25. 
Emm.,32.Clu:. ,45. 
Cai. ,44. 

48 Pet. ,56. 

49 Trin. ,57. 

60 Trin. ,34. 

61 Cai. ,32. ,4X. 

52 Emm. ,21. Pem. 

,32. Cla. ,36. Cai. 

,45. 
63 S. H. ,53. 
54 Cla. ,56. 

66 S. H. t55» 

56 Cla. ,66. 

57 Emm. ,57. 
68 Trin. ,43, 
69 

60 Trin. ,11, 

61 Qu. ,36. 

62 Cai. ,44. 

63 Jes. ,33. 
^4, Job. ,22. 
6-5 S. H. ,29. 

de Job. ,42. Chr. ,53. 

67 S. H. ,26. 

68 Cai. ,43. Emm. 44. 

69 Job. ,14. Cbr. ,26. 
C. C. ^55, 

70 Trin. ,29. Sid. ,46. 
S. H. ,50. 

71 Jes. ,58. 

72 Cbr. ,48. Sid. ,62. 
73. Trin. ,39. 

74 S.H. ,36. Jes. ,67. 
76' S.H. ,02. Pem. ,S2. 
T. H. ,44. 

76 Trin. ,46. 

77 S. H. ,04. ,69. 

78 Pet. ,39. Emm. ,66. 
7i Job. ,30. Cai. ,36. 

Cla. ,46. 



80 Trin. ,86. 

81 S, Q. ,59. 

82 Ki. ,50. 

83 S. H. ,03. Qu. ,22. 
Emm. ,27. Sid. ,30. 
Catb. ,30. ,35. 
Mag. ,34. ,37. ,45. 
B.S.,39.,43. C.C. 
,57. 

84 Pet. ,37. 
Bo Qu. ,33. 

86 Job. ,47. 

87 Cai, ,48, 
88 

89 Job. ,19. Qu. ,26. 

90 S. H. ,58. 

91 Qu. ,52. 

92 Qu. ,39. Pem. ,43. 

93 Job. ,30. 

94 Trin. ,24. 

95 Qu. ,54. 

96 Job. ,17. 

97 Sid. ,36. Pem. ,42. 

98 Qu. ,38. 

99 Cai. ,31. 

100 S.H. ,48. Qu.,67. 

101 S. H. ,50. Qu. 
,64. Pem. ,60, 

102 Cai. ,47. 

103 Cai. ,40. 

104 Emm. ,56. ,67. 

105 T. H. ,68. 

106 Pet. ,62. 

107 Cai. ,39. Jes. ,26. 
C C ,38. 

108 Pet.,39.Pem.,46. 

109 Cbr. ,40. 

110 Trin. ,29. ,32. ,38. 
S. H. ,08. Pet. 
,19. ,20. ,21. Qu. 
,20. ,28. Mag. ,30. 
B.S.,39. Cbr.,61. 

111 S. H. ,49. 

112 Job. ,81. 

113 Emm. ,28. 

114 Job. ,26. 
116 S.H.,20.Trin.,22. 

,25. Mag.,37.Qu. 
,39. 

116 S. H. ,03. 

117 Trin. ,20. 

118 Jes. ,64. 

119 Cai. ,51. 

120 Cai. ,37. 

121 Cai. ,42. 

122 Cai. ,36. 



123 Pet. ,48, Job. ,68. 

124 Qu. ,64. 

125 Pet. ,52. 

126 Trin. ,42. 
127 

128 S.H. .04. Job. ,16, 
Qu. ,20. ,35. ,29. 
Trin. ,22. ,23 Pet. 
,31. B.S. ,30.,3f4 

L29 Pet. ,43. 

130 Trin. ,33. 

31 Pem. ,44. 

[32 Trin. ,20. 

133 Sid. ,35. 

34 T. H. ,68. 

135 Qu. ,49. 

136 Qu. ,64. 

37 Job. ,68. 

38 Emm. ,47. 

39 Jes. ,49. 

140 Job. ,41. ,42. ,49. 

141 Qu. ,33. 
L42 Job. ,20. 

143 Job. ,26. T. H. 
,66. 

144 T. H. ,68. 
i46 S. H. ,48. 

146 Catb. ,68. 

147 T. H. ,64. 

148 Cla. 
L49 

L50 Jes. ,56. 

151 Mag. ,49. 

152 Job. ,18. ,19. Qu. 
,26. ,39. Mag.,29» 
Emm. ,30. Pem. 

44. 

163 Mae. ,36. 

164 Catb. ,30. 

165 Job. ,34, 

166 Trin.,26. Pem.,34. 

157 C. C. ,46. 

158 Job. ,35. 

159 Trin.,38. Job.,19. 
Chr. ,39. Jes. ,43. 
S.H. ,42. T. H. 
,63. 

160 Jes. ,38, C.C. ,38.. 

161 Jes. ,44. 

162 C. C. ,33. 

163 Pet. ,32. 

164 C. C. ,25. B. S. 
,28. Mag. ,45. 

165 Catb. ,30. 

166 Job. ,36 

167 C. C. ,39. 
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IKDBX. 



EXERCISES ON BOOK IV, p. 196, &c. 



1 S.H.,08.,12. Chr. 
,33. Pet. ,34. ,38. 
Trin. ,49. 

2 Qu. ,20. Emm. ,27. 
Cath.,34. Trin. ,44. 
Jes. ,46. Ei. 37. 
Joh. ,67. 

5 Qu. ,20. ,30. ,34. 
Trin.,29. Emm.,30. 
C. C. }35. S.S. ,36. 
Pem. ,40. ,48. ,52. 
Jes. ,52. 

4 Joh. ,16. Pet. ,36. 

6 Trin. ,31. 

6 Emm. ,24. QVl. ,32. 

7 Trin. ,37. Jes. ,47. 
8 

9 Trin. ,23. Sid. ,39. 
,47. Qu. ,41. C. C 
,46. 
10 Chr. .27. 
U S. H.,16. Qu. ,20. 
.27. O.C. ,28. Joh. 
39 
12 Joh. ,29. 
18 S.H.,13. Trin.,22. 

14 S. H. ,38. 

15 Chr. ,45. 

16 Cai.,38. 

17 Cai. ,36. 

18 Joh. ,23. 

19 Trin. ,21. Chr. ,30. 
.34. 

20 Trin. ,44. ,48. 

21 Cai. .42. 

22 Cai. .32. 

23 Mag. ,35. 

24 Joh. .22. 

25 Trin. ,30. S.H. ,36. 



26 Pem. ,29. C.C. ,41. 

27 Pem. ,31. 

28 Joh. ,42. 

29 Jes. ,33. 

30 Trin. ,41. 

31 Qu.,20. 

32 Joh. ,30. 

33 Joh. ,3L 

34 Pem. ,29. ,36. 

35 S.H.,13. Qu.,19. 
Emm. ,21. ,33. B.S. 
,26. Cai. ,35. Pem. 
,36. 

36 Jes. ,31. 

37 Trin. ,40. 

38 Joh. ,18. 

39 Joh., 17. Trin. ,36. 

40 Pet. ,26. 

41 Qu. ,31. 

42 Pet. ,43. 

43 Joh. ,26. 

44 Trin. ,29, 

45 Cai. ,37. 

46 Trin. ,26. Qu. ,32. 
Chr. ,40. Pem.,49. 

47 Trin..23. Emm.,23. 
.32. ,36. 

48 Emm.,21.Trin.,36. 
Pem. ,42. 

49 Chr. ,26. ,42. 

60 Emm ,21. ,26. ,40. 
,45. Chr. ,39. Pet. 
.35. B. S. .41. 

61 Cai. ,38. Jes. 49. 

62 Trin. ,21. 
53 Emm. ,24. 

64 Joh. ,18. Jes. ,49. 
56 Pet. ,25. 
66 Trin. ,37. 



67 Trin. ,23. Qu. 

68 Qu. ,21. ,26. ,\ 
69 

60 Emm ,25. Mag< 

61 Qu. ,26. 

62 Cai. 33. B. S. 

63 Joh. ,14. ,16. ,j 
S. H. ,44. 

64 Sid. ,29. Qu. , 

65 Trin. ,31. 

66 C. C. ,38. 

67 Chr. ,32. 

68 C. C. ,44. 

69 Qu. ,44. 

70 Cath.,30. Mag., 
,37. 

71 Cai. ,40. 

72 Sid. ,38. Trin. ; 

73 Cai. ,41. 

74 Trin. ,33. 

75 C. C. ,24. 

76 Trin. 22. B.S.,J 

77 Pem. ,36. 

78 Trin. ,36. 

79 Jes. ,19. Trin.,1 
,25. ,27. Qu. ,i 
Pem. .37. Mag.,* 

80 Qu. ,31., 40. 
Trin. ,42. 

81 Jes. ,38. 

82 Trin. ,27. Mag. ,4' 

83 Cai. ,38. 

84 Trin. ,19. 
86 Trin. ,24. 

86 Joh. ,26. 

87 S.H. ,03. Trin.,1 
,30. Qu. ,31. ,« 
Cai. ,35. 



EXERCISES ON BOOK VI, p. 302, &c. 



1 Qu. ,38. Jes. ,46. 

2 C. C. ,31. 

3 Jes. ,19. Trin. ,32. 

44. 

4 Qu! ,23. Sid. ,84. 
C. C. ,40. 

5 Ki. ,45. 

6 Pet. ,38. 

7 Cath. ,51. 

8 S. H. 5a 



9 Pem. ,46. T.H.,46. 

10 Joh. ,23. 

11 Cath., 30. Emm. 
,34. Sid. ,44. 

12 Trin. ,23. CaL ,35. 
Mag. ,37. 

13 Trin. ,30. S.H. ,04. 
Mag. ,44. 

14 Qu. ,20. ,26. ,32. 
16 Joh. ,26. 



16 Cai. ,31. 

17 Trin.— 

18 Qu. ,38. Chr., 
Trin. ,33. ,44. 

19 Emm. ,23. ,30.]] 
,29. 

20 Chr. ,36. 

21 Joh. ,20. 

22 Joh. ,16. 

23 Joh. ,14. TriB. 



INDEX. 
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,16. ,y 

Qq.1 



Mag, 

B.S. 



QOt 

3. 



H"^ 






,2S ,32. ,34. ,41. 
»44. Oath. ,34. Chr. 

44f 
'24 Job, ,19, 

25 Qu.,30. C.C.,40. 

26 Joli. ,28. 

27 Qu. ,38. 

28 Qu. ,34. 

29 Qu. ,24. 
80 Pern. ,33. 

31 Trin. ,11. ,28. ,43. 

Jes. .19. Qu. ,21. 

,23. ,26. CO., 26. 

Fern. ,32. ,34. ,43. 

Cai.,33. Einm.,21. 
S3 Job. ,26. 
S3 Qu. ,48. 

84 Pet. ,28. ,35. 

85 Joh. ,19. 

86 Cai. ,36. 

37 Job. ,26. 

38 Joh.,15. C.C.,37. 

39 Trin. ,25. 

40 Job. ,17. 

41 Job. ,42. 

42 Kmin. ,47. 

43 Pet. ,25. 

44 Trin. ,38. 

45 Job. ,21. 

46 Pet. ,32. 

47 Job. ,20. 

48 Job. ,14. 

49 Qu.,36. 

50 Qu. ,25. 

51 Pet. ,54. 

52 Cai. ,44. 

53 Job. ,15. 

54 Chr. ,41. 



65 S. H. ,50. 

56 Mag. ,4L 

57 Pet. ,25. 

58 Job. ,17. 

59 Qu.,22. 

60 Qu. ,21. 

61 Trin. ,26. 

62 Pet. ,85. 

63 Job. ,19. 

64 Sid. ,30. Emm. ,49. 

65 Pern. ,30. S.P. ,42. 

66 Qu. ,35. ,36. Pern. 
87. 

67 Trin. ,21. 

68 Job. ,35. 

69 Pet. ,26. 

70 S.H.,18. Qu.,20. 

71 Job. ,18. Catb.,31. 

72 CaL ,45. 

73 Trin. ,35. 

74 Pern. ,31. ,43. Qu. 
,19. ,25. ,43. Trin. 
,22. ,37. CaL ,43. 
Mag. ,32. 

75 Cbr. ,48. 

76 8.H. ,39. Pern. ,43. 

77 Qu. ,41. 

78 Trin. ,22. Qu. ,39. 
Cbr. ,42. 

79 Qu. ,22. ,38. Trin. 
,42. ,44. 

80 Qu. ,29. ,35. ,41. 
S. P. ,43. 

81 Qu. ,40. 

82 Qu. ,23. ,36. ,38. 

83 Job. ,13. Trin. ,20. 
Einm. ,24. Cbr. ,37. 
,45.Qu.,36.,22.,44. 



84 Trin. ,44. 

85 Trin. ,32« 

86 Qu. ,37. 

87 Job. ,29. Qu. ,43. 

88 Job. ,18. 

89 Qu. ,21. 
80 Trin. ,36, 

91 S. H. ,25. 

92 Pet ,33. 

93 Job. ,19. 

94 Job. ,22. Emm. ,26. 

95 Pern. ,34. C.C. ,30. 

96 Job. ,38. 

97 Catb. ,31. 

98 Emm. ,46. 

99 Job. ,13. ,21. 
Trin. ,29. ,34. 
Qu. ,43. ,38. 

lOOC.C. ,28. Pern. ,42. 

101 C.C.,35. S.H.,11. 
Pem.46.T.H. ,46 

102 Qu. ,41. ,42. 

103 S. H. ,09. B. S. 
,30. ,31. 

104 S. H. ,36. 

105 Sid. ,29. 

106 Pet. ,36. 

107 Cai. ,39. 

108 Trin. ,11. ,20. ,82. 
,33. Cbr. ,35. 

109 Pet ,37. 

110 Cai. ,31. 

111 Job. .31. Qu. ,44. 

112 C. C. ,30. 

113 Job. ,20. 

114 Emm. ,37. 
116 Trin. ,20. 
116 Catb. ,48. 
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]^ucUd's Elements of Geometry^ with Geometrical 
Exercises^ &c. By K. PoTTS, M.A. of Trin. Coll, Gamb. 

THE TJNITERSITY EDITION.' 8vo. price 10s. 

THE SCHOOL EDITION, Books I.— VI. 12mo. price 4s. 6d. 

Books L — III. Ss. ; Book I. Is. 

SUPPLEMENT to the School Edition, containing portions of Books 

XI. and XII. read at Cambridge, with Notes, &c. Is. 
THE ENUNCIATIONS OF THE PROPOSITIONS, OF' EUCLID, 

Books L—VL, XI. and XIL 9d. 

" In addition to its extensive use in the Universities ef Oxford and Cam.1>ridg^ and 
the Principal Granunaar Schools, Ma. Potts' Euclid is on the Catalognie of Books sup- 
plied at the Depositories of the National Society, Westminster, and of the Congregational 
Board of Education, Homerton College, &c. ; and the Books may be obtained through 
those channels at rc»duced cost for purposes of National Education." 

" It may be added that the Council of Education at Calcutta haye been pleased tP 
order the introduction of these Editions of Euclid's Elements into the Schools and Col- 
leges under their control in Bengal. 

" In my opinion Mr. Potts has made a valuable addition to Geometrical literature 
by his Editions of Euclid's Elements."— TT. WT^etoeU, D.D., Master of Trinity ColUffe, 
Cambridge. 

"Mr. Potts' Editions of JSueiid's Geometry are characterized by a due appreciation 
of the spirit and exaetziess of the Greek Geometry, and an acquaixftance -^Ith its his- 
tory, as well as by a knowledge of the modem extensions of the Science. The 
Elements are given in such a form as to preserve entirely the spirit of the ancient 
reasoning, and haying been extensiyely used in Colleges and Public Schools, cannot 
fail to have the effect of keeping up the study of Geometry in its original purity." — 
James Challis, M.A., Plumian Frojeuor of Astrotiomy ana Sxperimental Philosophy 
i» the University of Cambridge, 

*'By the publication of these works, Mr. Potts has done very great service totba 
cause of Geometrical Science ; I have adopted Mr. Potts' work as the text-book for my 
own Lectures in Geometry, and I believe that it is recommended by all the Mathematical 
Tutors and Professors in this University." — Robert _ Walker ^ M.A^^ F.Ji.S*t Reader in Ef 
perimental Philosophy in the University, and JUdthematical Tutor of Wadham CoUege^ 
Oxford, 

" When the greater Portion of this Part of the Coarse was printed, and had for somu^ 
time been in use in the Academy, a new Edition of Euclid's Elements, by Mr. Kobert 
Pott's, M.A., of Trinity College, Cambridge, which is likely to supersede most others, 
to the extcnt,.at least, of the||Six Books,|wELs^ublished. From the manner of arranging 
the Demonstrations, this edition has the advantages of the symbolical form, and it is' at 
the same time free from the manifold objections to which that form is open. The duo- 
decimo edition of this work, comprising only the First Six Books of Euclid, with Deduo- 
tions from them, having been introduced at this Institution as a text-book, now renders 
any other Treatise on Plane Geometry unneoeasary in our course of Mathematics."-^* 
Preface to a Treatise on Desoriptive Geometry, ^., for the Use of the Royal MiUtary 
Academy i by S. Hunter CSiristie, M.A., of Trinity (hllege, Cambridge^ Secretary of the 
Moi/nl Society, ^., OfM^ Professor of MathetnatUt in the Boyal Military Academy^ 
Woolwich. 

*' Mr. Potts has maintained the text of Simson, and secured the very spirit of £aclid*f 
Geometry, by means which are simply mechanical. It consists in printing the syllogism 
in a separate paragraph, and the members of it in. separate subdivisions, each, for the 
most part, occupying a single line. The divisions of a proposition are therefore seen at 
once without requiring an instant's thought. Were this the only advantage of Mr. 
Potts' Edition, the grreat convenience which it affords in tuition would give it a claim to 
become the Geometrical text-book of England. This, however, is not its only merit."'- 
Philosophical Magazine, January, 1848. 

*' If we may judge from the solutions we have sketched of a few of them [the Geome- 
trical Exercises], we should be led to consider them admirably adapted to improve 
the taste as well as the skill of the Student. As a series of judicious exercises, indeed, 
we do not think there exists one at all comparable to it in our language— viewed either 
in reference to the student or teacher." — Mechanics* Magazine, No. 1175. 

" The * Hints' are not to be understood as propositions worked out at length, in tbe 
manner of Bland's Problems, or like those worthless things called 'Keys,' as generallv 

' forged and filed,' — mere books for the dull and the lazy, in short, just so much (ana 

no more) assistance is afforded as would, and must be, afforded by a tutor to his pupil. 
Mr. Potts appears to us to have hit the * golden mean' of Geometrical tutorship.*'— 
Mechanic^ Magaame, No. 1270. 

** We can most conscientiously recommend it [The School Edition] to our own yonnffer 
readers, as the best edition of the best book on Geometry with which we are acquainted* " 
Mec/umics* Mayawie, No. 1227. 

John \Y. Parkee & Son, "West Strand, London. 



J View of the Evidences of Christianity. In Three 

Parts; and the Bor<B Paulina; by William Paley, D.D., Arch- 
deacon of Carlisle; formerly Fellow and Tutor of Christ's College, 
Cambridge. A new Edition, with Notes, an Analysis, and a selection 
of Questions from the Senate-House and College Examination Papers ; 
designed for the use of Students, by Robert Potts, M.A., Trinity 
CoUege. 8yo. pp. 568 ; price lOs, 6d, in doth. 

^'By a grace of the Senate of the tTniversity of Camhridge, It was decreed last year, 
that the Holy Scriptures and the Evidences of Christianity should assume a more im- 
portant place than formerly in the * Previous Examination.' The ohject of the present 
publication is to furnish the academical student with an edition of Paley's Evidences 
of Christianity, suited to the requirements of the examination as amended. The editor 
has judiciously added the 'Hored FaulinsB' as forming one of the most important 
branches of the auxiliary evidences. He has added many valuable notes in illustration 
and amplification of Paley's argument, and prefixed an excellent analysis or abstract 
of the whole work, which will be of great service in fixing the points of this masterly 
ai'gument on the mind of the reader. Mr. Potts' is the most complete and usefid 
edition yet published."— Jffc/eciic i2«?t«r. 

"As an edition of Paley's text, the book has all the excellence which might be ex- 
pected from a production of the Cambridge University Press, under the care of so com- 
petent an editor ; but we do not hesitate to aver that Mr. Potts has doubled the value 
of ^e work by his highly important Preface, in which a clear and impressive picture 
is drawn of the present unsettled state of opinion as to the very foundations of our 
faith, and the increased necessity for the old science of * Evidences' is well expounded 
by his masterly analyses of Paley's two works — by his excellent notes, which consist 
ehiefly of the full text of the passages cited by Paley, and of extracts trom the 
best modern writers on the 'Evidences,' illustrative or corrective of Paley's state- 
ments, — and by the Examination Papers, in which the thoughtful student will find 
many a suggestion of the greatest importance. We feel that this ought to be henee- 
CorUi the standard edition of the * Evidences' and *HoreD.' " — Bibiieal Seview, 

**The theological student will find this an invaluable volume. In addition to 
the text there are copious notes, indicative of laborious and useful research ; an 
analysis of great ability and correctness; and a selection from the Senate-House 
and College Examination Papers, by which great help is given as to what to study and 
how to study it. There is nothing wanting to make this book perfect." — Church and 
State Gazette, 

" The scope and contents of this new edition of Paley are pretty well expressed 
in the title. The object of Mr. Potts is to furnish the collegian with a help towards 
the more stringent examination in theology that is to take place in the year 1851. 
The analysis is intended as a guide to students not accustomed to abstract their read- 
ing, as well as an assistance to the mastery of Paley ; the notes consist of original 
passages referred to in the text, with illustrative observations by the editor^ the 
questions have been selected from the Examinations for the last thirty years. It is an 
useful edition." — Spectator, 

*• Attaching, as we do, so vast a value to evidences of this nature, Mr. Potts* 
edition of Paley's most excellent work is hailed with no ordinary welcome — not that 
it almost, but that it fully answers the praiseworthy purpose for which it has been 
Issued. In whatever. light we view its importance — ^by whatever standard we measure 
Its excellences — its intrinsic value is equally manifest. No man could be found more 
fitly qualified for the arduous task of reproducing, in an attainable form and in an in- 
telligible dress, the work he undertook to edit, than Mr. Potts. By an industry 
and patience, by a skUl and carefulness of no common kind, by an erudition of a 
high order, he has made * Paley's Evidences' (a work remarkable no less for its sound 
reasoning than its admirable perspicuity) adapted to the Christian student's every re- 
quirement in the sphere it enters on. To these * Evidences' the * Horte Paulinffi' has 
been added, inasmuch (we quote from the preface) * as it forms one of the most im- 
portant branches of the auxiliary evidences of Christianity.' It is further added— 
*To the intelligent student, no apology will be necessary for bringring here before 
him in connexion with the • Evidences' the * Horse Paulinse' — a work which consists 
of an accumulation of circumstantial evidence elicited from St. Paul's Epistles and the 
Acts with no ordinary skUl and judgment ; and exhibited in a pellucid style as far re- 
moved from the unnatural as from the non-natural employment of language.' 

"Without this volume the library of any Christian Man is incomplete. No com- 
mendation Qon be more emphatic nor more jxust,"-~Church of England Quarterltf 

Longman & Co., London. 



